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Abstract: A partial semiring is a structure possessing an infinitary partial addition and a binary 

multiplication, subject to a set of axioms. The partial functions under disjoint-domain sums and functional 

composition is a partial semiring. In this paper we introduce the notions of 2(1)-prime subsemimodule and 2(1)-

closed subset in partial semimodules over partial semirings and we obtain some characteristics of 2(1)-prime 

subsemimodules. 
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1. INTRODUCTION 

Partially defined infinitary operations occur in the contexts ranging from integration theory to 

programming language semantics. The general cardinal algebras studied by Tarski in 1949, Housdorff 

topological commutative groups studied by Bourbaki in 1966, Σ-structures studied by Higgs in 1980, 

sum ordered partial monoids & sum ordered partial semirings studied by Arbib, Manes, Benson[2], 

[4] and Streenstrup[6] are some of the algebraic structures of the above type. 

P. Nanda Kumar[5] in 2010 introduced the notion of 1-(2-) prime ideals in semirings. we extended 

this notation to partial ideals in partial semirings and we obtained the characteristics of 2(1)-prime 

partial ideals[7]. In this paper we introduce the notions of 2(1)-prime subsemimodules in partial 

semimodules over partial semirings and characterize 2(1)-prime subsemimodules interms of 2(1)-

prime partial ideals. We also introduce the notions of 2(1)-closed subset and obtain the characteristics 

of 2(1)-prime subsemimodules in multiplication partial semimodules. 

2. PRELIMINARIES 

In this section we collect some important definitions and results for our use in this paper. 

2.1. Definition. [5] A partial monoid is a pair (M, Σ) where M is a nonempty set and Σ is a partial 

addition defined on some, but not necessarily all families (xi : i  I) in M subject to the following 

axioms: 

(i) Unary Sum Axiom. If (xi : i  I) is a one element family in M and I = { j }, then 

      Σ(xi : i  I) is defined and equals xj. 

(ii) Partition-Associativity Axiom. If (xi : i  I) is a family in M and (Ij : j  J) is a partition of  

      I, then (xi : i  I) is summable if and only if (xi : i  Ij) is summable for every j in J,  

      (Σ(xi : i  Ij ) : j  J) is summable, and Σ(xi : i  I) = Σ(Σ(xi : i  Ij):j J). 

2.2. Definition. [4] A partial semiring is a quadruple )1,.,,(R , Where ),(R  is a partial monoid 

with partial addition ∑, )1,.,(R is a monoid with multiplicative operation  and unit 1, additive and 

multiplicative structures obey the following distributive laws: If ):( Iixi  is defined in R, then 
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for all y in R, ):( Iixy i  and ):( Iiyxi  are defined  and ][][
i ii i xyxy , 

][][
i ii i yxyx . 

2.3. Definition. [1] Let R be a partial semiring. Then a nonempty subset A of R is said to be a left 

(right) partial ideal of R if it satisfies the following: 

    (i) (xi : i  I) is a summable family in R and xi   A i  I implies Σi xi  A, 

    (ii) for all r  R and x  A, rx  A (xr  A). 

If A is both left and right partial ideal of a partial semiring R, then A is called a partial ideal of R. 

2.4. Definition. [8] A nonempty subset A of a partial semiring R is said to be subtractive if for any a, 

b  R, a + b  A and a  A implies that b  A. 

2.5. Definition. [8] Let A be a nonempty subset of a partial semiring R. Then the intersection of all 

subtractive partial ideals of R containing A is called subtractive closure of A. It is denoted by A . 

2.6. Definition. [7] A proper ideal P of a partial semiring R is said to be 2-prime if and only if for any 

subtractive partial ideals A, B of R, AB  P implies A  P or B  P. 

2.7. Definition. [7] A proper ideal P of a partial semiring R is said to be 1-prime if and only if for any 

subtractive partial ideal A and a partial ideal B of R, AB  P implies A  P or B  P. 

2.8. Theorem. [7]] Let R be a complete partial semiring and P be a proper partial ideal of R. Then the 

following conditions are equivalent: 

(i) P is a 2(1)-prime partial ideal of R 

(ii) for any a, b  R, )( PbaPba  implies a  P or b  P. 

2.9. Definition. [8] Let )1,,,(R be a partial semiring and ),(M be a partial monoid. Then M is said 

to be a left partial semimodule over R if there exists a function xrxrMMR ),(::  

which satisfies the following axioms for x, ):( Iixi  in M and r1, r2, ):( Jjr j  in R 

    (i) if i
i
x  exits then ),()( i

i
i

i
xrxr  

    (ii) if 
j

jr exits then xr
j

j )(  = ),( xr j
j

 

    (iii) ,)()( 2121 xrrxrr  

    (iv) ,1 xxR  

    (v) MR x 00 . 

2.10. Definition. [8] Let ),(M be a left partial semimodule over a partial semiring R. Then a 

nonempty subset N of M is said to be a subsemimodule of M if and only if N is closed under  and . 

2.11. Definition. [8] Let N be a subsemimodule of a left partial semimodule M over R.Then 

}/{}/):{():( NrMRrMmmNMN   is called the associated partial ideal of N. 

