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Abstract: The problem of determination necessary and sufficient conditions for a 2-normed space to be 2-
pre-Hilbert space is in the focus of interest of many mathematicians. Some characterizations of 2-inner
product are stated in [1], [4], [6], [7] and [12]. In this paper we gave a necessary and sufficient condition
for the existence of 2-inner product in a 2-normed space (L,||-,-]) applying Mercer inequality and also the

generalizations of Tanaka, Kirk-Smiley and Gurarii-Sozonov results are given.
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1. INTRODUCTION

Concepts of 2-norm and 2-inner product are two-dimensional analogies of the concepts of norm
and inner product, respectively. The studding of 2-normed spaces and their application is simpler
if 2-norm is generated by 2-inner product. On the other hand, verifying whether 2-norm is
generated by a 2-inner product is not always simple. Therefore, of particular importance is the
finding of different equivalent conditions of existence of 2-inner product that generates 2-norm,
which is of interest in this paper.

Let L be a real vector space with dimension greater than 1 and ||-,-|| be a real function of LxL

such that following holds true:

a) |Ix,y|»=0, for each x,yeL and | x,y|=0 if and only if the set {x,y} is linearly

dependent;
b) |Ix,yI=ly,x]|, foreach x,yelL;

c) llex,yl=ea]|-Ixy], foreach x,yeL and for each ¢ eR;
d Ix+y,z|Ilxz||+]y,z]|, foreach x,y,ze L.

The function ||-,-|| is said to be 2-norm on L, and (L,]||-,-|) is said to be vector 2-norm space ([8]).
The above inequality d) is said to be parallelepiped inequality.

Let n>1 be a positive integer, L be a real vector space, dimL >n and (-,-|-) be a real function
of LxLxL such that

i)  (x,x|]y)=0, for each x,yeL and (x,x|y)=0 if and only if x andy are linearly
dependent;

i)  (x,y|z)=(y,x|z), foreach x,y,zeL;

i) (x,x|y)=(y,y|x), foreach x,yelL;

iv) (ax,y|z)=a(X,y|z), foreach x,y,ze L. and for each « e R ; and

V) (X+Xx,Y|zZ)=(X,y|z)+(x,Y|2), for each x;,X,y,zeL.
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Function (-,-|-) is said to be 2-inner product, and (L,(-,-|-)) is said to be 2-pre-Hilbert space
([4D).
R. Ehret proved that ([7]), if (L,(--|-)) is a 2-pre-Hilbert space, then

1%,y 1I= (x, x| )2, (1)

for each X,y e L defines a 2-norm, so, we get vector 2-normed space (L,||-,-|) and thus for each
X, Y,z € L the following equalities hold true

2 2
(X, y | Z) — lIx+y,z|l ;”X_Y:Z” , (2)

Ix+y,zI? +lIx-y.zIP=20xz P +]y.z|?). 3)

The equality (3) in fact is an analogy of parallelogram equality and is said to be parallelepiped
equality. Further, 2-normed space L is 2-pre-Hilbert if and only if for each x,y,zeL the

equality (3) holds true. The following three Lemmas we will present a three elementary
statements according to the equalities (3) and (4).

Lemma 1. Let (L,||-,-]) , dimL > 2 be 2-normed space. If there exists a 2-inner product (-,-|-)y ,
for each three-dimensional subspace Y of L, such that (y,y|z)y =[|y,z ||2, for each y,zeY,

then exists a 2-inner product (-,-|-), such that (x,x|z)_ =[x,z ||2, for each x,zeL.

Proof. Let X,y,ze L. Then it exists a subspace Y of L suchthat dimY =3 and x,y,zeY . The

assumption implies that it exists 2-inner product (-,-|-)y such that (a,a|b)y =||a,b ||2, for each
a,b eY . But the last in fact means that the following holds true

Ix+y, 2P +lx=y,zIP=(x+y,x+y |2y +(x=y,x=y)y
=2(x,x|2)y +2(y,y|2)y
= 2%z +1y,2IP).
Finally, the arbitrariness of x,y,zeL implies that the parallelepiped equality holds in L. It
means that L is 2-pre-Hilbert space, i.e. there exists 2-inner product (--|-)_ such that
(x,x|z) =lIx,z ||2, foreach x,ze L.

Lemma 2. Let (,,-|-) be 2-inner product in vector space L and let a linear mapping T:L— L be
injection. Then,

Xy =(T(X),T(Y)IT(2), xyzel (4)
defines 2-inner product in L.

