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Abstract: Our goal in this paper is to study of fixed point theorems in dislocated quasi-metric spaces and
dislocated metric spaces which we can apply in a variety of different situations. This article can be considered
as a continuation of the remarkable works of Hitzler et al [9], Zeyada et al. [6] and Geraghty [17]. In this
article, we review briefly some generalizations of metric space with examples and we describe some properties,
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and present some examples to illustrate the effectiveness of our results.
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1. INTRODUCTION AND PRELIMINARES

Fixed point theory is one of the most dynamic research subjects in nonlinear sciences. Regarding the
feasibility of application of it to the various disciplines, a number of authors have contributed to this
theory with a number of publications. One of the simplest and most useful results in fixed point theory
is the Banach fixed point theorem: Let (X, d)be a complete metric space and T be self mapping of X
satisfying

d(Tx,Ty) < Ad(x,y) forall x,y € X, (1.1

where A € [0,1), then T has a unique fixed point. A mapping satisfying the condition (1.1) is called
contraction mapping. As well as, there are a lot of extensions of this famous fixed point theorem in
metric space which are obtained generalizing contractive condition, there are a lot of generalizations
of it in different space which has metric type structure. In fact, Banach demonstrated how to find the
desired fixed point by offering a smart and plain technique. This elementary technique leads to
increasing of the possibility of solving various problems in different research fields. This celebrated
result has been generalized in many abstract spaces for distinct operators.

The concept of dislocated metric space was introduced by P. Hitzler [3] in which the self distance of
points need not to be zero necessarily. They also generalized famous Banach’s contraction principle in
dislocated metric space. Dislocated metric space play a vital rule in topology, logical programming
and electronic engineering. F. M. Zeyada et al.[6] develops the notation of complete dislocated quasi
metric spaces and generalized the result of Hitzler [3] in dislocated quasi metric space. In [2] C.T.
Aage and J. N. Salunke proved dislocated quasi-metric version of Kannan mapping theorem. Amini-
Haradi [7] re-introduced the dislocated space under the name of a metric-like space and proved some
fixed theorems in this space. Very recently, Bennani et al. [8] established two new common fixed
point theorems for four self maps on dislocated metric spaces, which improved the results of Panthi
and Jha [10] without any continuity requirement. After F. M. Zeyada et al.[6] many papers have been
published containing fixed point results in dislocated quasi metric spaces (see [1, 2, 4, 5, 11,12,13,14,
29, 30, 31]).
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Throughout this paper N denotes the set of natural numbers, Ny = N U {0}, R denotes the set of all
real numbers, Rt = (0,0), R§ = [0,0). Now, we will discuss difference between metric space and
generalizations of metric space (quasi-metric, pseudo-metric, dislocated metric, dislocated quasi-
metric, partial metric, ultra metric).

The following definition will be needed in the sequel.

Definition 1.1 Consider a non-empty set X, whose elements will be refered to as points. A distance
function on a set X is a function d: X x X » R{ which assigns to each pair of points x and y in X a
real number d(%,y).We need the following conditions:

(1) Non-negativity or Separation Axiom: V x,y € X, d(x,y) = 0;

(2) Identity of Indiscernible or Faithful : V x,y € X, d(x,y) =0 © x=1y;

(3) Small self-distance: V x € X,d(x,x) = 0; (But possibly d(x,y) =0 for some distinct
values X # y).

(4) Indistancy Implies Equality: V x,y € X, d(x,y) =0=d(y,x) = x=y;

(5) Equality:V x,y €X, x=y © d(xx) =dxy) =dXxy);

(6) Small self-distances: V x,y € X, d(x,x) < d(x,y);

(7) Symmetry: V x,y € X, d(x,y) = d(y,x);

(8) The Triangle Inequality: V x,y,z € X, d(x,y) < d(x,z) + d(z,y);

(9) The Triangle Inequality: V x,y,z € X, d(x,y) < d(x,z) + d(z,y) — d(z,z);

(10) Strong Triangle Inequality: V X,y,z € X, d(x,y) < max{d(x,z),d(z,y)};

If d satisfies conditions (1), (2), (7) and (8), then it is called a metric on X. If it satisfies conditions (1),
(2), and (8), it is called a quasi-metric on X. If a metric d satisfies the strong triangle inequality (10),
then it is called an ultra metric. If it satisfies conditions (1), (5), (6) and (9), it is called a partial
metric. If it satisfies conditions (1), (4), (7) and (8), it is called a dislocated metric (or simply d-
metric) on X and the pair (X, d) is called a dislocated metric space. Moreover "d(x,y) = 0=>x =y"
when d is a d-metric. However "x = y" does not necessarily imply "d(x,y) = 0" when d is a d-metric.
If d is a d-metric instead of a metric, it is possible that d(x,x) # 0.As such these implications hold
well in a d-metric space as well when "x # y" is replaced by d(x,y) # 0. If it satisfies conditions (1),
(4), and (8), it is called a dislocated quasi-metric (or simply dq—metric).

