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1. INTRODUCTION AND PRELIMINARIES

Fixed point theory is one of the most dynamic research subject in nonlinear sciences. Regarding the
feasibility of application of it to the various disciplines, a number of authors have contributed to this
theory with a number of publications. One of the simplest and most useful results in fixed point theory
is the Banach fixed point theorem [2]: Let (X, d) be a complete metric space and T be self mapping of
X satisfying

d(Tx, Ty) < Ad(x,y) forall x,y € X, (1.1)

where A € [0,1), then T has a unique fixed point. A mapping satisfying the condition (1.1) is called
contraction mapping. As well as, there are a lot of extensions of this famous fixed point theorem in
metric space which are obtained generalizing contractive condition, there are a lot of generalizations
of it in different space which has metric type structure. In fact, Banach demonstrated how to find the
desired fixed point by offering a smart and plain technique. This elementary technique leads to
increasing of the possibility of solving various problems in different research fields. This celebrated
result has been generalized in many abstract spaces for distinct operators. In [3], Bakhtin introduced
b-metric spaces as a generalization of metric spaces. He proved the contraction mapping principle in
b-metric spaces that generalized the famous Banach contraction principle in metric spaces. Since then,
several papers have dealt with fixed point theory or the variational principle for single-valued and
multi-valued operators in b-metric spaces (see [4-8] and the references therein). The study of
expansive mappings is a very interesting research area in fixed point theory. A mapping satisfying the
condition d(Tx, Ty) = Ad(x,y) for all x,y € X, where A > 1, is called expansive mapping. In 1984,
Wang et.al [17] introduced the concept of expanding mappings and proved some fixed point theorems
in complete metric spaces. In 1992, Daffer and Kaneko [16] defined an expanding condition for a pair
of mappings and proved some common fixed point theorems for two mappings in complete metric
spaces. Chintaman and Jagannath [18] introduced several meaningful fixed point theorems for one

expanding mapping. For more details on expanding mapping and related results we refer the reader to
[9-21].

In this paper, we present some new fixed point, coincidence point and common fixed point theorems
under various expansive conditions in b-metric spaces. These results improve and generalize some
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important known results in the literature. Some related results and illustrative some examples to
highlight the realized improvements are also furnished.

Throughout this paper R and R ™ will represents the set of real numbers and nonnegative real
numbers, respectively.

The following definitions are required in the sequel which can be found in [3-5].

Definition 1.1 Let X be a nonempty set, s = 1 be a given real numberandd: X xX - R* bea
function. We say d is a b-metric on X if and only if for all x,y, z € X the following conditions are
satisfied:

(1) d(x,y) = Oifandonlyifx = y;

(2) dxy) = d(y,x);

() dxy) < s[d(xz) +d(zy)].
Atriplet (X, d,s) is called a b-metric space. Obviously, for s = 1, b-metric reduces to metric.
Definition 1.2 Let {x, };—, be a sequence in a b-metric space (X, d, s).

1. {x,}n=; is said to be convergent to x € X, written as lim,,_, ., x,, = X, if for each € > 0, there
exists a positive integer ny such that, for all n > ng, d(x,, x) < €.

2. {x,}r-, is said to be a Cauchy sequence in X, if for each € > 0, there exists a positive integer
n, such that, for all n,m = ny, d(x,, x,,) < €.

3. (X, d) is said to be complete if every Cauchy sequence is a convergent sequence.

Example 1.3 Let X = [0,1] and defined : X xX » R* byd(x,y) = (x—y)? Vxy€X. Thend is
a b-metric with constant s = 2.

Definition 1.4 Let (X, d, s) be a b-metric space and T: X — X be a mapping. We say T is a continuous
mapping at x in X, if for any sequence {x, }p=; in X such that lim,_, ., x,, = x, then lim,_, ,, Tx, = Tx.

2. MAIN RESULTS

In this section, we prove some fixed point, common fixed point and coincidence point theorems
satisfying expansive condition by considering onto mapping and weakly compatible mappings in the
context of b-metric space.

