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Abstract: In this paper we have introduced the new concept of finite hyperbolic transforms. Transform of some
standard functions are obtained and some properties are proved.
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1. INTRODUCTION

If the disturbance is f(t)= et , for a> 0, the usual Laplace transform cannot be used to find the
solution of an initial value problem because Laplace transform of f does not exist. It is often true
that the solution at times later than t would not affect the state at time t. This leads to define Finite
Laplace transform.

The finite Laplace transform of a continuous or an almost piecewise continuous function f in (0,T)
is denoted by Ly (f(t)) = F(p,T), and is defined as

Le () =FT) = [ ) e®dt (1.1)

Where p is a real or complex number and T be a finite number which may be positive or negative.
Note: Above definition is defined for any bounded interval (-T4, T,).

Finite Laplace transform motivate us to define Finite Sine Hyperbolic transform and RAM Finite
Cosine Hyperbolic transform in 0 <t < T in order to extend the power and usefulness of usual
Laplace transform in 0 < t <o . section 2 devotes some preliminaries containing some definitions
and properties of finite sine hyperbolic transform In section 3.1 shifting properties of Finite Sine
Hyperbolic Transform are obtained and In section 3.2 examples are given.

2. PRELIMINARIES AND DEFINITIONS

Definition 2.1 [1]: Letp € Cand T be a finite number which may be positive or negative and f is
a continuous or an almost piecewise continuous function defined over the interval (0,T). Then
RAM Finite Sine Hyperbolic transform of f is denoted by Rg, (f(t)) = Fs(p,T), and defined by

)
Ra(f(0) = Fs(pT)= [ sinn(pt) () ot

Where sinh(pt) is a Kernel of Rq.
Here Ry, is called RAM Finite Sine Hyperbolic transformation operator.

Definition 2.2 [1]: Let p € C and T be a finite number which may be positive or negative and f is
a continuous or an almost piecewise continuous function defined over the interval (0,T). Then
RAM Finite Cosine Hyperbolic transform of f is denoted by
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Ren(f(t)) = Fe(p,T), and defined by

R (0) = Fe(pT)= |, cosh(pt) (0 ct

where cosh(pt) is a Kernel of R.
Here R, is called RAM Finite Cosine Hyperbolic transformation operator.
Note : sinht, cosht are bounded for any bounded interval (-T4,T,).

Theorem 2.3 [1] If f is a piecewise continuous and absolutely integrable function on (0,T), then
rsh(f(1)) exists.

Theorem 2.4 [1] If fis a piecewise continuous and absolutely integrable function on (0, T), then
Ren (f(t)) exists.

Theorem 2.5 [1] If f (1) is a piecewise continuous and bounded function on (0, T), then Rg, (f (1))
exists.

Theorem 2.6 [1] If f is a piecewise continuous and bounded function on (0, T), then R (f (1))
exists.

2.1.RAM Finite Sine Hyperbolic Transform of Some Standard Functions [1]

1. Ry(1) = Sosh(PT) -1

T cosh(pT) sinh(pT
2. Ru(t) = (pT) (Zp )

p p
3. Ry (0) = T?cosh(pT) _ 2T sinh(pT) . (2cosh(pT)-2)
p p’ p’
T“cosh(pT) KT*“"sinh(pT) L k!(=1)*[cosh(pT)-1] if Kiseven
4 R ) (tk) — p p2 pk
| T*cosh(pT) KkT**sinh(pT) k!(=1)*sinh(pT) .., .
. — 7 ot o ,Jifkisodd

5. Rq, (sin(at)) = [ Z—a Zj sinh(pT) cos(aT) + ( > P 2] cosh(pT) sin(aT).
p°+a p-+a

6. Rq (cos(at))z[ 2a 2] sinh (pT). sin (aT)+[ 5 P ZJ [cosh(pT). cos(aT) — 1].
p°+a p°+a

7. Ry(e™) = [ Z—a 2) sinh(pT). " + (%J [cosh (pT). €*T — 1], provided p® # a°.
p p-—-a

(e0)

. Ra (€™ =[ 2a 2) sinh(pT). e®T + [ 2—p 2) [1-cosh (pT). €®T], provided p® # a*
p

2.2. RAM Finite Cosine Hyperbolic Transform of Some Standard Functions [1]

1. Ry (1) = SMNCPT).

p 2

2. R ()= Tsinh(pT) _{cosh( ;)T)—lj
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2 o -
3. Ry() = T".sinh(pT) 2.T.cosh(pT) N 2.sinh(pT) |

PZ p3
K i k-1 {—_1\K ci
T sinh(pT) KT coih(pT)+ lllllll +k.( 1) Slknh(pT),ifkis even.
4. Ra(t) = K i i k-1 i I kp '
T sinh(pT) KT coih(pT) . N k!(-1) [coskh(pT)—l]Jfk is odd.
p p p
5. Ry (sin(at))=( A 2] [1 — cosh(pT) cos(aT)]+( P 2Jsinh(pT) sin(aT).
p°+a p°+a

6. R, (cos(at)) = [ 2a ZJ cosh(pT) sin(aT)+{ 2p 2] sinh(pT) cos(aT).
p°+a p°+a

7. Ren(€™) = ( 2a 2] [cosh(pT) " — 1] + { . P 2] sinh(pT) e, provided p* # &’

8. Ren (™) = ( > a 2] cosh(pT) ' + ( pz_p ZJ [1-sinh(pT) e?'], provided p? # a2

2.3. Some Properties of RAM Finite Sine Hyperbolic Transform [1]
1. Linearity: Rg, (fa(t) + 2 (1)) = Ra (f2 (1) + Ran (f2 (1))
2. Scalar Multiplication: If ¢ be any constant, then R, (cf (t)) = cRq, (f (1)).