Proof. Let a linear mapping T:L— L be injection, and (-,-|-)y be defined by (4). Then the
following holds true

(x,x]2)1 =(T(X),T(X)|T(2)) =0, foreach x,zeL
and furthermore (x,x|z)y =0 if and only if T(x) and T(z) are linearly dependent, i.e. there
exists «, SR such that =0 or f#0 and aT(x)+ ST (z)=0. The last actually means that
T(ax+pPz)=0 , and since T is injection, and T(0)=0 we conclude that ax+z=0.

According to that, (x,x|z)t =0 if and only if x and z are linearly dependent, i.e. the axiom i)
of 2-inner product definition holds true.

Hence, T is linear mapping, and therefore the properties of 2-inner product imply that for each all
X,%1,Y,Z €L and for each o €R the following holds true

X Y127 =T TMIT@) =TT IT(@) =y, x|2)7,
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X x]Y)T =(TO).TOYT(Y) =(T(Y), T ITX) =y, y X7,

(ax,y|2)r = (T(ax), T(Y)|T(2)) = (T (x),T(Y)[T(2)

=a(T(x), T IT(2) =alxy|2)r,

(X+x, Y[ 2)1 = (T(Xx+x), T(Y)[T(2)) =(T)+T(x), T(V)[T(2))
=T TWIT (@) +(T(x). T(Y)[T(2)
=yl +(a,y |27

This means that the axioms ii)-v) of 2-inner product definition are satisfied.

Lemma 3. Let L and L; be 2-pre-Hilbert spaces. Then, for the linear mapping F:L —L; the
following holds true

(FO).FWIF(@), =(xyl2)L, foreach x,y,zeL ()
if and only if
IF ), F(W) I, =l %, y Il , for each x,y e L, (6)

and 2-norms on L and Ly are defined by the 2-inner products.

Proof. Let (5) holds for a linear mapping F :L — Ly . Then for each x,y €L is true that
IF ), F(Y) I, = (FG)FO TR, = x )L =Xy,

i.e. holds (6).

Conversely, if F:L— Ly isa linear mapping such that holds true (6), then for each x,y,zeL
IF () +F (y),F (2}, ~IF ()-F (). F @)
(FO),F(Y)F@)y, = L 2
IF (x+y),F (@)1, ~IF (=y).F (2l
4

2 2
_ Ixtyzlii Hix=y.zIic
4

=(xyl2)L,

i.e. (5) holds true.

In [6] C. Diminnie and A. White characterized 2-pre-Hilbert space using partial derivatives of 2-
functionals, i.e. proved that if (L,(-,-|-)) is a 2-pre-Hilbert space in which the norm is defined by

(1), then for each x,y,z e L holds true

(x,y|z) = lim Pzl
t—0

Further, the following Theorem holds true.

Theorem 1 ([4]). Let (L,]|-,-]) bea 2-norm space. L is 2-pre-Hilbert space if and only if for each
z € L\{0} one of the following conditions holds true:

I1,. Foreach x,yeL suchthat || x,z|=|y,z]| and for each m,ne R holds true
[[mx+ny,z = nx+my,z|.
oo [IX+Yy,z|HIx=y,z]l, x,y €L implies
Ix+y.zIP=lxzI? +1y.z |

I13. There is a real number « #0,£1 such that
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Ix,z|=ly.z]l, x,yeL implies | x+eay,z|=|ax+y,z].
I1,. There is a real number « = 0,£1 such that
IX+y,z|FIx-y,z||, x,yeL implies || x+ay,z|=|x—-ay,z]|.
. || X, z|Hl Yy, z]l, X,y €L implies that for each real number >0 holds true

-1
lax+a "y, z|ZIx+y,z].

3
Ilg. For each xq,%,,X3 €L suchthat > x; =0 and || X,z [=]| Xo,z || holds true
i=1

X=Xz, z =l X2 = X3, 2.
4
[1;.For each xq,%5,%3,X4 €L such that > x; =0 and || xq,z | Xo,z] and | xz,z]=lX4,2]|
i=1
holds true
1%~ X3, 5l X2 = X4, 2| and || %, = X3,2 [[=ll ¥ — xg. 2.
I1g. The value of the expression
F(Xq, X9, X3) =|| X 2 - 2 X — %o — 2 % - 2
1 X2, X3) =l Xy + X + X3, Z |7 +[[ X + %o = X3, Z[I” = I X = Xp = X3, Z[|” = [| X =X + X3, Z ||

does not depend on X3.

n
Ilg.For each xq,..,X, €L, n>3 suchthat ) xj =0 the following holds true
i=1

n 2 4 2
> X =% zlIF=2n) I %, 2|
i k=1 i1
2. DUNKL-WILLIAMS INEQUALITY INTO 2-NORM SPACE

In this section we will generalize the Dunkl-Williams inequality into 2-normed space. Actually,
this inequality was proven in [2], but in our further consideration we will present its proof, and
also we will present a proof of the generalization of Mercer inequality ([16]) into 2-normed space.

