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Abstract: Let A, ,, be a Gaussian Fibonacci skew-circulant matrix, and 4. ,, be a Gaussian Fibonacci left
skew-circulant matrix, and both of the first rows are(G,+1, Gri2,... Goyn), Where Gy, is the
(r + n)th Gaussian Fibonacci number, and r is a nonnegative integer. In this paper, by constructing the

transformation matrices, the explicit determinants of A and A" are expressed. Moreover, we discuss the
singularities of these matrices and the inverse matrices of them are obtained.
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1. INTRODUCTION

Circulant matrices have a wide range of applications, for examples in coding theory, image
processing, self-regress design and so on. Recently, some authors gave the explicit determinant
and inverse of the circulant and skew-circulant involving famous numbers. Jiang and Yao gave
determinants, norm, and spread of skew circulant type matrices involving any continuous Lucas
numbers in [1]. In [2], Jiang and Hong presented exact determinants of some special circulant
matrices involving four kinds of famous numbers. An explicit form of the inverse of a particular
circulant matrix is presented by Cambini in [3]. Jiang and Li [4] discussed the nonsingularity of
the circulant type matrix and gave the explicit determinant and inverse matrices. In [5], the no-
nsingularity of the skew circulant type matrices is studied and the explicit determinants and
inverse matrices of these special matrices are also presented. Besides, authors gave four kinds of
norms and bounds for the spread of these matrices separately. Shen et al. considered circulant
matrices with Fibonacci and Lucas numbers and presented their explicit determinants and inverses
in [6]. Jiang et al. [7] considered circulant type matrices with the k-Fibonacci and k-Lucas
numbers and presented the explicit determinant and inverse matrix by constructing the transform-
ation matrices.

The Gaussian Fibonacci sequence [8, 9] is defined by the following recurrence relations:
Gn-}—l = Gn. + Gn—la n =1,
with the initial condition Gq = i, G5 = 1. The G, is given by the formula

G — (1-i8)a"+(ia—1)8" _ a"—gF"+(a""1-p"" 1)
n = a—f - a—f )

where a and 3 are the roots of the characteristic equation 22 — z — 1 = 0.

In this paper, the skew-circulant type matrices, including the skew-circulant, left skew-circulant.
We give the explicit determinants of them and inverse matrices under the condition of invertible.

Definition 1. A Gaussian Fibonacci skew-circulant matrix, denoted by SCirc(Gri1, ..., Grin), 1S
a matrix of the form:

©ARC Page | 24



Hongxia Xin & Hongwei Wang

Gr+1
_GT'+T!

_G7'+3
L — Gr+2

where r is a nonnegative integer.

Gr+2
Gr'—H

*G:lhl»n

*GMLS

G'r'+2
Gr+1

Grin—1

*G'r+n

GT—Ht
Gr+n—1

Gr+2
Gt

4 nXxXn

Definition 2. A Gaussian Fibonacci left skew-circulant matrix, denoted by SLCirc(Gyi1,

orey Gpyyy), 15 @ matrix of the form

[ Gr-‘rl Gr+2 Gris
GH—Q Gf'—l—fi G'r‘—}—n
Gr+3
Gr+n _GT-I-].
L GT+'rL _Gf'—l—l _GT—H’L—'Z
Lemma 3. [10] If M = Circy (a1, as,...,a,), then

and

_ N\ j—1
Ak = Zj:] S

det M = Hz:] Z;‘l:] a;jSk

Gr+n
_GT'—H

- Gr+n7 2
_G'r'+71.—1

j—1

S nxXn

where & (k= 10,1, ...,n — 1) are the roots of the equation z" —w =10 .

Lemma 4. [10] Let M = Circy(aq,...

=1, where f(z) = >"7_; ajz’ " and g(x) = & — w forw # 0.

2. DETERMINANT AND
MATRICES

In this section, let A, ,, = SCirc(Gr41, ...

case, present the inverse of A4, ,,.

Theorem 5. Let A,.,, = SCirc(Gy41, ...

det A, ,,

— Gy [(c:,.+1 + G Gyyn) + YR (S

X (G‘f'+l + G?'Jr'rH»l)n_Z'

Furthermore, A is singular

2%+1 C . (2k+1
£) = COS % + isin (+)w

Proof.