Clearly every metric space is a dislocated metric space but the converse is not necessarily true as clear
form the following example.

Example 1.2 Let X = [0,1] define the distance functiond : X X X —» R* by d(x,y) = max{x,y}.
Clearly X is dislocated metric space but not a metric space.

Also every metric space is dislocated quasi metric space but the converse is not true and every
dislocated metric space is dislocated quasi metric space but the converse is not true as clear from the
following example.

Example 1.3 Let X = [0, 1], we define the functiond : X X X - R*tasd(x,y) = |x — y| + [x|
forall x,y € X. Clearly X is dg-metric space but not a metric space nor dislocated metric space.

In our main work we will use the following definitions which can be found in [3, 6].

Definition 1.4 A sequence (X,) in dq-metric space (X,d) with respect to dg is said to be dq -
converge to X € X provided that

dq — limy_,, d(Xp, x) =dgq — limy_,d(%,%x,) = 0.
In this case x is called the dq —limit of (x,) and we write dq — lim,_,, X, =Xor x, = X asn — oo

Definition 1.5 A sequence (x,) in d —metric space (X, d) with respect to d is said to be d —converge
to x € X provided that
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d—lim,_,d(x,,x) =d = lim,_,d(xx,) = 0.
In this case x is called the d —limit of (x,) and we write d — lim,,_,,, X, = X or X, = Xasn — o,

Definition 1.6 We call a sequence (x,) in dq-metric space (d-metric space) (X, d) is a dq-Cauchy
( d -Cauchy) sequence provided that for all € >0 there exists ny =ngy(e) € N such that
d(xp, Xm) < € VY m,n = nyg.

Definition 1.7 A dg-metric space (d-metric space) (X, d) is called dq-complete (d-complete) if every
dq-Cauchy (d-Cauchy) sequence in X converges with respect tod in X.

We discuss a few more examples of quasi-metric spaces, d-metrics and dq-metrics.

Example 1.8 Let X be the set of positive integers and define the non-negative real valued function
d:X x X - R{ by

i, ifx<y
y
1, ifx>y

Note that d satisfies all the axioms of quasi-metric and therefore the pair (X, d) is a quasi-metric space
but it is not a metric space because d is non-symmetric, i.e. d(X,y) # d(y, X).

Example 1.9 Let X = R. Define d:X X X - R¢ by

0, if x =
dix,y) = { Y

lyl otherwise,
Then one can easily see that d is a quasi-metric and the pair (X, d) is a quasi-metric space.

Example 1.10 Let X = [0,1]. Define d: X x X - R{ by

y—X, ifx<y,
L. dxy) = {
2(x—vy), otherwise,
X—Yy, ifx>y,
2. d(xy) =
) { %(y - X), otherwise,

Then here also d is a quasi-metric and the pair (X, d) is a quasi-metric space.

Example 1.11 Define d: R X R - R} by d(x,y) = |x| + y?, thend is dq- metric on R which is not a
d - metric and the pair (R, d) is a dq- metric space.

Example 1.12 Let X =R} and define a distance function d:X X X - R{ such that d(x,y) =
max{x, y}. Then d is a d-metric on X and the pair (X, d) is a d-metric space.

Example 1.13 Let X = {zinl ne NU{O}}. Define d: X x X = R¢ by setting d(x,y) = (x —y)? for
all x,y € X. Then d is a d-metric on X and the pair (X, d) is a d-metric space.

Example 1.14 Let X = R} . Then d:X X X - R{ define by d(x,y) = %lx -y +%(x +y). for all
X,y € R{ is a d-metric on R{ and the pair (X, d) is a d-metric space.

Example 1.15 Let I be the set of all closed interval on R. Then d:1 X1 — R¢ defined
by d([a, b], [c,d]) = max{b,d} — min{a, c} for all [a,b],[c,d] €, is a d-metric on X and (I,d) is a
d-metric space.

Example 1.16 Let X = {0,1,2} and a mapping d: X X X > R¢ be defined as
d(0,0) = d(1,1) =d(22) =0,
d(0,1) = d(1,2) = d(0,2) =1,
d(1,0) =d(2,1) =d(2,0) =2.
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Note that d satisfies all the axioms of dq-metric and the pair (X, d) is a dg-metric space but it is not a
d-metric space because d is non-symmetric i.e. d(x,y) # d(y, x).

Example 1.17 Let X = R} and define the function d:X X X —» R¢ by d(x,y) = |x —y| + |x| for all
X,y € Xevidently d is dg-metric but not a metric nor d-metric.

Example 1.18 Let X = {0,1} and a mapping d:X x X —» R{ be defined as d(1,1) =d(2,2) =
0,d(1,2) = d(2,1) = 1. We observe that d satisfies all the axioms of d-metric and the pair (X,d) is a
d-metric space. Also (X, d) is a dg-metric space.

Definition 1.19 Let S and T be two self-mappings on a nonempty set X; then
1) any point x € X is said to be fixed point of T if Tx = x;

2) any point x € X is called coincidence point of S and T if Sx = Tx and one callsu = Sx = Tx
a point of coincidence of S and T

3) apoint x € X is called common fixed point of S and T if Sx = Tx = x.