Theorem 2. a) (Dunkl-Williams inequality). Let L be 2-normed space. Then,
4x-y.z| (7)

xzllHly. 2|l !

X y
— V2 IS
Iz~ Ty 2 =g

for each z e L\{0} and for each x,yeL\V(z), where V(z) be the subspace generated by the
vector z.

b) (Mercer inequality). If L is a 2-pre-Hilbert space, then

2|x=y.z|| (8)

xZ[[+Hly.zll’

X y
- 2|
I Ix,zll - ly,zll I Il

for each ze L\{O} and for each x,yeL\V(z), where V(z) is the subspace generated by the
vector z.

Proof. a) Let L be 2-normed space, z< L\{0} and x,y € L\V(2) . Then,

Yo z||

y X y y
X Z|| 22— = z KX z | 22 — == 2 | X 2 | s — s
2Nz~ g 2 K0 21 g~ e 20 D0 2 5z~

= x=y,z[I+[lly.zll-1xz]l]
<2 x-vy,z].

Analogously one can prove that
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|Iy 7|’
Finally, by adding the last two inequalities, we get the inequality (7).
b) Let L be 2-pre-Hilbert space, ze L\{0} and x,y € L\V(2) . Then,

! |2)

712=
IP= (IIX 2yl |IX 2 Ily Z|

X
| Ix.zl ||y Z||’

—Z_Z(M,w“)

-1 ) B

=iy 1o zl-y.zli=2(x y[2)

_ 2

= raya @Ixz Iy zl=(xz I +ly.z I = lx-y.z )
= ez =y 2 If =zl =1 y.z ).

Hence, the above equality and the parallelepiped inequality imply the following

2 _IxzIHly.zllN2 _x y 2
X— ,Z - - 1Z =
Ix=y.zI" =) g~ a2

=Ix=y,z |f -2 (L (i x =y, 2 IP =zl =1y, 2 1))

(x.zl-lly.2D* lx,zli+Hly. 2l 2 2 Ix.zliHly.2ly2 1
= +|x=-y,z|~ (1-
X, z[Hlyzl ( 2 e 2 ) I|X72||-|Iy,2|l)

_ 2
= B @z l+ 1y 2 D= I x- v,z 1) =0.

Therefore, the inequality (8) holds true.
Theorem 3. Let L be a 2-normed space. The following statements are equivalent:

1) Foreach ze L\{0} and for each x,y e L\V(z), where V(z) is a subspace generated by the

vector z the inequality (8) holds true.
2) If x,y,zeL issuchthat || x,z|=|y,z|=1, then

152zl @ -t)x+ty. z ], 9)
for each t<[0,1].

Proof. 1)=2). Let suppose that the statement 1) holds true. Let X,y,zeL be such that
Ix,z|=ly,z|F1. Then zeL\{0} and Xx,—-yeL\V(z). Clearly, for t=0 and t=1, the
inequality (9) holds true. If t e (0,1), then 1) implies the following

IQ-Ox+ty,z[= Q-1 I x- 7 v,z

x5yl

_1-t t-1
%2+ Iy Dy

1-t &1y
1t Xt
>z 1+ Iy 2 DG -]

=Lt ) x4 vz

X+
== 2],

i.e. the inequality (9) holds true.
2) =1). Let suppose that the statement 1) holds true. Let ze L\{0} and x,y € L\V(z). Then,

Z|I=1 and if we let that t = vl according to

= e L holds true || 2 :
Ix.zll” Ix.zll+lly,zll

Xz’ ||y ZII
2) we get that

Y
vt
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Zll=2 ||><2|| ||yZ|| 'z
e Ixzll |Iy Z|’ I=2] |

<ol (1—— vl lyzl -y
I ||x,z||+||yz||) 2 xzlly.zl Ty’ |
_ 2Ax=y.2l

X,z lly.z]l’

i.e. the inequality (8) holds true.

