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Abstract: The aim of this paper is to prove a fixed point theorem in generalized metric space which
generalizes the result of Akbar Azam and Muhmmad Arshad [2] Theorem [2.1]. The result is supported through
an example.
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1. INTRODUCTION

In literature, the basic fixed point theorem is Banach contraction principle which asserts that if M is a
complete metric space and T: M — M is a contraction mapping. That is there exists k €0, 1) such that

d(Tx,Ty) < kd(x,y)forallx,y e M

Then T has unique fixed point.In 2000 A. Brainciari [1] introduced generalized metric space as
follows.
Definition 1.1: Let Mbe a non-empty set. Suppose that d:M x M — Rsatisfies

(1) d(x,y)=0forallx,y € Mandd(x,y) =0 & x=1y;
(2) d(x,y)=d(y,x)forallx,y € M;

(3) d(x,y) <d(x,w)+d(w,z) + d(z y)forallx,y €M and for all distinct
points w, z € M — {x, y}. [Rectangular property].

Then d is called a generalized metric and (M, d) is called a generalized metricspace.lt is note that
every metric space is a generalized metric space. But converseis not true. It is also illustrated with an
example by A. Azam and M. Arshad with an example [1.2] in [2].

Definition 1.2: Let (M, d) be a generalized metric space. Let {x,,}be a sequence in M andx € M. If
for e > 0 there is an ny, € Nsuch that d(x,, x) < efor all n > n,, then {x,, }is said to be convergent,
{x,}converges to x and xis the limit of {x,}. We denote this bylim, _, » x,, = x or {x,} = xas
n — ooalso illustrated with an example by A. Azam and M. Arshad with an example [1.2] in [2].

Definition 1.3: A sequence {x,}is said to be Cauchy sequence if for every € > 0 there is ann, €
Nsuch that d(x,,, X,+m) < €eforalln > ng, then {x,, }is called a Cauchy sequence in M.

Definition1.4: Let (M, d) be a generalized metric space. If every Cauchysequence in Mis convergent
in M, then M is called a complete generalized metricspace.

Remark that d(a,,y) = d(a,y) and d(x, a,,) = d(x, a) when ever {a,}is asequence in M with
{a,} - a

In [2] Akbar Azmar proved the following result on generalized metric space.
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Theorem 1.5: Let (M, d) be a complete generalized metric space and themapping T: M — M satisfies
the following inequality

d(Tx,Ty) < A[d(x,Tx) + d(y, Ty)whereAd € [0,1)
Then T has a unique fixed point.

2. MAIN RESULT

We have obtained the following main result.
Theorem 2.1: Let (M, d)be a complete generalized metric space and themapping T:M — M satisfies
the following inequality

d(Tx,Ty) < kmax{d(x,y),d(x,Tx),d(y,Ty)} < (211
forall x,y € Mandk € [0,1)then T has a unique fixed point in M.
Proof: Let x, be an arbitrary point in M. Let x; = T (x,).

If x; = xo then T(xy) = x, implies x,is a fixed point of T, which shows we have nothing to
prove.We now assume that x; # x,. Let x, = T (x;).Define {x,,}of points in M as follows;
Xpe1 =T(x,) =T (x)Vn = 1,2,3, -+

Using the inequality (2.1.1) we have

d(xp, Xpsq) = A(Tx,_1, Txy)
< kmax {d(Xn-1, %n), d(Xp, Xn+1)
< k[d(xp—q, %) + d(xn, Xpn1)]

Hence we have
(1 — kd(x,, xp41) = kd(x,_q, %)

d(xnr xn+1) = m d(xn—ll xn)

Suppose that x, is not a periodic point. Infact if x,, = xythen

d(xy, Txo) = d(x,, Tx,) = d(T "xo, T " 1xy)

k
(m) d(T"‘le, T"xO)

k 2
(m) d(T"‘ZxO, T"‘le)

IA

IA

k n
S (m) d(xo, T xo)
puth = 1f—kthen h < 1and (1 —h™) d(xo, T xo) < 0.

Which shows x 4is a fixed point of T.
Thus we can suppose thatx,, # xg.1.e. T"xy # x,¥Vn = 1,2,3, -
Now from the inequality
d(T"xo, T ™ x4) < kmax {d(T" 1xy, T 1xy),d(T " 1xo, T"x,),

d(Tn+m—1 Xo, Tn+mx0)}
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< kmax {h" 1 d(xy, T™ x0), A" 1 d(x0, Txo), A" 1 d(x0, Txo)}

Therefore d(x,,, xp+m) — 0asn — o ie {x,}is a Cauchy sequence. SinceM is a complete
generalized metric space, there exists a u € M such thatx,, - wu.
By rectangular property we have
d(Tu,u) < d(Tu, T"x) + d(T™ xo, T " 1xg) + d(T " 1xy, w)
< kmax {d(u, T " 1xq),d(w, Tw),d(T" 1xo, T "x)} +
h™d(xo, Txo) + d(T" 1xg,u)
Asn — ooand using remark we have u = Tu.
Now we have to show that T has a unique fixed point. Suppose there existsone another fixed point v in
M suchthatv = Twv.

Now
d(u,v) = d(Tu,Tv)
< kmax {d(u,v),d(u,Tu),d(v,Tv)}
< kd(u,v)
> 1 -kduv) <0
= duv) =0
Hence u = v.
Now we give an example for our result which satisfies our inequality and 1as a unique fixed
point of T.

Example 2.2: Let M = {0,1,2,3}anddefined: M x M — Rby
d(0,2) = d(0,3) = d(3,0) = d(2,0) = d(2,3) = d(3,2) = 3.
d(1,2) = d(1,3) =d2,1) =d3,1) =1
d0,1) = d(1,0) =1

Also define d(x,y) =0 x=yVx,yEM

It is observed that (M, d) is a generalized metric space, but not a metric space.Because it lacks
triangular inequality.
d(2,0) = 3.Butd(2,1) + d(1,0) = 2.i.e. d(2,0) > d(2,1) + d(1,0).
. ) (L ifx#3
DefineT: M — MbyT(x) —{0’ ifx=3
Then clearly Tsatisfies our inequality and has unique fixed point 1.
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