Lemma 1.20 (see [6]) Let (X,d) be a dg-metric space. If f : X — X is a contraction function, then
f™(x, ) is a Cauchy sequence for each x, € X.

Lemma 1.21 (see [6]) Every subsequence of dg-convergent sequence to a point X, is dg- convergent
to Xg .

Theorem 1.22 (see [6]) Let (X, d) be a dg-metric space and let T: X — X be continuous contraction
mapping. Then T has a unique fixed point.

Theorem 1.23 (see [19]) Let (X, d) be a complete d-metric space and let T: X — X be a contraction.
Then T has a unique fixed point.

2. MAIN RESULT

In this section, first we explore the properties of dislocated metric space and dislocated quasi-metric
space.

Proposition 2.1 Every converging sequence in a d-metric space is a Cauchy sequence.

Proof Let (x,) be a sequence which converges to some x, and let € > 0 be arbitrarily chosen. Then
there exists ny € N with d(x,, x) < 2 for all n > ny. For m,n > ny, we then obtain d(Xy,X,) <

dxm, x) +d(x,x,) < § +§ = €. Hence (x,) is a Cauchy sequence.
Proposition 2.2 Limits in d-metric spaces are unique.

Proof Let x* and y* be limits of the sequence {x,} .Then d(xp,x*) = 0 and d(x,,y*) = 0 asn — .
By the triangle inequality, it follows that d(x*,y*) < d(x*,x,) + d(Xp, ¥") = d(Xp, x*) + d(x,, ¥*) =
0 asn — o. Hence d(x*,y*) = 0 and so x* = y".

Proposition 2.3 Limits in dg-metric spaces are unique.

Proof Let x* and y* be limits of the sequence (X,) .Then x, - x* and x, - y* as n - c. By the
triangle inequality, it follows that d(x*,y*) < d(x*,x,) + d(x,,y"). Letting n = o, we obtain
dx*,y") <dx*,x*) +d(y",y"). Similarly d(y*,x*) < d(x*,x*) +d(y",y") . Hence |d(x*,y") —
d(y*,x*)| <0 and so d(x*,y*) = d(y*,x*). Also d(x*,y") < d(x*,x,) + d(x,,y") >0 as n > o
and therefore d(x*,y*) = d(y*, x*) = 0. It follows that x* = y*.

Now, we introduce the following.

Definition 2.4 Let (X,d) is a d-metric space. Given a point X, € X and a real number € > 0. We
define three types of sets.

Open Ball: BI(xy) = {x € X | d(x0,%) < €}
Closed Ball: Bl (xg) = {x€X | d(X¢,X) < €}
Sphere: Sd(xy) ={x€X | d(xo,x) = €}
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In all the above three cases X is called the centre and € the radius. We observe that
Sg(xo) = gg(xo) - Bg(xo)-

If (X,d) is a dq-metric space. Given a point X, € X and a real number € > 0. Then

Open Ball: ng (x0) = {x € X | min{d(xg,x),d(x,%x0)} < €}
Closed Ball: @Sq (x0) = {x € X | min{d(xq,x),d(x,%x0)} < €}
Sphere: qu (x0) = {x € X | min{d(x¢,x),d(x,%x0)} =€}

In all the above three cases X is called the centre and € the radius. Note that
d ~d d
Se q(xo) = Beq(XO) - Beq(xo)‘

There is no guarantee that x € Bg 1(x), for example, in example 1.14, if x > 0andy > 0, then1 ¢
d
B, "

4

Definition 2.5 Neighbourhood is an (open € —) ball in a d-metric space (X, d) with center x € Xis a
set Nd(x) = {y € X|d(x,y) < €} wheree > 0.

Note that an (open € —) ball may be empty in d-metric space. In fact, the centre of an (open € —) ball
is contained in the (open € —) ball itself; the point may be dislocated from the ball.

In a dg-metric space (X,d), a neighbourhood is an (open € —) ball with center x € X is a set
d

N_(x) ={y € X | min{d(x,y),d(y,x)} < €} wheree > 0.

Now, we give the following two Propositions.

Proposition 2.6 Let (X, d) be a dislocated metric space. Then for all x € X. d(x,x) = 0 iff NV9(x) #
@.foralle > 0 and x € X.

Proof Since N4(x) ={y € X | d(x,y) < €}, where € > 0,is an open € —ball in a d-metric space
(X,d) with center x € X. Suppose small self distance: d(x,x) = 0 for all x € X and € > 0 be given,
then d(x,x) <e=x € N4(x). Hence N4(x) # @ for all and x € X. Conversely, suppose that
NA(x) # @ for all € >0. We know that M4(x) = {y€X |d(xy) <e€}. Then 3 y€ X such
that d(x,y) =r < €. By using triangle inequality and symmetry property, it follows that d(x, x) <
d(x,y) + d(y,x) = d(x,y) + d(x,y) = 2d(x,y) = 2r and hence for all € > 0, d(x,x) < €. Therefore
d(x,x) = 0.