Remark 1. In [13] it was proved that for each Xx,y,z e L such that the sets {x,z} and {y,z} are
linearly independent the following inequality holds true

Ix=y.zlH Xzl 2l (10)

Z |
I axgic. 2y 2B

Ireret
Hence, using the fact that for each x,y,z L holds true
x.zl=ly.z <l x=y.z|
we get that (10) implies the following inequality

X y 2|x-y.z]|
- 2| . 11
| Xzl {ly.zl | max{[|x,z].[ly,zl} (1)

Clearly, the inequality (11), which in fact is generalization of Massera and Schaffer inequality
([15]) and holds true into an arbitrary 2-normed space is stronger than Dunkl-Williams inequality
(4), but is weaker than the inequality (10).

Also, using the fact that for each Xx,y,z e L holds true

Ix=y,zll+[lIxz]- y,ZIIIS\/ZIIX—y,ZII2 2(Ix.zl-1y.zI)* <2 x-y.z],
the inequality (10) implies that the following inequality holds true

J2ly 2P +2(1x 2y 2l)°
max{[|x, z[L[ly.z[[} ' (12)

YA S
I~y a2

Clearly, the inequality (12) is stronger than (11), but weaker than (10).
3. CHARACTERIZATIONS OF 2-PRE-HILBERT SPACE

In this section we will give two characterizations of 2-inner product, which in fact are
generalizations of Kirk-Smiley characterization ([10]) and Gurarii-Sozonov characterization ([9]).

Theorem 4. Let L be a 2-normed space. If the following inequality holds true

2||x-y,
7 ”_ ” lIx=y,z|l (13)

IR~ a2 ety o
for each z e L\{0} and for each x,y e L\V(z), then L be a 2-pre-Hilbert space.
Proof. Let «>0, ze L\{0} and x,y € L\V(z) be such that || x,z|=|y,z||. The inequality (13),

applied to the vectors ax and —a‘ly implies the following

-1 llerx, z||+||a y.z| a’ly
aX+«a V2= ,
| Yy, Z|> ”||axz|| =T I
alxzl+ay.zl y
= + Vi
2 ”nx,zn lly.zl I
a+a_1
=0 —lIx+y.z|
> x+y,z].

This, according to Theorem 1 means that L is a 2-pre-Hilbert space.
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Corollary 1. Let L be a 2-normed space. If x,y,zeL be such that || x,z|=|| y,z|=1 holds true
and for each t €[0,1] holds

152zl @ -t)x+ty. z ],
then L is a 2-pre-Hilbert space.
Proof. The proof is a direct implication of Theorem 3 and Theorem 4.

Before we go on the following characterization of 2-pre-Hilbert space, we must mention that the
condition 11, of Theorem 1 is equivalent to the following conditions:

1. It exists a real number ag>1 such that [|egx+y,z|=||x+eqy,z||, for each x,yeL such
that || x, z[=l| y, z [=1.

IIZ. It exists a real number ty e (0,4) such that

[(A-to)x+1oY. Z [HltoX +(1-1to) Y, |l
for each x,y e L suchthat | x,z|Hy,z|=1.

Theorem 1 and the stated above imply the validity of the following Corollary.

Corollary 2. Let (L,||-,-|)) bea2-normed space. L be a 2-pre-Hilbert space if and only if for each

z € L\{0} is satisfied one of the following conditions:

1) It exists a real number ¢ >1 such that ||agXx+Y,z|=| X+ gy, z|, for each x,yeL such
that || x,z|= y,z|=1.

2) Itexists a real number tg €(0,4) such that

[(A-to)x+1oy. Z [Hltox +(1-1to) Y.z |l
for each x,y e L suchthat | x,z|Hy,z|=1.

In the following Theorem, which actually is generalization of Tanaka result ([17]), we will prove
that by weakening the conditions 1) and 2) given in Corollary 2, we get a new characterization of
2-pre-Hilbert space.

Theorem 5. Let (L,||-,-|)) bea 2-normed space. L is a 2-pre-Hilbert space if and only if for each

z € L\{O} is satisfied one of the following conditions:

1) For each x,yel such that ||x,z|=|y,z|=1 it exists a real number «>1 such that
lax+y,z|=Ix+ay,z].

2) For each x,yeL such that ||x,z|=||y,z||=1 it exists a real number te(0,1) such that
[A-x+ty,z || tx+1-1)y,z].