1
Gryz

G:"Jrl

INVERSE OF GAUSSIAN FIBONACCI

.an). Then M is nonsingular if and only if (f(x), g(x))

SKEW-CIRCULANT

, Gr1+n) be a skew-circulant matrix. We first give the
explicit determinant of the matrix A, ,, then discuss the singularity of it, and according to the

2

if and only

0 1
0 1 -1
0 1 -1 -1
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We give the explicit determinant of the matrix A, , firstly. Let

0
~Grin—Go

( Gri1+Grini

e e R

(Gr-1+Gr}n|l

—Grpn G

Gr | 1+G1‘ e
1

tn+1

)-n72

)1173

"

+1

, Gr4n) be a skew-circulant matrix. Then we have

)n,—(!fr-&—l)

—t e

if GrJrl + G1‘+n+1 + (C;r + Gr+n)5k‘ =0 and

(1 —as,)(1 — Beg) #0, where G,., is the (r+n) th Gaussian Fibonacci number |,

o =

OO e
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be two n x n matrices, then we have

Gf-r+'l ff:n Gr'r'+-n—'| T CT'r‘+3 G-r+2
0 fr,-n Qp ce aq as
0 0 b 0 0
AA, T = 0 0 ¢ 0 0
0 0 0 b 0
0 0 0 b

where

o o—n—l —Grin=Gr yn—(k+1
fon = Zk:l Grik1 (Gr‘+l+G7'+n+l ) ( )
)

" Gr‘ 2 _Gr n_Gr n—I(k
frn = (Gry1 + Girg1 Grin) + En ((’ 41 Grikt1 — GT'+k+2)((;1-+l:(;7-+7),+1 )" (k+l)7

Gryo
Qn = G:,l Grin—1— GrJr-n-

Grio

ay = G Gros — Gria,
_ Gryz

a3 = G Gr2 = Gris,

b= Gr-H + GT'+’H+1: c=Gp + Gr-}—n'
S0 we can get

det A det A, ,, det 1T,
- GT-H fr.n(G7'+'1 + GT'—HH—I )!?'_2

=Grq1- [(Gr-Jrl + grﬁcww) + o (G2 G — GTHH)(N)”{HU]

+1+G et
L —2
X (Gry1 + Grygn1)" 2,

while det A = (—1)“ ==, det TT; = (1) ==, hence, we have
det A, ,,

z T T Gi‘ n— 9
=Gri1- [(G r+n) + Z;\LI( Grikt1 — Grykaz2) (m) (RH)}

X (G‘f'+l + G?'Jr'rH»l)n_z'
Next, we discuss the singularity of the matrix A.

The roots of polynomial g(x) = 2™ + 1 are nep(k = 0,1,2,...,n — 1), where n=| —1|% =1,
£ = COS (2"““)” + isin m%”“ By Lemma 3, the eigenvalues of A are

er) = S0, Gy

= 25 201 = iB)a" + (i — )5+ (e) !

_ 1|:(li6)(l+(v”)(}"+l + (i(\-l)(l+ﬁ”).‘ir+1:|

— a-8 1—aey 1—Bey
_ 1 o +17‘31‘+1+(Q.1‘731‘)i n ar+n+1iﬁr+n+1+(ar+n75r+n)i n Qriﬁr+(ar—lilﬁr—1)ig n
= a—f |7 (I—aex)(1—Fer) (T—ase)(1—Per) (I—aso)(1-Bep) -k

(1—aer)(1—PBek)

_ Gry14+Grini1 +(Gr+Grin)er
(1—azy)(1—B=zy)

[xw‘+n._.3r+n+([x?‘+ﬂ —1 _.Br#»'n —1 )i Ek}

(k=0,1,2,...,n—1).
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By Lemma 4, the matrix A is nonsingular if and only if f(z,) # 0. That is when
(1 — aer)(1 — Beg) # 0, Alisnonsingular ifand only if G,+1 + Grint1 + (G + Grgn)ex # 0.
When (1 — aei)(1 — Bex) = 0, we have e, = 2 or g, = L. If &, = 2, the eigenvalue of A is

Ak = C"'1’+1 + G’r‘—l—Q(Ek:) + -+ G’r‘—l—n (51‘;’,)”_1

_ _1 +1 a™—g" grt! 1 o —ﬁn B" :
T a—p [noc" + an—1 75 m] + a—p3 |:7?O£ + 1 {3—(2\4] 1,

fora = 1+T\/§’ 8= 1’2‘/3, ne Ny, k=0,1,...,n— 1 Then na"t! > 0, na” >0, and “;%T > 0.
If » is even number, 24— > 0, ReAy # 0. If ris odd number, =— > 0, ImA; # 0. S0 Ax # 0. The
arguments for ¢, = % are S|m|Iar. Hence, A is nonsingular for (1 —aeg)(1 — Beg) = 0.