Proposition 2.7 Let (X,d) be a d-metric space. Then d is a metric if and only if for all x € X and all
e> 0, Nd(x) # 0.

Proof Let d is a metric. We then have d(x,x) =0 Vx € X. By Proposition (2.6), it follows
that M9(x) # @ . Conversely, let N9(x) # @ for all x€X and all £ > 0. Since NI(x) =
{y € X|d(x,y) < €}. Then d(x,x) < €. Hence for all x € X, d(x,x) = 0, and then d(x,y) = 0 if and
only if x = y. Also symmetric and triangular properties hold. Hence d is a metric.

Definition 2.8 Let X = (X,d) and Y = (Y, d) be two metric spaces. A mapping f: X — Y is said to be
continuous at a pointx, € X, if for every € > 0, there is a 6 > 0 such that a(fx, fxo) < e for all x
satisfying d(x,X, ) < 6. Mapping f is said to be continuous, if it is continuous at every point of X.

Theorem 2.9 A mapping f:X — Y of a d-metric space (X,d) into a d-metric space (Y,d) is
continuous at a point x, € X if and only if x,, = xg implies that fx, = fx,.

Proof Assume f to be continuous at x,. Then for given € > 0, there is a & > 0 such that d(x,Xy) < &
implies d(fx, fx,) < €. Let (x,) be a sequence in X such that x,, — X,. Then there is a n, such that for
all n > ny, we have d(xy,,Xo) < 8. Hence for all n > n,, d(fx,, fx,) < €. By definition this means
that fx, — fxy. Conversely we assume that T is continuous at Xy. suppose this is false. Then there is an
€ >0 such that for every & > 0, there is an X # X, satisfying d(x,%,) < & but d(fx, fxg) > € .
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In particular for & = %, there is an x,, satisfying d(xp, Xq) < %, but d(fx,, fxy) = €. Clearly x, —

X, but (fx,,) does not converge to fx,. This contradicts fx,, = fx, and proves the theorem.
Now, we are ready to state and prove our first main results.

Theorem 2.10 Let ©: R} — [0,271) be decreasing function. Let (X,d) be a complete d-metric space
and let T: X — X be a self-mapping such that

d(Tx, Ty) < ‘E(d(X, y))(d(x, Tx) + d(y, Ty)) 2.1)

for all x,y € X. If moreover, T is continuous or T is a constant function then T has a unique fixed point
x* €X.

Proof Let x, be an arbitrary point in X and we set X1 = Tx,, for each n € Ny. We may assume that
d(Xp, Xp41) # 0 for eachn € N . Then by (2.1), we get

d(Xn+1,Xn+2) = d(Txp, TXn41) (22)
< 1(d(Xn, Xn+1)) (dGn, Txn) + A1, TXn41))
= 1(d(Xn Xn+1)) (A Xn41) + d(Xnt1,Xn+2))
< 27 (d(n Xn+1) + d(Xns1, Xnt2))

Hence, d(Xp41,Xn42) < d(Xp, Xp4q) for each n € Ny. So {d(xp,, Xp41)} is a nonnegative decreasing
sequence. Hence, there exists y = 0 such that lim,,_,,, d(x, X,4+1) = Y. We claim that y = 0. Suppose,
on the contrary, that y > 0. Then due to (2.2), we have

d(xn+1'xn+2) = T(Y)(d(xn' Txn) + d(Xn+1rTXn+1)) (2-3)

= r(y)(d(xn,Xn+1) + d(xn+1'xn+2))

and consequently y < 2t(y)y, which is impossible since T(y) < 27 1. This proves that y = 0. Now we
will show that (x,) is a Cauchy sequence. From (2.1), we get

d(xp, Xp) = d(fxy, fXp,) (2.4)

< 2 [dCn, ftn) + d (K i)

1
= E [d(xn'xn+1) + d(erXm+1)]
There exist an ng such that form,n > ng, d(x,, xp41) < € and d(Xp,, Xme1) < € . Hence
d(Xp, xXm) < %(e +e)=c¢€ (2.5)

for all m,n > n,. This forces that (x,) is Cauchy sequence and view of completeness of X, there
exists an x* € X such that x,, = x*. We can check that Tx* = x*. If T is continuous, then

Tx* = T(limy_ 0 xy) = lim,_,0 Txy, (2.6)
= liMy 00 Xpse1 = X
and x™ is a fixed point of T. On the other hand, if 7 is a constant. Then, we have
d(x*,Tx") <d(x", xp4e1) +d(xpy1, Tx) (2.7)
=d(x", xpeq) + d(Tx,, Tx™)
< d(x*, xp41) + T (d(xp xp4q) + d(x*, Tx*))
Letting n — oo, we get
d(x*,Tx*) < td(x*,Tx"). (2.8)
Similarly,
d(Tx*,x*) <d(Tx", xpsq) + d(xpiq,x¥) 2.9)
=d(Tx",Tx,) + d(xp41,x¥)
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<t (d(x*,Tx*) +d(xp, Txn)) +d(xpeq,x¥)
=T (d(x*,Tx*) + d(xn:xn+1)) + d(xn+1rx*)
Letting n — oo, we get
d(Tx*,x") <t (d(x*,Tx*)) (2.10)

