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1. INTRODUCTION

In 1981, U.M. Swamy and G.C. Rao introduced the concept of an Almost Distributive Lattice (ADL)
(see in [6]) as a common abstraction of most of the existing ring theoretic and lattice theoretic
generalizations of a Boolean algebra. G. Epstein and A. Horn introduced the concept of a
B—algebra(see in [2]) as a bounded distributive lattice with center B in which, for any x, y € A, the
largest element X = y in B exists with the property X A (X = y) <y. The connective = play an
important role in building block in the computers that is the comparator or analog-to-digital converter.
For this reason, in our paper [4], we introduced the concept a BL-Almost Distributive
Lattice(BL—ADL)(see [3]) as a generalization of a BL-Algebra and derived its properties. In this
paper, we introduce the notation of Super filter and studied its properties and derive different
equivalent conditions.

2. PRELIMINARIES
In this section, we give the necessary definitions and important properties of an ADL[6] and
B—ADL[3]. For more information in theory of lattice, the reader is referred to G. Birkhoff [1].
Definition 2.1. [6] An algebra (A, Vv, A, 0) of type (2, 2, 0) is called an Almost Distributive
Lattice(ADL)(see [5]) if it satisfies the following axioms: forall x,y,z € A,,

Q) XVvO0=x

(i) (i)0Ax=0

(iii) (i (XVY)Az=(XAZ)V(YAZ)

(iv) XA(YVZ=(XAY)V(XA2Z)

(V) XV(YAZ)=(XVY)A(XV2)

V)  (xvy)Aay=y.

Definition 2.2. [6] Let A be an ADL and F be a nonempty subset of A. Then F is said to be a filter if
it satisfies the following:
i. X,y €Fimpliesx Ay €F.

ii. ii.xeFandae Aimpliesav xeF.
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For other properties of an ADL, we refer the readers to [5].

Definition 2.3. Let A be an ADL with a maximal element m and B(A) ={a €A|aAb=0anda vb
is maximal for some b € A}. Then (B(A), V; /) is a relatively complemented ADL and it is called the
Birkhoff center of A. We use the symbol B instead of B(A) when there is no ambiguity.

Definition 2.4. Let A be an ADL with Birkhoff center B. Then A is said to be a B-ADL(see [3]) if for
any x, y €A, there exists b € B satisfying the following conditions:

Ri:YyAXADb=xAD
Ry:ifceBsuchthaty AXAc=XAc,thenbAc=c.
We denote b A m by x = y where there is no ambiguity.
Here afterwards, A stands for a B-ADL (A, V; A, 0) with a maximal element m and Birkhoff center B.
Theorem 2.5. [3] If x €A and y €B, then we have
M xAX=2y)=xAyAm. (i) x=>y)Ay=y.
Theorem 2.6. [3] For any X, y, z € A, we have the following:
M) xAm<yAmifandonlyif (x =y)=m.
(ii)(O0=>x)=m, Xx=>x)=mand (X = m)=m.
@[i) Ifx Am<yAm,then (z=x)<(z=Yy)and (X = z) > (y = 2).
(V)= KXAY)=2=>X)A@Z=>Y)=(z=(yAX)).
WM ((xvy)=2)=x=2)Ay=2)=(yvX)=2).
For other properties of B-ADL, we refer the readers to [3].

3. SUPER FILTER

Definition 3.1

Let A be an ADL with a maximal element m and Birkhoff center B. A filter F of A is called a super
filter of A, if x! in F whenever x in F.Now we prove the following.

Theorem 3.2 Let A be a BL-ADL with a maximal element m and Birkhoff center B. Then we have the
following:

1. If @ is acongruence relation on A, then F, :={x e A|(X,m) € 8} is a super filter in A.
2. If Fis a super filter in A, then 6. ={(xAm,y)e AxA|(X>Y)A(Yy>X)AmeF} is
a congruence relation on A.