Thus, the proof is completed.

Lemma 6. Let the matrix B = [b; ;]7',2, be of the form

_(;r+1 —(;7.+n+11 1 :}.,
bi’j = —Gy - Gr+‘ne T = j + 1,
0, otherwise,

then the inverse B~' = [b] ;]i'72, of the matrix B is equal to

—(=Grin=Gy)'~ P
b': L= (Gre1+Grpng1)t—7+10 L2 NE
7 0, i< j.
Proof. Lete;; = > ; bi kby, ;- Obviously, c; ; = 0 for i < j. In the case i = j, we obtain

LR — s /
Cii = b'i,,'i,bg“/,{

— —1
= (=Grt1 = Grint1) " Groom

=1.

For i > j + 1, we have

Cijg = 2k=1 bt,kbk.j

= bi.f—lbi—lrj + bi,ib:‘,_‘j

—(~=Gryn—Gp) It (=G —Gy)i
( G Gr+n) "G +1+é,+n+1)1 4 + (_GT+1 _Gr+”+1) ) (G:—+1+7C;-,-1-ya+17)i7'j”

= 0.

Hence, we verify BB~ = 1,,_,, where 1,,_, is (n — 2) x (n — 2) identity matrix. Similarly, we can
verify B-1B = 1,,_,. Thus, the proof is completed.

Theorem 7. Let A, ,, = SCirc(Gy41, ..., Gryn) (n>2) be a skew-circulant matrix. If A is
nonsingular, we have

—1
AT."I’L

_ 1 s o n—2 (Gr+n+2—2_',‘fcv'-f—ﬁ.-f—l—t)(_G'ﬂ'+r:_Gr')iil
= f,.,,,SC”C(l 2ict (Gry 1t Grini )t ,

_h Z” 2 (G:+n+1 ,—.TI,G,+.,1 (= CV‘+?I_G) ! _ G1‘+3_I?'G'r+2 _(Gr+3 "EG1+2)( Cr+n_c)

(Grp1+Grgpng1)? 7 Grp1tGrgng’ (Gri1+Grpni1)?
_ (Cris—hGria)(=CGr4n=Gr)® | _ (Cris—hGria)(=Crin=Cn)""
(G 1+G 1’4!1)'a ’ (G’i‘ll'f'Grinll)n_2
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where
G,
h=G

Gry: —2/ Grys —Grin—=Gr \n—(k
frn = (Grir + g5 Grin) + 0 (G5 Grinrt — Grpne2) (G580 )" ),
Proof. According to Theorem 5, when G, + Gy iyt + (Gr + Gryn)er £ 0,

A is invertible. Let

T

1 TG X3 Ta oo I
0 1 Yz Ya o Yn
0 0 -1 0 - 0
I, =
2 0 0 0 -1 0
0 0 0 0 -1
where
‘ Cri2 -
f{ n Gr'+11+3—!_TG"+"+2_x Grimyo—i (s /
TP = Fon ey + (i = 3,4, ),
Girpnts e'_;r—JrzG" nt2—i
S Fn+3 ;“,,H 2 (i =3,4,..,n),
T n—1 —Grgn—Gr —(k+1
Fon = Dk GHHI(m)n (k).

Then we have AA, ,IT;IT, = @ @ B. Where = diag(G,1, fr.,) IS a diagonal matrix, and 2 & B is
the direct sum of © and B. If we denote TT = IT,IT.,, then we obtain A} =TI(Q~1 & B~ 1)A,

r.mn

Since the last row elements of the matrix II are 0,1, y3, 44, .... yn—1, yn. HeNCe, by Lemma 6, if let
A; ) = SCirc(uy, ua, ..., uy,), then its last row elements are given by the following equations:

G, -2
TW:WLaf*AJﬁ ,
QL:‘ = .f‘r‘l.n n !
o
Uyg = _ﬁcag ) + f’_l‘n e )1
3 2 +(1
us = — O+ -0 + o)
s Ci P + f,\l,ncf(?-n%) + 7 nc(n K

ulzfr%_ 1 [C"(Ln_2)+c‘t(tn_3)}'

.f""n.
Let
OU) _ 7 (Grgatj—i— C'+TG’ ‘2+,,‘—L)(_C7'I—M_Gr‘)171
n i=1 (Grg1+Grpngr)t
f 1(,u2 (.“1 DTN =120 - 2),

then we have

C‘f(cz) - Cr(zl)