Hence |d(x*,Tx*) — d(Tx*,x*)| < 0. Thus, d(x*,Tx*) = 0 = d(Tx",x*) and so Tx* = x*. Finally,
to prove the last part of the theorem. Let us assume that Tx* = x*, Ty* =y*, y* #x", x*,y" € X.
First we show that d(x*,x*) = d(y*,y*) = 0. From condition (2.1), we have

d(x*,x*) < T(d(x*,x*))( d(x*, x*) + d(x*,x*)) (2.11)
= ZT(d(x*,x*))d(x*,x*)

Since 7: R§ = [0,271) be decreasing function, so the above inequality is possible if d(x*,x*) = 0.
Similarly we can show that d(y*,y*) = 0. Now we consider

d(x*,y*) =d(Tx*,Ty") (2.12)
< T(d(x*,y*))( d(x*, T x*)+d(y", Ty*))
< T(d(x*,y*))( dlx*, x*) + d(y*,y*))
This shows that d(x*,y*) = 0 and x* = y~, which proves the uniqueness of fixed point of T.
Now, we furnished an example to support our main result (Theorem 2.10).

Example 2.11 Let X = [0,1]. Define d: X X X - R} byd(x,y) = x + y. Then d is dislocated metric
on X and the pair (X,d) is a complete dislocated metric space. Also, we define t:[0, ) —

[0,27Y) by 7(t) = (t+4)tand T:X > XbyT(x) = % Obviously, T is a nonnegative decreasing

function. Also the map T is continuous in X. For all x, y € X, we obtain

d(f (), f) < 7(d () (d(x, fx) + d (. f¥))
= d(;,%) < T(x+y).<d (x,g) +d(y,;))

X 1 X
> i2lg (x+Z+y+2)
777 = xty+a 7 7
7 7 x+y+a X+y+a

= x+y+4<8 = x+y<4, Vxye€elX.

Clearly T satisfies the condition (2.1). Thus T satisfies all the hypotheses of Theorem 2.10 and x* = 0
is the unique fixed point of T.

In [25] Jungck introduced the concept of commuting maps. In [26] Jungck introduced the concept of
compatible mappings which generalize the concept of commuting maps. Jungck in [27] further
generalized the concept of compatible maps as follows.

Definition 2.12 Let S and T be two mappings from a metric space (X, d) into itself. Then, S and T are
said to be weakly compatible if they commute at their coincidence points; that is, Sx = Tx for some
x € X implies STx = TSx.

Now, we have the following key lemma.

Lemma 2.13 Let X be a non-empty set and the mappings S,T,f : X — X have a unique point of
coincidence v in X. If (S,f) and (T, f ) are weakly compatible, then S,T and f have a unique
common fixed point.

Proof Since v is point of coincidence S, T and f. Therefore, v = fu = Su = Tu for someu € X.
By weakly compatibility of (S, f ) and (T, f ) we have Sv = Sfu = fSu = fv andTv = Tfu =
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fTu = fv.Itimplies that Sv = Tv = fv = w (say). Then w is a point of coincidence of S, T and
f. Therefore, v = w by uniqueness. Thus v is a unique common fixed point of S, T and f .

Our next theorem is about a common fixed point for three self-mapping satisfying contraction type
condition in the context of d-metric space.

Theorem 2.14 Let (X, d) be a dislocated metric space and the mappings S, T, f : X — X satisfy:
d(Sx,Ty) = Ad(fx,fy) (2.13)

for allx,y € Xwhere0 <A< 1. If S(X) U T(X) € f(X) and f(X) is a complete subspace of X,
then S, T and f have a unique point of coincidence. Moreover if (S, f) and (T, f) are weakly
compatible, then S, T and f have a unique common fixed point.

Proof Let xq € X be arbitrary. Choose a point x; in X such that fx; = Sxy. This can be done
since S(X) € f(X). Similarly, choose a point x, in X such that fx, = Tx;. Continuing this process
and having chosen x,, in X, we obtain x, 4 in X such that

fXoks1 = Sxoks fXor42 = TX2k1, Kk =0,1,2, ... (2.14)
From (2.13), we get
A(fXok+1 fX2042) = A(SXgp, Tx2p11) < Ad(f Xk, [ X2k 4+1) (2.15)
Similarly,
A(fXak42, [X2043) = A(SXop41, TXoka2) < AA(fXop41, TXok42) (2.16)
Now by induction, we obtain for each k = 0,1, 2, .....
A(fXak+2) fX2043) < AZHZd(fxo;fxl) (2.17)
Let
Yo =[x, n=0,1,2, .. (2.18)
Now for all n, we have
AdWn+1, Yn+2) < AW Ynar) < - < A 1d (o, y1) (2.19)
Now for any m > n,
AWm Yn) < dWn Yne1) + dWVns1, Yne2) + -+ dm-1, ym) (2.20)