Obviously, the real numbers «>1 and te(0,4) can depend on x,yeL, for which

%,z |I=ll Y,z |I=1 holds true.

Proof. Corollary 2 implies that it is sufficient to prove that the condition 2) implies that L is a 2-
pre-Hilbert space, which according to Corollary 1 means that it is sufficient to prove that the
condition 2) implies that x,y,ze L issuchthat || x,z|=y,z|=1, then

X+
[

XY 2 @-tx+ty.z

for each t€[0,1].

Let x,y,zeL be such that ||x,z|=|Yy,z|=1. We may assume that the set {x,y} is linearly
independent. Consider the set
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A={te (0. |@-tx+ty,z|HItx+L-t)y,z[}.
The condition 2) implies that A= 3. Therefore it exists tg =sup A. We will prove that t; =%.
Since the convexity of the function t —|| (1-t)x+ty,z||, t €[0,1], we will get that

152zl @-t)x+ty, z ],
for each t€[0,1].

Let suppose that t; <%. Then, the continuous of 2-norm implies that ty e A. The vectors

u=(1-tg)x+tpy and v=tox+(1-ty)y satisfy |[u,z|=|v,z]|. Let be xg = ”u 0 and yg = ||VYZ||.

The assumption implies that it exists a real number t; (0,1) such that

l(X-t)%0 +t Yo, Z [FltiXo + (1—1t) Yo, 2.
Let t*=(1-t))tg+t,(L—ty) . Then tg <t*< and also holds

| @-t)x+t*y,z = t*x+@-t9)y,z]).
This means that t*e A, and that is contradictory to ty =supA and tg <t*<— Finally, the
contradictory implies that ty = E
Corollary 3. Let (L,||-,-|) be a 2-normed space. L be a 2-pre-Hilbert space if and only if for
each z € L\{0} is satisfied that

X+y X+y

X+— 27
X+ ey 2HY + ey

Z|, (14)

for each x,y e L suchthat | x,z|H|y,z|=1and x+y&V(z).

Proof. We will prove that the condition is sufficient. If ze L\{0} and X,y eL be such that
Ix,z]|Hly,z||F1 and x+y&V(z), then

@I x+y,zl)x+y,z[P= @+ x+y,z )2 %,z P 2 [ x+y,z Dy 1 2)+ y 2 P
=@+ x+y.z D2 y.zIP +2@+ [ x+y.z D%y [ 2)+ 1%, 2]
= x+ @+ [ x+y,z )y, 2|,
i.e. the following equality holds true
1@+ x+y.z)x+y,z [l x+ @+ [ x+y,z[)y. ], (15)
which is equivalent to the equality (14).

We will prove that the condition is necessary. Let zeL\{0} and x,yeL be such that
X, z|=ly,z||=1 and x+y &V (z). Then holds true the equality (14), which is equivalent to (15).
But, x+ye&V(z), and therefore 1+| x+y,z|>1. The last, according to Theorem 5, means that
L is a 2-pre-Hilbert space.

Remark 2. Since 1+ | x+Yy,z| depends on X,y e L such that ||x,z|=|y,z|=1, we can deduce

that the statement given in Corollary 2 is not an implication of the statements given in Corollary
1. The last actually shows the advantage of Theorem 5.

Example 1. In [11] it is proved that in the set of bounded arrays of real numbers 1” by

X.
J o0 o0 o0
%, yl= sup » X=(%)iz1, Y= (Yidi=1 €

i,jeN
i<j

Yj
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is defined a 2-norm. The last means that (1,]-,-|)) is real 2-normed space. It is easy to find that
the vectors

x=a—%4—§n ) y=03- 11 1w¢£j—Lm)mdz=appqum)

satisfy followings || x,z||=|| y,z|=1 and x+y &V (z). Further, | X+, z||_i2 and therefore

_Xty +3 143 Xty 51 3 3
X+ Tcry.al = (1+ ,1+23 n, L), Y+ Tyl =237 1""’2n—l 1..).
So,
X+y X+y
X+———,7|= T21 +—7
X+ oy 2 F 3 # 1=y + ey 21

The last according to corollary 3, means that the 2-normed space (I°,]|-,-|]) is not 2-pre-Hilbert
space.

4. CONCLUSION

In example 1, by using Corollary 3 is proven that (1”,.-[) is not 2-pre-Hilbert space.
Analogously, other results obtained in this paper may find application in checking whether a 2-
normed space is 2-pre-Hilbert, as is the case with spaces (LP (), |--I), p>1.
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