72 é”"r.“W r) -t _ 61.7‘
i=1  (p2,5) Ha,r
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+2
Grya— c _HGr+z G e
(Lﬁx+1+(‘r+n+1)2( r+n T 'r‘)

S,
— Tz )? H1,rs

Cl,(;n, —2) + C 'r(:L —3)

1

n 20n”r,u]r B n—3 n_g.(p1.r)" "
- Zi—l "‘127“ +z;—l (’u& 7,)

Gos .
n—:‘. (Grinta—i— T2 Grins1—i)(p1,r)" ! 61‘»-(,‘“,1-)1773

— Z Gril ]
(p2.)? (2, )n 2
Gr 1 L
Zn Q Grinte F_ﬁc’r\nﬂ i) (k1) !
o (1“'2-7‘)1' ’

cit® — gt - o)

_ Zﬁ'? 5;»2 rlpa )t ZJ+1 Spp1e(pa)' ™ N S ()
i=1 (pz,r)* i=1 (p2,r)? 1=1 (p2,r)*
_ (GTM*(;::I Fras) (1,0 )? CHS* +i Grpo)(p, )t (Gr |‘3*ﬁ rp2) (p1, 1):
- (,11'2‘7')J+1 (}'—'52 1)J+2 o (,U) ?’)J+1
(G G.-}z)(.lh,r)‘i-#l
o (p2 012
(j=1,2,...,n—4).
Hence, if A is nonsingular, we can get
1
AI mn
2y, —n—2)_Cri2 (3 -
— SCirc 1—[cr Vo) ZGS 5 o _Oﬁf)—(),ﬂ“ oo _c®
fi”.'”. ’ f’ﬂ'.ﬂ ’ fl n f’ﬂ‘,” ? f?‘,” ?
7C£’.n—2)7cin—3}7c,(1n—1)
o Frn
Grgntz—i— g 2 G int1—i) (;111)'_1 i
1 ) n—o (Grint G+] Fntl 7‘12:5W 2.0 (f1,r) a1,
= +—>5Circ| 1 — — ot L
fron SC ¢ 2171 (#2‘1* h Z (#2,?)’ ! pz2,r’

a4

RS n—-
T T2 E ML T (,‘,27)3(”11")1"'7 W(Nlr) 3

— 1 gy o n—2 (Gring2-i—hGrinti 1)(7G1'}H7G|‘}1._1
_f»-.nSCIrC 1 Z =1 (Gra1+Grpntr1) ’

*h Zﬂ -2 (Gl+ri+l—i_’l€!+rﬂ 1)( G?+N G;‘)Iil o G1‘+3_h'Gr+2 7(G!'—l!_',LGT'-FQ)(_G!'-O—“_GT)

(Gri1+Grpni1)? VG +Gapng’? (Grp1+Grini1)? ’
o (G7‘+37"1Gv‘+2)(7G1'+n7G1')2 - 7(G7‘+37hG7‘+2)(7Gr'+n7G'ﬁ')n 3
(G1'+1+Gv‘+n+l)3 ! ! (G?‘+1+G?‘+n+1)n_2 !
where
Gria
h=ao

G, (e —Gypn—Gy —(k
f"\” = ( r+1 + 12 G? +n) + Z {Grif GT+k+1 - GT‘+k+2)(G,-+]':G7'+rL+l )n (}H_l)-

This completes the proof.

International Journal of Scientific and Innovative Mathematical Research (IJSIMR) Page 29



The Gaussian Fibonacci Skew-Circulant Type Matrices

3. DETERMINANT AND INVERSE OF GAUSSIAN FIBONACCI LEFT SKEW-CIRCULANT
MATRICES

In this section, let A, | = SLCirc(G,41,G 1o, ....Gr4n) be a left skew-circulant matrix. By using

the obtained conclusions, we give a determinant formula for the matrix A’ ,,. Considering the
singularity of A/ ., its inverse is also presented.

Theorem 8. Let A, = SLCirc(Gr11.Grya, ..., Gryn) be a left skew-circulant matrix, then
det A7,

nin—1)

n(n—1) 2,0, GO (ke
=) G |(Grin + & 'QGrJrn) + Yo (g Gkt — Grinro) (g o) D

X (G'r‘+l + G'r‘+'r1.+l)n_2
Furthermore, A" is singular if and only if G, 1 + G4 o1 + (G + G )er = 0 @nd
(1 —ceg)(1—pBe,)#0 , where G, is the (r+n) th Gaussian Fibonacci number,

k 2%+1)7
£ = cos LT + )T 4 sin %

Proof. We give the explicit determinant of the matrix A’ firstly. The matrix A’ can be written as

Gr+1 Gr+2 e Gr+n
U Gr+2 e C71r+n 7G7'+1
Gr+n. 7Gr+1 e 7Gr+n—1
-1
1 0 0 0
0 0 0 -1 Gr+l e G-rJrnfl Gr+n
_G'r'+n (;r+l Tt (;r#»nf 1
0 0 -1 0 : - , ’
0 —1 0 0 _Gr+2 e _67'+n G-r+l
=T'A.