S @M+ AT A+ 2 DA (Yo, 31)

An
<5400, y1)

Assume that d(yg, y;) > 0. Letting n = +o0, (y,,) is a Cauchy sequence. Also, if d(yy,y;) = 0, then
d(Ym, Yn) = 0 for allm > n and hence (y,,) is a Cauchy sequence in X. Since f(X) is complete,
there exists u,v € X such that y, > v = fu. Now, we show that v is a common point of
coincidence of S, Tand fthatis v = fu = Su = Tu.

d(fu,Su) < d(fu,yan+2) + d(Yan+2, SW (2.21)
< dW, Yan+z) + d(Txzn41,5u)
< dW, Yan+z) +1d(fX2n41, fU)
<dW, Yan+2) +24d(Y2n41,v) = 0asn- oo
Therefore, d(fu,Su) = 0. Similarly,
d(Su, fu) <d(Su,y2n+2) + d(Yan+2, f1) (2.22)
< d(Su, Txan1) + d(Van+2,V)
< Ad(fu, fxzne1) + dWantar V)
< Ad(W, Yan+1) + d(Yzn42,v) — 0asn— oo,
Hence fu = Su. Similarly, by using
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d(fu,Tu) < d(fu, Yon+1) + d(Yans1, T0), (2.23)

we can show that fu = Tu, it implies that v is a common point of coincidence of S,T and f. Now
we show that f, S and T have unique point of coincidence. For this, assume that there exists another
point v* in X such that v* = fu* = Su* = Tu" for some u* in X. Now,

d(v,v*) = d(Su, Tu") < Ad(fu, fu*) < Ad(v,v") (2.24)
and
d*,v) = d(Su*,Tu) < Ad(fu’, fu) < Ad(v",v). (2.25)

This implies that |[d(v,v*) —d@",v)|<Ald(v,v*) —d(v",v)| that is, (1 —24)|d(v,v")—
d(v*,v) | £0.Thus d(v,v*) =d(@",v) =0 and sov* = v. This implies that v*= v. If (S, f) and
(T, f) are weakly compatible, by Lemma 2.13, S, T and f have a unique common fixed point.

Put S =T and f = I an identity mapping in above theorem 2.14 yields Theorem 1.22. Taking S =T
in theorem 2.14 yields Corollary 2.15

Corollary 2.15 Let (X, d) be a complete dislocated metric space and the mapping T : X — X satisfy:
d(Tx,Ty) < Ad(fx, fy) (2.26)

forallx,y € Xwhere0 <A< 1.If T(X) € f(X) and f(X) is a complete subspace of X, then T and
f have a unique point of coincidence. Moreover, if (T, f ) is weakly compatible, then T and f have a
unique common fixed point.

Theorem 2.16 Let (X, d) be a dislocated metric space and the mappings S, T, f : X — X satisfy:
d(Sx,Ty) < A(d(fx,Sx) +d(fy,Ty)) (2.27)

for allx,y € Xwhere 0 <A< 1. If S(X) U T(X) € f(X) and f(X) is a complete subspace of X,
then S,T and f have a unique point of coincidence. Moreover if (S,f ) and (T, f ) are weakly
compatible, then S, T and f have a unique common fixed point.

Proof Let xy € X be arbitrary. Choose a point x; in X such that fx; = Sx. This can be done
since S(X) € f(X). Similarly, choose a point X, in X such that fx, = Tx;. Continuing this process
and having chosen x,, in X. We obtain x,,4 in X such that

[Xok+1 = Sxoks [Xoksz = TXop+1, k=0,1,2,..... (2.28)
From (2.27) we get
d(fxzr+1 fX2k42) = d(SXk, TX2k41) (2.29)

< Ad(f Xk, Sxz1) + A(Fxak41, TX241))
= Md(fxzp, fX2k+1) + A X241 fX2k42))

Thatis,  d(fxzrs+1, fX2k42) < 1f_ld(fx2k:fx2k+1)

Similarly,

d(fxzk+2, fX2k43) = A(SXok41, TX2p42) (2.30)

< Md(fX2k41, SX2k+1) + A(fX2k42) TX2p42))
= Ad(fx2k+1, fX2p42) + A(f Xop42, [ X2k43))

That is, d(fXzp2, [X2k43) < ﬁd(fxzmpfxzmz)-

Now by induction, we obtain for each k = 0,1, 2, .....