2.12. Remark. [8] If N is a subtractive subsemimodule of M then its associated partial ideal 

( N : M ) is a subtractive partial ideal of R. 

2.13. Definition. [8] Let M be a partial semimodule over R .Then M is said to be multiplication 

partial semimodule if for any subsemimodule N of M there exists a partial ideal I of R such that N = I 

M. 

2.14. Theorem. [8] A partial semimodule M over R is a multiplication partial semimodule if and only 

if there exists a partial ideal I of R such that R m = I M for each m M. 
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2.15. Definition. [8] Let M be a multiplication partial semimodule over R and N, K be 

subsemimodules of M such that  N = I M and K = J M for some partial ideals I, J of R. Then the 

multiplication of  N and K is defined as  NK = (IM)(IJ) = (IJ)M. 

2.16. Definition. [8] Let M be a multiplication partial semimodule over R and m1, m2  in M such that 

R m1 = I1M and R m2 = I2M for some partial ideals I1, I2 of R. Then the multiplication of m1 and m2 is 

defined as m1m2 = ( I1M) (I2M) = (I1I2)M. 

2.17. Definition. [8] Let M be a partial semimodule over R and N be a proper subsemimodule of M. 

Then N is said to be a prime subsemimodule of M if for any Rr  and ,Mn  Nnr  implies 

):( MNr  or .Nn  

2.18. Theorem. [8] Let M be a multiplication partial semimodule over R and N be a subsemimodule 

of M. Then N is prime subsemimodule of M if and only if ):( MN  is a prime partial ideal of R.  

2.19. Definition. [8] Let M be a multiplication partial semimodule over R. A subset S of M is said to 

be multiplication closed subset (in short closed subset) if for any SmnSnm ,, . 

3. 2(1)-PRIME SUBSEMIMODULES 

3.1. Definition. Let R be a partial semiring, M be a partial semimodule over R and N be a proper 

subsemimodule of M. Then N is said to be a 2(1)-prime subsemimodule of M if and only if its 

associated partial ideal ( N : M ) is a 2(1)-prime partial ideal of R. 

3.2. Theorem. Let M be a multiplication partial semimodule over R and K be a subtractive 

subsemimodule of M. Then K is prime subsemimodule if and only if K is 2(1)-prime subsemimodule 

of M. 

Proof. Suppose K is a prime subsemimodule of M. Then ( K : M ) is a prime partial ideal of R (By 

Theorem 3.3.3 of [8]). This implies ( K : M ) is a 2(1)-prime partial ideal of R ( By Remark 3.3 of 

[7]). Hence K is a 2(1)-prime subsemimodule of M.  

 Conversely suppose that K is a 2(1)-prime subsemimodule of M. Then ( K : M ) is a 2(1)-

prime partial ideal of R. Since K is subtractive subsemimodule of M, ( K : M ) is a subtractive partial 

ideal of R ( By Remark 2.12). By Theorem 3.9 of [7], ( K : M ) is a prime partial ideal of R. 

Since M is multiplication partial semimodule, by Theorem 3.3.7 of [8] K is a prime subsemimodule of 

M. 

 Following is an example of a partial semimodule M in which a 2(1)-prime subsemimodule is 

not prime subsemimodule. 

3.3. Example. Let R = {0, 1, 2, 3}. Define Σ on R as 

                       

otherwise

Jixand

undefined

finiteisxiJif

kjixandkjsomeforxxif

jsomeforjixifx

x

ii

ikj

ij

i i

3):(

,

}0|{,3

,0,1,2

0,

 

and  is defined as follows: 

 

  

0 1 2 3 

0 0 0 0 0 

1 0 1 2 3 

2 0 2 3 3 

3 0 3 3 3 
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Then (R, Σ, ) is a partial semiring. Take M := R and K = {0, 3}. Then M is a partial semimodule over 

R and K is a subsemimodule of M. Now ( K : M ) = {0, 3} is a 2(1)-prime partial ideal of R and so, K 

is a 2(1)-prime subsemimodule of M. Since {0,2,3} {0,2,3}={0,3} and {0,2,3} {0,3}, ( K : M ) is 

not a prime partial ideal of R. Therefore K is not a prime subsemimodule of M. 

3.4. Theorem. Let M be a multiplication partial semimodule over R and K be a proper subsemimodule 

of M. Then the following conditions are equivalent: 

     (i) K is a 2-prime subsemimodule of M, 

     (ii) for any subtractive subsemimodules U, V of M, KUV  implies KU or KV , 

     (iii) for any m, n of  M, KRnRm ))(( implies Km  or Kn . 

Proof. (i) (ii): Suppose K is a 2-prime subsemimodule of M. Then ( K : M ) is a 2-prime partial 

ideal of R. Let U, V be subtractive subsemimodules of M such that KUV . Since M is 

multiplication partial semimodule, there exists partial ideals I, J of R such that  U = IM and V = JM. 