We begin with two simple but a useful Lemmas.
Lemma 2.1 Let {x,} be a sequence in a b-metric space with the coefficient s > 1 such that
d(an Xn+1) = hd(Xn—lr Xn) (21)

where h € [0, i) andn=1,2,......... Then {x,};-, is a Cauchy sequence in X.

Proof Let m > n = 1. It follows that

d(Xp, Xm) < sd(Xp, Xpa1) + S2dXps1, Xpaz2) + o e + sM A (X1, Xmm) (2.2)
Now (2.1) and sh < 1 imply that
d(xp, X)) < sh™d(Xg, X7) + s2h"1d(xg, X1) + o oo + sMTMHM1d (%, x4) (2.3)
=sh™(1 + (sh) + (sh)? + -+ ... e e e, + (D)™ DA (0, X1)
shl!
= 1sh d(XO'Xl)

Assume that d(xg, x;) > 0. Letting n, m — +o0, {x,};=; is a Cauchy sequence. Also, if d(xq,x;) =0,
then d(x,,x,,) = 0 for all m > n and hence {x,};-, is a Cauchy sequence in X. By taking limit
n, m — 4o, we get d(x,, x,,,) = 0. Hence {x,};_, is a Cauchy sequence in X.

Lemma 2.2 Let (X, d) be a b-metric space with the coefficient s > 1 and let {x,};-, be a sequence in
X, if {x,};=1 converges to x and also {x,},;—; converges toy, then x = y. That is the limit of {x,, };;_,
iS unique.
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Proof- since x, = x and x,, & y as n — +oo, that is lim,,_,., d(x,,x) = 0 and lim,,_,o d(x,,y) = 0. By
using triangular inequality, we have

d(x,y) < s[d(x,x,) +d(x,,y)]
= s[d(x,,x) + d(x,,y)]
By taking limitasn — oo, we get d(x,y) = 0 andsox =y.

Theorem 2.3 Let (X,d) be a complete b-metric space with the coefficients > 1. Assume that
T: X - Xis surjection and satisfies

d(Tx, Ty) = 2d(xy) (2.4)
V x,y € X, where . > s. Then T has a fixed point.

Proof;- Let x, € X, since T is surjection, then there exists x; € X such that x, = Tx;. By continuing
this process, we get

X, = TX 41, VN € NU{0}. (2.5)

In case x,,, = X,,+1 for some ny € N U {0},then it is clear that x,, is a fixed point of T. Now assume
that x, # x,,—, for all n. Consider,

d(Xp-1, %) = d(Txy, TXp41) (2.6)
Now by (2.4) and definition of the sequence
d(xp-1, %) = d(Txy, TXp41)
= ). d(Xy, Xp41)
And so
A%, Xn+1) < 7 dGo1, %) = h dGyo1, %) 7

1 1
whereh =-< —
A s

Then by Lemma 2.1, {x,},=; is a Cauchy sequence. Since (X,d) is a complete b-metric space, the
sequence {x, },,=; in X converges to x* € X. so that

lim, . x, = X" (2.8)
Since T is onto, there exists p € X such that x* = Tp. From (2.4), we have
d(xy, x*) = d(Txp41, Tp) (2.9)
> ). d(Xp+1,P)
Taking limit as n = 4+ in the above inequality, we get
0 = lim,_,, d(x,,x*) =%lim,_,, d(X,4+1,p)
This implies that
lim,,.. d(Xy4+1,p) =0 (2.10)

i.e. Xp4q = p asn— 4o, By Lemma 2.2, we get x* = p. Hence x* is a fixed point of T. Finally,
assume x* = y™* is also another fixed point of T. From (2.4), we get

d(x*,y*) =d(Tx*, Ty") (2.11)
> )d(x*,y*)
This is true only when d( x*,y*) = 0. so x* = y*. Hence T has a unique fixed point in X.