A(f Xok+1 [ X2k42) < ﬁd(fxszxzmﬂ (2.31)

A

< (m)z d(fx2k-1, fX21)
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1 \2k+1
<(5) dUxofx)
and
1 \2k+2
A(fXaeer froa2) < (75)  AUfxo, fx1) (2.32)
Let
Yo = fxy, n=0,1,2,..and ﬁ =7 (2.33)
Now for all n, we have
dWn+1 Yne2) S 1AW Yne1) < - <™ 1d (o, 11) (2.34)
Now for any m > n,
AW Yn) < dWn Y1) + dWna1 Yne2) -+ AWm-1,Ym) (2.35)

S @M AT T d (o, 31)

= & d(¥o, 1)

Assume that d(y,,y;) > 0. Letting n — oo, (y,,) is a Cauchy sequence. Also, if d(yy,y;) = 0, then
d(Ym, Yn) = 0 for allm > n and hence (y,,) is a Cauchy sequence in X. Since f(X) is complete,
there exists u,v € X such that y, - v = fu. Now, we show that v is a common point of
coincidence of S, T and f thatis v = fu = Su = Tu.

d(fu,Su) < d(fu,y2n+2) + d(Yan+2,SUw) (2.36)
SdW, Yan+2) + d(Su, Txzn41)
< dW, Yont2) + A2 d(fu, Sw) + d(fx2n41, TX2n41))
< dW, Yant2) + A d(fu, Sw) + d(fX2n41, fX2n42))
S dW, Yane2) + 1AW, SW) + d(Yont1) Yans2))

Letting n— oo, we have

d(v,Su) <Ad(w,Su) (2.37)
Therefore, d(v, Su) = 0. Similarly,
d(Su, fu) < d(Sw,¥2n+2) + d(Yon+2, f11) (2.38)

<d(Su,Txzpeq) + dV2ns2, V)
< Ad(fu, Su) + d(fxzn41, Tx2n41)) + d(Vant2, V)
< Ad@,Su) + d(Y2n+1,Y2n+2)) T AW2nt2,v)

Letting n— oo, we have
d(Su,v) <Ad(v,Su) (2.39)

Hence, |d(v, Su) — d(Su,v)| < 0 and then d(v,Su) = d(Su,v) = 0. So v = fu = Su. Similarly,
by using

d(fu,Tu) < d(fu, yan+1) + d(Yan+1, Tw), (2.40)

we can show that fu = Tu, it implies that v is a common point of coincidence of S, T and f. Now
we show that f, S and T have unique point of coincidence. For this, assume that there exists another
point v* in X such that v* = fu* = Su* = Tu" for some u* in X . First we show that
d(v,v) =d("*,v*) = 0. From condition (2.27), we have

d(v,v) = d(Su, Tu) (2.41)
< Ad(fu, Su) + d(fu, Tu))
<Ad,v) +d(v,v)) = 2Ad(v,v)
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Since 0 < A1 < %, so the above inequality is possible if d(v,v) = 0. Similarly we can show that
d(v*,v*) =0.
Now we consider
d(v,v*) = d(Su,Tu") (2.42)
<Ad(w,v) +d@*,v"))

The above inequality is possible if d(v,v*) = 0. which implies that v = v*. If (S, f) and (T, f ) are
weakly compatible, by Lemma 2.13, S, T and f have a unique common fixed point.

Putting S = T and f = I an identity mapping in the above Theorem 2.16 yields Corollary 2.17.

Corollary 2.17 Let (X,d) be a complete dislocated metric space and the mappings T, f : X — X
satisfy:

d(Tx,Ty) < A(d(x,Tx)+d(y,Ty)) (2.43)
forall x,y € X where 0 <A1 < 1. Then T has a unique fixed point.
Putting S = T in the above Theorem 2.16 yields Corollary 2.18.
Corollary 2.18 Let (X, d) be a dislocated metric space and the mappings S, T, f : X — X satisfy:
d(Tx,Ty) < A(d(fx,Tx)+d(fy,Ty)) (2.44)

forallx,y € Xwhere 0 <1< 1. fT(X) € f(X) and f(X) is a complete subspace of X, then T and
f have a unique point of coincidence. Moreover if (T, f ) is weakly compatible, then T and f have a
unique common fixed point.

Now, we present a fixed point theorem for mappings satisfying Geraghty-type contractive conditions
in dislocated quasi-metric space.

Let § denotes the class of the real functions B:R{§ — [0,1) satisfying the condition B(t,) —
1 implies t,, = 0. An example of a function in § may be given by (t) = e t(t+1) 1 for t >0
and B(0) € [0,1) . Similarly the function B:R§ — [0,1) defined by p(t) =et for t>0
and B(0) € [0,1) , belongs to the class S.

Observe that we do not assume that 5 is continuous in any sense. We only require that if 5 gets here
one, it does so only near zero. In an attempt to generalize the Banach contraction principle, Michael
A. Geraghty proved in 1973 the following.

Theorem 2.19 [17]Let T: X — X be a contraction on a complete metric space satisfying
d(Tx, Ty) < a(d(x,y))d(x, ), (2.45)

where a € § .Then for any choice of initial point xq, the iteration x,, = Tx,_4 for n > 0, converges
to the unique fixed point x4 of T in X.

We then have the following theorem.

Theorem 2.20 Let (X, d) be a complete dislocated quasi-metric space and T:X — X be a self map.
Suppose that there exists § € S such that

d(Tx,Ty) < B(d(x,¥))d(x, y). (2.46)

holds for all x,y € X .Then T has a unique fixed point x* € X and for each x € X the Picard
sequence {T™x} converges to x* when n — co.