 ( U : M ) = I and ( V : M ) = J. Since U, V are subtractive subsemimodules of M, ( U : M ) = I and 

( V : M ) = J are subtractive partial ideals of R. Now KUV KJMIM ))(( KMIJ)(

 ):( MKIJ . Since  ( K : M ) is a 2-prime partial ideal of R, ):( MKIJ ):( MKI  or 

):( MKJ . KIM  or KJM and hence KU  or KV . 

(ii) (iii):  Suppose for any subtractive subsemimodules U, V of M, KUV  implies KU or 

KV . Let Mnm,  be such that KRnRm ))(( . Since )(),( RnRm are subtractive 

subsemimodules of M, KRm)( or KRn)( and hence Km  or Kn . 

(iii) (i): Suppose for any m, n of  M, KRnRm ))(( implies Km  or Kn . First we prove 

that ( K : M ) is a 2-prime partial ideal of R. Let A, B be subtractive partial ideals of R such that 

):( MKAB . Then KMAB)( . Suppose ):( MKA  and ):( MKB . Then KAM  

and KBM .  BMnbAMmaMnmBbAa ,,,, , KnbKma & . 

 AMmaR )*( and BMnbR )*( . Now  

KMABBMAMnbRmaR )())(())*()()*(( . Kma or  Knb , a contradiction. 

Hence ):( MKA  and ):( MKB . Therefore ( K : M ) is a 2-prime partial ideal of R. Hence K 

is a 2-prime subsemimodule of M. 

 In the similar way we can prove the following theorem. 

3.5. Theorem. Let M be a multiplication partial semimodule over R and K be a proper subsemimodule 

of M. Then the following conditions are equivalent: 

     (i) K is a 1-prime subsemimodule of M, 

     (ii) for any subsemimodules U, V of M, KVU  implies KU or KV , 

     (iii) for any m, n of  M, KRnRm ))(( implies Km  or Kn . 

4. 2(1)-CLOSED SUBSET OF M 

4.1. Definition. Let M be a multiplication partial semimodule over R. A subset S of M is said to be a 

2(1)-closed subset of M if for any SnmRnnRnnRmmSnm 11111 )(,,, . 

 Clearly every closed subset of M is a 2(1)-closed subset of M. Following is an example of a 

partial semimodule M in which a 2(1)-closed subset is not a closed subset of M. 

4.2. Example. Consider the partial semimodule M over R as in the Example 3.3. Clearly M is a 

multiplication partial semimodule over R. Take S = { 1, 2 }. Then S is a 2(1)-closed subset of M. For 

SS 422,2 . Hence S is not a closed subset of M. 
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4.3. Theorem. Let M be a multiplication partial semimodule over R and K be a proper subsemimodule 

of M. Then K is a 2(1)-prime subsemimodule of M if and only if M \ K is a  

2(1)-closed subset of M. 

Proof. Suppose K is a 2(1)-prime subsemimodule of M. Let KMnm \, . Then Knm, . 

By the Theorem 3.4, KRnRm ))(( .  KxRnRmx ))(( . Since ))(( RnRmx , 

iii nmx  for some Rmmi
and Rnni

. Since Kx , Knm iii .  

KnmRnnRmm iiii & .  KMnm ii \ . Hence M \ K is a  

2(1)-closed subset of M.  

 Conversely suppose that M \ K is a 2(1)-closed subset of M. Let Mnm,  be such that 

KRnRm ))(( . Suppose if Knm& . Then KMnm \& .  

KMnmRnnRmm \& 1111  .  KxRnRmx &))(( .  KRnRm ))(( , a 

contradiction. Hence K is a 2(1)-prime subsemimodule of M. 

4.4. Theorem. Let M be a multiplication partial semimodule over R. Then every 2(1)-prime 

subsemimodule of M contains a minimal 2(1)-prime subsemimodule of M. 

Proof. Take T = {P | P is a 2(1)-prime subsemimodule of M such that KP }. Clearly K  T. Hence 

(T, ) is a nonempty partial ordered set. Let { Hj | j  J } be a descending chain of elements in T. Put 

H = 
Jj

jH . Then H is clearly a subsemimodule of M containing K. Now we prove that H is a 2-

prime subsemimodule of M: Let a, b  M such that HRbRa ))((  and suppose Ha . Then 

kHa for some k  J. Case(i): If kj . Since kHRbRa ))(( and kHa , we have kHb . 

Since kj , jk HH  and hence jHb . Case(ii): If j > k. Then kj HH . Since kHa , 

jHa . Now jHRbRa ))(( and jHa , we have jHb . Hence jHb  for all j  J. b  

H. Hence H is a 2-prime subsemimodule of M containing K. Therefore H is a lower bound of  { Hj | j 

 J } in T. By Zorn’s lemma, T has a minimal element. Hence the theorem. 

5. CONCLUSION  

In this paper we introduce the notion of 2(1)-prime subsemimodule in partial semimodule and 

obtained the characterization of 2(1)-prime subsemimodules interms of 2(1)-prime partial ideals. Also 

we introduced the notion of 2(1)-closed subset and obtained the characteristics of 2(1)-prime 

subsemimodule in a multiplication partial semimodule. 
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