Example 2.4 Let X = [0,0) and let d(x,y) = [x —y|?,Vx,y € X. It is obvious that d is a b-metric on
Xwiths =2 > 1 and (X, d) is complete. Also, d is not a metric on X. Define T: X - X by
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6X if x€[0,1),
Tx=<5x+1 if x € [1,2),
4x+3 if x € [2,).

Also, clearly T is an onto mapping. Now we consider following cases.
m Let x,y € [0,1), then
d(Tx, Ty) = |6x — 6y|? = 36|x — y|?
>3|x—y|? =3d(xy)
m Let x,y € [1,2), then
d(Tx, Ty) = |(5x+ 1) — (5y + 1)|?
= 25|x —yl?
> 3|x—yl?
=3d(x,y)
m Let x,y € [2,), then
d(Tx, Ty) = |(4x + 3) — (4y + 3)|?
= |4x — 4y|?
= 16]x —y|?
>3|x—yl?
=3d(xy)
m Letx € [0,1)and y € [1,2), then
d(Tx, Ty) = |6x — (5y + 1)|?
> |6x — 5y|?
> |5x — 5y/|?
= 25|x —yl?
> 3|x—yl|?
=3d(xy)
mLetx € [0,1)and y € [2, ), then
d(Tx, Ty) = |6x — (4y + 3)|?
> |6x — 4y/|?
> |4x — 4y|?
= 16|x —y/|?
> 3|x —yl?
=3d(xy)
m Let x € [1,2)and y € [2,«), then
d(Tx, Ty) = |(5x + 1) — (4y + 3)|?
= |6x — 4y — 2|?
> |5x — 4y/|?
> |4x — 4y|?
= 16[x —y|?
> 3|x—yl|?
=3d(xy)
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That is d(Tx, Ty) = Ad(x,y),Vx,y € X where ). =3 > 2 =s. The conditions of Theorem 2.3 are
satisfied and T has a unique fixed point x* = 0 € X.

Before proving our next result, we prove the following proposition.

Proposition 2.5 Let (X,d) be a b-metric space and let {x,} be a sequence in X such
that lim,,_,, d(x,,x) = 0. Then

id(x, y) < lim,_,,d(x,,y) <sd(xy), Vy€eX
Proof From triangular inequality,
id(x, y) < lim,_,, d(x,,x) < lllmd(xll'y) < s(d(xy) + lim,_,, d(x,,x))
So,
id(x, y) < lim, ., d(x,,y) <sd(xy), VX y€X
Now, motivated by the work in [22], we give the following.

Let ‘P]f; denote the class of those function B: (0,) — (L2, «) which satisfy the condition B(t,) —
(L»* = t, » 0, whereL > 0.

Theorem 2.6 Let (X,d) be a complete b-metric space .Assume that the mapping T:X - X is
surjection and satisfies

d(Tx, Ty) = B(d(x,y))d(x,y) (2.12)
V %,y € X, where B € W3 . Then T has a fixed point.

Proof Let x, € X, since T is surjective, choose x; € X such that Tx; = x,. Inductively, we can define
a sequence {x,} € X such that

X, = Tx,41, VN €N U{0}. (2.13)

In casex,, = xp,+1 for some no € N U {0},then it is clear that x, is a fixed point of T. Now assume
that x, # x,_1 for all n. Consider,

d(xp-1,%p) = d(Txy, Txy41)
Now by (2.12) and definition of the sequence
d(x,_1,Xp) = d(Tx,, TXp41) (2.14)
> B(d(xn,Xn+1))d(xn,xn+1)
> s2d(x,, Xp41)
> d(xXp, Xp41)

Thus the sequence {d(x,,X,+1)}n=1 iS a decreasing sequence in R* and so there exists r = 0 such
that

lim, . d(xy, Xp41) =T (2.15)
Let us prove that r = 0. suppose to the contrary that r > 0.By (2.14) we can deduce that
5 G = S > B(d Gk Xe)) 2 57 216)

d(xpxp+1) — dEnXn+1)