F, (p aT j

3. Scaling: If Ry, (f(t)) =Fs (p, T) then Ry, ( f (at)) = aT
3. MAIN RESULTS
3.1. Shifting Properties of RAM Finite Sine Hyperbolic Transform
Theorem 3.1.1 If Ry, (f (1) =Fs(p, T) and Re, (f (1) = Fc (p, T), then

Rgn (cosh(at). f (1)) + R, (sinh(at). f (1) =Fs ((p + @), T)
Proof: Let Ry, (f (t)) = Fs(p, T) and R, (f (t)) = F¢ (p, T), then

Rsn (cosh(at). f (t)) + Rey (Sinh (at). f (1))

-
'[) f (t) (cosh(at). sinh(pt) + sinh (at). cosh (pt)) dt

-
'L f (t) sinh ((p + a) t) dt

Fs((p+a),T)

Theorem 3.1.2 If Ry, (f (1)) = Fs(p, T) and Ry, (f (t)) = Fc (p, T), then
Rsn((cosh) at). f (t)) — Re (sinh (at). f (1)) =Fs ((p—a), T)

Proof: Let Ry, (f (t)) = Fs(p, T) and R, (T (t)) = Fc (p, T), then

Rgn (cosh(at). f (t)) — Ren (sinh(at). f (1))

-
= '[) f (t) (cosh(at). sinh(pt) - sinh (at). cosh (pt)) dt
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.
:'[) f (t) sinh ((p - ) t) dt

= I:S ((p - a)v T)
Theorem 3.1.3 If Ry, (f (1)) = Fs (p, T) and Ry, (f (1)) = Fc (p, T), then
F((p+a)T)+F((p-a)T
2
Proof: By using shifting properties (3.1.1) and (3.1.2) we have,
Ren (sinh(at). f (t)) — Rqy (cosh(at). f (t)) = -Fs((p—a), T) and
Rsn (cosh(at). f () + Reh (Sinh(at). f (t)) = Fs ((p + @), T)

F((p+a)T)+F((p-2a).T

Rgn (cosh(at). f (1)) =

= Rq (cosh(at). f (1)) =

2
Theorem 3.1.4 If Ry, (f (1)) = Fs (p, T) and R, (f (1)) = Fc (p, T), then
F.((p+a).T)-F.((p-a).T)

Rgn (sinh(at). f (1)) =

2
Proof: By using Shifting properties (3.1.1) and (3.1.2) we have
Rqn (sinh(at). f (1)) + Rey (cosh (at). f (t)) = Fc ((p +a), T) and
Ren (cosh(at). f (t)) — Rqh (Sinh(at). f (t)) Fc((p—2a),T)
F.((p+a).T)-F.((p-a).T)
2
Theorem 3.1.5 If Rq, (f (1)) =Fs (p, T) and Rex(f (t)) = Fc (p, T), then
F((p+a).T)+F ((p-a).T)+F.(p-a).T)-F.((p+a)T)
Ren(€™ . f (1)) = 2
Proof: By using Shifting properties (3.1.3) and (3.1.4) we have

F(p+a)D+F((p-a)T)

= Rq (cosh(at). f (1)) =

Rsh (cosh(at). f (t))

2
Rsh (Sinh(at). f(t)) = FC((p_a)’T);FC((p"i'a)yT)
SRaE fy = PrAT+R(p-a)T)+F(p-a)T)-F(p+a)T)

2
Theorem 3.1.6 If Ry, (f (t)) =Fs(p, T) and Rq (f (1)) = Fc (p, T), then

F((p+a) T)+F((p-a).T)-F.((p-a)T)+F((p+a),T)
2
Proof: By using Shifting properties (3.1.3) and (3.1.4) we have

F(p+a)T)+R(p-a)T)
2

Ry (sinh(at). f() =  -cdP*aLT) . Fe((p-2).T)

F((p+a)T)+F((p—a).T)-F((p-2a)T)+F((p+a),T)
2
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Theorem 3.1.7 If Ry, (f (t)) = Fs(p, T) and Re, (f (1)) = Fc (p, T), then

Fs((p+ia),T)+F((p—ia).T)
2

Proof: By using Shifting properties (3.1.3) and (3.1.4) we have
_R(pra D +R(p-a)T)

Ren(cos(at). (1)) =

Rgn (cosh(at). f (1)