3. Forany super filter FinA, F, =F.
4. Forany congruence ¢ on A, 6. =6.

Proof. Let A be the set of all super filters of A and 3, the set of all congruence relations on A.
Suppose X, Y,z € A.

1. Suppose \theta is a congruence relation on A.

Since(mAam,m)e @, we gt meF,and henceF, #¢. Let (XxAm,y)eF,. Then (xAm,m),
(yaAm,m)e@and hence (xAyamm)ef. Thus XxAyekF, Let XeF, and ae A Then
(XAm,m) e @. Sothat (xAm)va,m)=((xva)ammva)ed and hence XvaeF,. we have
F, isafilter in A. Let Xxe F,. Then (x Am,m) . Since @ is a congruence relation on A, we get
(xX!IAam,m)=(Mm=x)Amm=m)=(m=x,m) €. Thus X!'e F,. Hence F,is a super filter.

2. Suppose F is a super filter in A.
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Since m=(X—>X)A(X—>Xx)AmeF, we get (xAm,x)ef and hence 6 is reflexive. Let
(xAm,y)eb..Then(y > x) A(Xx > y)Am=(x—Yy)A(y = X) Ame F and hence

(y Am,x) € 6-. Therefore € is symmetric. Let (X Am, y)and(y Am,z) € ;.
Then (X > y)A(y >xX)ameFand(y > z2)A(z—>Yy)AmeF.
Wehave (X >2)Am> (X—>2z)Am=>(X—> yY)A(Y > z) Am. So that we get

X>2)A(Z->X)Am2[(X>Y)IA(Y 2> X)A(Y > Z)A(Z—> y)Am]AMm and hence
(X—>2)A(z—>xX)AmeF. Therefore (xAm,z)ed. Hence 6 is a equivalence relation on A.
Now, let (x Am,y)efand ze A Then

[(xAZ) > (YADIAI(YAZ) > (XA Z)]Am
= (x> y)vE->y)Aama((y > X)v(Z—>X)Am
=(x=>y)vE->y)Ama((y > X)v(Z—>Xx)Am
=(X>Y)A(y>x)AameF

and hence (XAZAM,yAZ)e0b. Similarly, we get that ((Xv z)Am,yv z)e .. Now we prove
that (X >2)Am,y—>2z)ef and ((z>x)AMm,z—>Yy)eb.

Since [Xx—>2) > (Y2 DAy > 2) > (X—=>2)]Am>[(y > X)A(X—> y)]AmeF, we get

(x—>z)Am,y —2z) €. Similarly, we get ((z—>x)Am,z—>Yy)eb-. Let (XAm,y)eb..
Then (x > y)A(y > x) AmeF. Since F is a super filter, we get (X > y)A(y > X))IaAmeF
and hence (X > Y)In(y > x)!eF. Thus (Xx= y)A(y=X) e F.

Since x=2)>(y=2)A(Yy=2)>(xX=2)2(Yy=X)A(X=Y)eF, we get
((x=1z)Am,y = z) € 6-. Hence 6. is a congruence relation on A.

3.Now xe F, iff (xam,m) e iff (x >m)A(Mm—>x)AmeF iff mAxameFiff xeFand
hence F, =F.

4. Let F, =F.Then (X—>y)a(y—>x)ameF, and hence ((X—>y)A(y —=>Xx)Amm)ed.
Thus (x> yY)A(Yy—=>X)AY,Y) b Now
X2 YVAY=>X)AY=(Y 2> X)AXD>Y)AY=(Y D X)AY=YAXAM=XAYAM.
Therefore (XA yAm,y)ed. Similarly, we get (XxAyAm,x)e@ and hence (X,y)e 6. Thus
6, < 6. Now, suppose

(xAm,y)ef. Then (x—>Yy,y —>Yy)=(x—Yy,m)ed. Similarly, we prove (y —X,m)ed and
hence (x> yY)A(y—=>x)amm)ed. Thus (X—>y)A(y—>x)aAmeF,. So that
(XAm,yam)ed andhence & < 6 . Therefore 6. =6.
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