By taking limit as n — + in the above inequality, we have

lim, . B(d(x,, Xp41)) = 52 (2.17)
Hence by definition of B, we have
r=1lim,_4., B(d(x,, Xp41)) =0 (2.18)

which is a contradiction. That is r = 0. we shall show that
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limy, ., sup d(xy, X)) = 0 (2.19)
Suppose to the contrary that lim,, ;,, . sup d(xy, X;,) > 0.
By (2.12), we have
d Xy Xm) = d(TXy 41, T 41)

= B(d(xll+1l Xm+1))d(xn+1f Xm+1)

- d(Xnvxm)
That is, B—(d(xn+1.xm+1)) > d(Xn+1; Xm+1)

By Triangular inequality, we have
d(Xn: Xm) = Sd(Xn:Xn+1) + Szd(xn+1fxm+1) + Szd(Xm+1, Xm)

d(xp,Xm)

— SEnfml 4 629
B Cns D) + s*d(Xpm+1, Xm)

< sd(x,, Xp41) + 52

Therefore,

52

d(Xn: Xm) < (1 - )_1 (Bd(xnfxn+1) + Szd(Xm+1,Xm)) (221)

dGn+1,.Xm+1)

By taking limit as n,m — +o in the above inequality, since lim, ,_., sup d(x,, x,) > 0 and
r = lim,_,, d(x,,X,4+1) = 0, then we obtain
-1

limy e (1= 7———) =0 2.22)

dXn+1.Xm+1)

which implies that
limy, o4 SUP B(d(Xn+1;Xm+1)) = (sH)* (2.23)
And so by definition, we have
limy, y.sup d(Xp41, Xm1) = 0 (2.24)
which is a contradiction. Hence,
limy, sup d(x,, Xy,) =0

Hence limy,, ;. d(x,, %) = 0. So, {x,};=1 i a Cauchy sequence. Since (X,d) is a complete b-
metric space, the sequence {x, };;—, in X converges to x* € X. so that

lim,_,,d(x,,x*) =0 (2.25)

As T is surjective, so there exists p € X such that x* = Tp. Let us prove that x* = p. Suppose to the
contrary that x* = p. Then by (2.12), we have

d(x,,x*) = d(Tx,4+1, Tp) (2.26)
=B (d(Xn+1'p)) d(xXp+1,P)
By Taking limit as n — +oo in the above inequality and applying proposition 2.5, we obtain
0 =lim, ., d(x,,x*) =lim, ., B (d(x,41,p)) - lim, . d(X,41,P) (2.27)
> ilimn_mB (d(xn+1, X*)) d(x*,p)
And hence,
lim,, . B (d(x,41,x*)) = 0 (2.28)

which is a contradiction. Indeed, lim,_,, B(d(x,+1,%,)) = s? since B(t) >s? Vte [0,x),
therefore x* = p. Hence x* = Tp = Tx".

Now, we prove the following common fixed point theorem, which is generalization of Theorem 2.2 of
W. Shatanwi and F. Awawdeh [23] in the setting of b-metric space.
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Theorem 2.7 Let T, S: X — X be two surjective mappings of a complete b-metric space (X, d) with the
coefficient s > 1. Suppose that T and S satisfying inequalities

d(T(Sx), Sx) + kd(T(Sx),x) = ad(Sx,x) (2.29)
d(S(Tx), Tx) + kd(S(Tx), x) = bd(Tx, x) (2.30)

for x € X and some nonnegative real numbers a, b and k with a > s(1 + k) + s?kand b > s(1 + k) +
s?k.. If T or S is continuous, then T and S have a common fixed point in X.