Proof Let x, be arbitrary in X . Define a sequence {x,} c X by x,,; =Tx, for n € N.
If xp, = Xp,+1 for some ny € N, then x,, is a fixed point of T, and hence the proof is completed.
Thus, throughout the proof, we assume that x,, # x,,,1 for all n € N. From (2.46), we get

0< d(xn+1 xn+2) = d(fxnrfxn+1) = ﬁ(d(xnr xn+1))d(xn'xn+1)- (2-47)

Thus, we conclude that d (X1 Xp42) < d(X, ,Xn41) foralln € N. So, the sequence {d (x,, X, 41)} is
nonnegative, non-increasing and bounded from below. Hence, there exists v =0 such that
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lim,_ o d(x, xp41) = 1. We claim that r = 0. Suppose, on the contrary, that v > 0. Then, due to
(2.47), we have

Lnsrnid) < p(d(xy, Xpge)) < 1. (2.48)

d(nXn+1)

which yields that lim, o B(d(xp %n41)) =1 . By property of BES , we derive
that limy,_, . d(x, xp+1) = 0. We shall show that (x,) is a Cauchy sequence. Suppose, on the
contrary, that (x,) is not a Cauchy sequence. Thus, there exists € > 0 such that, for all k > 0, there
exist m(k) > n(k) > k with (the smallest number satisfying the condition below)

d(Xmiy Xn(y) = € and d(Xm@o)-1 Xngry) < €- (2.49)
Then we have
€< d(xm(k),xn(k)) (2.50)
< d(Xmeiy Xm@o-1) + 4 (Xm0 -1 Xnge))

< d(xm(k),xm(k)_l) +e€.

Letting kK — oo in the above inequality, we have

limy oo d(Xmky Xneky) = € (2.51)
By using (2.50) and (2.51), we obtain
limy o d(xm(k)_l,xn(k)_l) =€ (2.52)
Thus from (2.46), we have
d(Xm@iy Xn(iy) = AT Xm@i)-1, TXn(i)-1) (2.53)

<B (d(xm(k)—llxn(k)—l)) d(Xm@o -1 Xnto-1)

< d (Xm0 -1, Xn()-1)

Hence, we conclude that

d(rm ) _ B (d(xm(k)—lvxn(k)—l)) <1 (2.54)

(Xm0 -1Xn@0)-1)
keeping (2.53) and (2.54) in mind and letting n — oo in the above inequality, we derive that
limy_o B (d(xm(k)_l,xn(k)_l)) = 1 and so, limy_c d(xm(k)_l,xn(k)_l) = 0. Hence, € = 0, which

is a contradiction. So, we conclude that {x,} is a Cauchy sequence. But X is a complete dq-metric
space, it follows that there exists x* € X such that {x,,} converges to x* i.e. lim,_ d(x,,x") =
lim,_ . d(x",x,) =0. Now we will prove that x* is a fixed point of T. We have

d(x*,Tx") <d(x", xp41) + dXpyq1,Tx") (2.55)
S d(", xn41) + B(Ax, x7))d(xp , x7)
-0 asn — oo,

This implies that d(x*,Tx*) = 0. Similarly, we can show that d(Tx*,x*) = 0. Hence Tx* = x~.
Finally to prove that last part of the theorem; let us assume that Tx* =x*, Ty* =y*, x* #
y*, x*,y* € X. Therefore,

0<d(x*y") =d(Tx*,Ty") (2.56)
< B(dx',yM))d(,y") < d(x',y%)
This is a contradiction. Hence fixed point x* of T is unique in X.

Now, we present one example to illustrate above Theorem 2.20.
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Example 2.21 Let X =[0,1] with complete dq -metric defined by d(x,y) = max{x,y} .The
function B: R — [0,1) defined by B(t) =—, for t> 0andB(0) € [0,1). Then 3 € S. Now we
define a self-map T: X - X by T(x) = g. Take X = 1,y = 0 and obtain that

1

d(T1,10) =d(3,0) =2

B(A(L0))d(1,0) = B(1).1 = B(D.1=-=1>

+1

[N

On the other hand, take X,y € X with x = y. Then
d(Tx, Ty) =d (2’%) ==

3
B(d(xy))d(xy) = BG).x = 2

Hence T satisfies condition of Theorem 2.20 and T has a unique fixed point x* = 0.

>1>1vxe[o1]
2e 6

3. CONCLUSION

To summarize, we have explored the properties of dislocated quasi-metric spaces and dislocated
metric spaces. Also discuss the difference between metric space and generalizations of metric space.
We established a fixed point theorem for a self-mapping in complete dislocated metric spaces under
contractive conditions related to a decreasing map t:R¢ — [0,271). We obtained sufficient
conditions for existence of points of coincidence and common fixed points of three self mappings
satisfying a contractive type conditions in dislocated metric spaces. Also we presented a fixed point
theorem for mappings satisfying Geraghty-type contractive conditions in dislocated quasi-metric
space. We also present some examples in support of our results.
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