2
— Ry (sinh(iat). f (1)) = Fc((P”a),T)ZFs((p—ia),T)
= Ry (cos(at) . f (1)) = Fs ((p+ia),T);_ F.((p-ia),T)

Theorem 3.1.8 If Ry, (f (t)) = Fs(p, T) and Rey, (f (1)) = Fc (p, T), then

F.((p+ia), T)-F.((p-ia),T)
2i

Proof: By using Shifting properties (3.1.4) we have
F.((p+a).T)-F.((p-a).T)

Ren(sin(at). f (1)) =

Rqn (sinh(at). f (1))

2
= R, (sinh(iat). f (t)) = Fe ((p+ia),T); F.((p-ia),T)
= Rq (sinh(at). f (1) = Fc((p”a)’T)z—i F.((p—ia),T)

Theorem 3.1.9 Suppose f () =0fort<0. If Ry, (f (1)) =Fs (p, T) and
Ren (F (1)) = Fc(p, T), Then

Ren (f (t—a)) = sinh (pa) Fc (p.(T —a)) + cosh(pa) Fs(p,(T —a))
Proof: Let Rg(f (1)) = Fs(p, T) and Ren(f(t)) = Fe(p, T),then

-
Ren (f(t—2)) '[) f (t—a) sinh (pt) dt

_‘::a f (X) sinh (p(a + x)) dt

_LT_a f (x) sinh (pa) cosh(px) + cosh(pa) sin (px) dx

[ —a [ —a

sinh (pa) f (X) cosh (px) dt + cosh (pa) f (X) sinh (px)dx

sinh (pa) Fc (p,(T —a)) + cosh(pa) Fs(p,(T —a))
3.2. Examples

3.2.1. Find Rg(t sinh(t))

Solution: We know that

Ru(t) = T cost pT) sinhp(ZpT)
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And R (sinh(t). f(t) = F.((p+a),T)-F.((p-a),T)

2
tecosh((p+1T) sinh(p+1)T) T cosh(p-1)T) N sinh(p-1)T)
2 2
L Rutsiohy) =D (p+1) : (p-1) (p-1)
3.2.2.  Find R, (t cosh(t))
Solution: We know that
Ra(d) = T cosh(pT) sinh(fT)
p P
And Ry, (cosh(at).f(t)) = F((p+ a)’T)er':s((p—a),T)
Tcosh(p+1)T) sinh((p+1)T) +T cosh((p-1T) sinh(p-1)T)
2 2
— Ry (tcosh(t)) = —P+D) (p+1) : (p-1) (p-1)
3.2.3. Find Ry, (te))
Solution: We know that
Ru() = Tcosh(pT)_sinh(ZpT)
p p
F((p+a)T)+F((p-2a).T)-F((p-a)T)+F.((p+a)T)

And Rq,(e™f(t)) =

2
= Rsh (tet)
Tcosh((p+1)T) _sinh((p+1)T) N T cosh((p-1T) T cosh((p-1T) N T cosh((p-1T) T cosh((p-1)T) . Tcosh((p+1)T) T cosh((p+1)T)

(p+1) (p+D° (P-1 (p-1 (P-1 (p-1° (p+1) (p+1°
2

3.2.4. Find Ry (te™).
Solution: We know that

T cosh(pT) sinh(pT)

Rsh(t) = >

p p

F +a),T)+F —-a),T)+F -a),T)-F +a),T
And Rey(e4f(t)) = s((p+a),T)+F((p—a) )2 <((p-2a),T)-F.((p+a),T)
— Rsh(te_t)
3.2.5.
T cosh((p+1)T) _ sinh((p+1)T) +T cosh((p-1)T) _T cosh((p-1T) +T cosh((p-1T) +T cosh((p-1T) . T cosh((p +1)T) _T cosh((p+1)T)
(p+1) (p+D)* (P-9 (P-1 (p-D (p-1° (p+D) (p+1)7?
2

Find R, (t sin(t))
Solution: We know that

Ru() = Tcosr;( pT) _sinhp(ZpT)
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And Rg, (sin(t).f(t))

= Ry, (Sin(0)-f(D))

Fo((p+ia)T)-F.((p—ia),T
2i

Tcosh((p+i0)T) sinh((p+i)T) T cosh((p—i)T) N sinh((p—i)T)

(p+1) (p+i)* (p-1i) (p-i)*

3.2.6.

2
Find Rqy (t cos(t)).

Solution: We know that

Rsh(t)

T cosh(pT) sinh(pT)

2

p p
And Rsh (COS(at). f(t)) FS ((p + Ia)!T); FS ((p_ Ia)iT)
T cosh((p+i)T) sinh((p-i)T) +T cosh((p—i)T) _sinh((p—i)T)
(p+1) (p+i)° (p+i) (p-i)’

=Rq, (t cos(t)).=

2

4. DISCUSSION AND CONCLUSION

As like Laplace transform we observe that; linearity, scalar multiplication, scaling and shifting
properties also are satisfied by using RAM Finite Hyperbolic Transform.
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