Proof Let x, be an arbitrary point in X. Since T is surjective, there exists x; € X such that xq = Tx;.
Also, since S is surjective, there exists x, € X such thatx, = Sx;. Continuing this process, we
construct a sequence {x,} in X such that

Xan = TXzp+1 aNd Xop41 = SXopsz (2.31)
for all n € N U {0}, Now for n € N U {0}, by (2.29) we have
d(T(Sxzn+2), SXan+2) + KA(T(SX2n+2), Xz2n+2) = ad(SXan+2, X2n+2)
Thus, we have
d(Xzn, X2n+1) + kd(Xap, Xan+2) = ad(Xzn+1, X2n+2)

which implies that

d(X2n, Xan+1) + SK[d(Xap, X2n+1) + dX2nt1, X2n+2)] = ad(Xzp41, X2n42)
Hence

d(Xzn+1, Xzn+2) < :—Sk d(X2n, X2n+1) (2.32)

sk
On other hand, we have (from (2.30))
d(S(TX2n+1)f TX2n+1) + kd(S(TX2n+1)f X2n+1) = bd(TX2n+1: X211+1)

Thus we have
d(X2n—1:X2n) + kd(XZn—er2n+1) = bd(XZnIX2n+1)
which implies that

d(X2n—1: X2n) + Sk[d(XZn—b XZn) + d(XZnIXan)] = bd(X2111X2n+1)

Hence
1+sk
d(XZn—LXZn) < b—sk d(XZn—LXZn) (233)
1+sk 1+sk 1
Let h = max {a—sk’ b—sk} s

Then by combining (2.32) and (2.33), we have
d(Xn' Xn+1) <h d(Xn—ern) (234)

where h € [OE), vneNuU{0}.

Then by Lemma 2.1, {x,},;=, is Cauchy sequence in the complete b-metric space. Then there exists
x* € X such that x,, = x* as n = 4. Therefore x,,41 = X* and X,,42 = v as n = +oo. Without loss
of generality, we may assume that T is continuous, then Tx,,,+q = Tx*as n = +o. But TxXp,41 =
Xy, = X as n — 4. Thus, we have Tx* = x*. since Sis surjective, there exists p € X such that
Sp = x*. Now

d(T(Sp) + kd(T(Sp), p) = ad(Sp,p)
implies that

kd(x*,p) = ad(x*,p)
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Then d(x*,p) < Ed(v, w). Since a > k, we conclude that d(x*,p) = 0. so x* = p. Hence Tx* =
Sx* = x*. Therefore x* is a common fixed point of T and S.

Bt taking b = a in theorem 2.7, we have the following result.

Corollary 2.8 Let T, S: X — X be two surjective mappings of a complete b-metric space (X, d) with the
coefficient s > 1. Suppose that T and S satisfying inequalities

d(T(Sx), Sx) + kd(T(Sx),x) = ad(Sx,x) (2.29)
d(S(Tx), Tx) + kd(S(Tx), x) = ad(Tx, x) (2.30)

for x € X and some nonnegative real numbers a,b and k with a> s(1+k) +s?k . If Tor S is
continuous, then T and S have a common fixed point in X.

By taking S = T in Corollary 2.8, we have the following Corollary.

Corollary 2.9 Let T: X — X be a surjective mappings of a complete b-metric space (X,d) with the
coefficient s = 1. Suppose that T satisfying inequality

d(T(Tx), Tx) + kd(T(Tx), x) = ad(Tx, x) (2.29)

for x € X and some nonnegative real numbers a, b and k with a > s(1 + k) + s2k . If T is continuous,
then T has a fixed point in X.

Now, we present an example to illustrate the usability of Corollary 2.9.

Example 2.10 Let X = [0, o0) and define d: X x X -» R* by d(x,y) = |[x—y|%,Vx,y € X. Then (X, d)
is a complete b-metric space with s = 2. Define T: X = X by T(x) = 2x. Then T has a fixed point.

Proof Note that
d(T(Tx), Tx) + d(T(Tx),x)
= d(4x, 2x) + d(4x,x)
= |4x — 2x|? + |4x —x|?
= 4x?% + 9x2
= 13x2
> 12x2
= 12|2x — x/?
= 12d(Tx, x)
forallxe X. Herek=1anda=12.Clearly 12 =a>s(1 +k) + sk? =2(1 + 1) + 2(1)? = 6.

Also T is surjection on X. Thus T satisfies all the hypotheses of Corollary 2.9 and hence T has a fixed
point. Here 0 € X is the fixed point of T.
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