Hence, we have det A’ = det T~ det A, where A4 is a skew-circulant matrix and its determinant

n(n—1)

can be gotten from Theorem 5, detT' = (—1)~ =z . So
det A’ = detT"'det A
2 G G G (s+1)
i Tt —Grrn—Gr
= Gry1 |[(Gry1 + ¢ ( Grin) + 2521 (G52 Grgbgr — Gryksz) (M)

n{n—1)
2

X(GT-H + G.,.+.,,.+1)""72(—]_)
Next, we discuss the singularity of the matrix A" . A is singular if and only if
Gri1+ Grons1 + (Gr + Griy)er = 0and (1 — aeg ) (1 — Bex) # 0 by Theorem 5. Furthermore, the
matrix ' is nonsingular. Then the result is obtained.

Theorem 9. Let A, = SLCirc(Gr41,Gria.....Grin) (n > 2) be a left skew-circulant matrix. If
Al isinvertible, then we have

Al

Tn

_ 1 el 1 52 (Grgnge— i —hGign1 i (Grgn +G) ! (Gr+% G 2)(Gran+Gr)" 73
= f;inSLCIIC( 1 Zi:l (—G _1—G,+,,+1)J (_( e Gu+n+1)" 2 ’

(G1+'3 hGri2)( a+n+c’) (Gri3—nGri2)(GrintGr) Gri3—hGris
(=Gr41—Grgni1)? ? (=Gri1—-Gryng1)? P —Grp1—Grpngr’

(—Gry1—Grgntr)

n— z Granat—i—hGryn_ i (Gryn+G )"
,}Jrz (Grint1 f+')( + ) ),
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where

h = Griz
Gry1?

4 G -2 Gos: GrantGr  yn—
Fon = (=Gri1 = G2 Gran) + X021 (Cranse — G2 Crinrt) (=g, 25, o)™ Y.

Proof. According to Theorem 8, when G| + Gyiny1 + (Gr + Gryn)er £ 0, A7 IS invertible.
A1 = A~'T and the inverse of A can be gotten from Theorem 7.

So
At

n— 2 (Grantai=hGrini1 i) (GrintGr)' ™" (Grya—hGry2)(Grint+G)" %
— 7SLCIIC (1 + Z (—Grr1—Grpn+1)? ? (—Gry1—Grpnt1)" ™2 ’ ?
_ (Gry3=hGry2)(GryntGr)®  (Gryz—hGryo)(Grint+Gr)  Grys—hGryo

(—Gri1—Grang1)? ’ (—Gri1—Grins1)? b =Gr1 =G’

i=1 (—Grs1—Grgng1)?

=2 (Grgng1—i—hGrgn—i (Gryn+Gr) 7!
h—3" (Grinta Gorgn i) (GrpntGr) )

1 o1 =2 (Grangei—hGring1 o) (Gran+Gr) ' (Gras—hGrya)(Gron+Ga)" %
T SLCHC( 1 Zi:l (—Gri1—Grynt1)? ’ (—Gri1—Grint1)" 2 ’ ’

 (Grg3—hGry2)(GryntGr)® (Grya—hGrio)(GrintGr)  Gria—hGris
(—Grs1—Grgns1)? ’ (—Grp1—Gring1)? P —Grp1—Grgngr’

(7( Tr4+1— -G i+i'r+1)1

7h+zn 2 (Grgnsr—i—hGrin i WG rgn+Gr) ™ ‘),

?

where h = '“
;+1

4 G -2 Gory: GrantGr  yn—
Fon = (=Gri1 = G2 Grin) + T0Z1 (Granse — G2 Crinrt) (=g, 25, )" 0.

The proof is completed.

4, CONCLUSION

We give the explicit determinant of Gaussian Fibonacci skew-circulant matrices by constructing
the transformation matrices. According to the relation between skew-circulant matrices and left
skew-circulant matrices, the explicit determinant of left skew-circulant matrices is also provided.
Considering their singularities, we present the inverse matrices of these matrices.
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