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Abstract: In this study the application of a newly developed efficient method namely, optimal g-homotopy
analysis method (Og-HAM) has been illustrated for solving second order initial and boundary value
problems. The Og-HAM is a flexible method and can be applied to solve different types of problems.
Moreover, it can easily be implemented in symbolic soft computing tools, e.g. MATHEMATICA.
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1. INTRODUCTION

The homotopy analysis method (HAM) is an analytic method that provides series solutions and
has been proposed first by Liao [1]. It has been successfully applied to linear and non-linear
equations in various fields of engineering and science [2-12]. The HAM contains a certain
auxiliary parameter h which provides us with a simple way to adjust and control the convergence
region and rate of convergence of the series solution. Moreover, by means of the so-called h-
curve, it is easy to determine the valid regions of h to gain a convergent series solution. EI-Tawil
and Huseen [13] established a method namely g-homotopy analysis method (g-HAM) which is a
more general method of HAM, the g-HAM contains an auxiliary parameter n as well as h such
that the case of n=1 (g-HAM; n=1) the standard homotopy analysis method (HAM) can be
reached. The g-HAM has been successfully applied to numerous problems in science and
engineering [13-19]. Recently, Huseen et al. [20] have introduced and developed a new method,
called optimal g-homotopy analysis method (Og-HAM). An advantage of Og-HAM over the
HAM and g-HAM is that there is no necessity to identify the h-curve. Our goal of this paper is to
apply the Og-HAM introduced by Huseen et al. [20] for solving second order initial and boundary
value problems.

2. BASIC IDIA OF THE OPTIMAL Q-HOMOTOPY ANALYSIS METHOD (OQ-HAM).
Consider the following differential equation
N[u(®)] =0, 1)

where N is a nonlinear operator, u(t) is an unknown function.
Let us construct the so-called zeroth-order deformation equation
(1 —nq)L[B(&; q) — uo ()] = F()gN[®(¢t; @), )

where F(n) is a nonzero auxiliary function,n > 1, q € [0, %] denotes the so-called embedded
parameter, L is an auxiliary linear operator. Choosing the function F(n) depends on the given
problem. It is obvious that when ¢ = 0 and q = % equation (2) becomes

0(t:0) = uo(t),  0(t:2) =u(®) 3)

Respectively. Thus as q increases from 0 to % , the solution @(t; q) varies from the initial guess
ug(t) to the solution u(t).
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Having the freedom to choose uy(t), L, F(n) we can assume that all of them can be properly
chosen so that the solution @(t; q) of equation (2) exists for q € [0, %].

Expanding @(t; q) in Taylor series, one has

B(t; @) = uo(t) + T2y um (O™, (4)
where

oM p(t;
um(t) = %#qzo (5)

Assume that F (n), u,(t), L are so properly chosen such that the series (4) converges at ¢ = % and
m

u(®) = 6 (62) = uo(®) + iy um (0 () (6)

Defining the vector wu,.(t) = {uq (t), u, (t), u,(t), ..., u,.(t)}. Differentiating equation (2) m times

with respect to g and then setting g = 0 and finally dividing them by m! we have the so-called
m®* order deformation equation

L[t (8) = kgt —1 (O] = F(0) Ry (U1 (D)), (7)
where
- OM IN[B(t;9)]
Ron (1 (D)) = s =5 g ®)
and
_ {0 m<1
fem = {n otherwise ®)

It should be emphasized that w,,(t) for m > 1 is governed by the linear equation (7) with linear
boundary conditions that come from the original problem. Let

D= [ o (N[U, (2O, (10)
where

Un () = uo(®) + 2, 10 (2)'

denote the square residual error of the mth-order approximation of the equation (1) integrated in
the whole domain €, In theory if the square residual error A,,, tends to zero, then

1 i
Un(®) = E0(® (5)

is a series solution of the original equation (1). Besides, at the given order of approximation, the
minimum of the squared residual error A,,, corresponds to the optimal approximation, hence the
optimal value of the convergence-control parameter n that corresponds to the minimum of A,,,.

In this paper, the command NMinimize of the computer algebra system Mathematica is used to
find out the minimum of squared residual and the corresponding optimal convergence-control
parameter.

3. NUMERICAL EXAMPLES

Example 1: Consider the second order nonlinear boundary value problem [21]

u'(x) =2uk) u'k), 0<x<bh< g, (12)
with the boundary conditions
u(0) =0, u'(b) = sec?(b),

where b is the interval length
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The exact solutionis  u(x) = tan(x).
We choose auxiliary linear operator
2 .
L[8(x; )] = %xxzq)
With the property
Llcy + ¢1x] = 0.
where ¢, c; are integral constants.

We define a nonlinear operator as

020(x; OB(x.t:
D

We choose the initial approximation uy(x) = x
According to the zeroth-order deformation equation (2) and the mth-order deformation equation
(7) with

- d?um_ - dum—_1-i
R (um—l(x)) = % -2 ?;01 U; ud—xl
The solution of the mth-order deformation equation (7) for m = 1 becomes

Uy () = eyt () + FOOL™ Ry (171 (0]
with the boundary conditions
U, (0) =0,u,(0) =0

Let F(n)=n—n?% n>1
We now successively obtain

w=—z(1- n)nx?

1 1
U, = —§(1 —n)n?x3 — E(l —n)(—1 +n)n?x3(=5 + 2x?)

Uy, (x,n),(m =3,4,..) can be calculated similarly. Then the series solution expression by Oq-
HAM can be written in the form

i
u(x,n) = U, (x,n) = X" u;(x,n) (%) (12)
Equation (12) is a family of approximation solutions to the problem (11) in terms of the
convergence-control parameter n.

It is found that

- 11092 19192n + 8284n% 920n3 4 4n*
17 4455 10395 10395 6237 99

20687348468  42130247072n 146439326104n% 38935691744n?

A= — + —
27 3273645375 3273645375 9820936125 3273645375
4732352524n*  29434194464n° 4 781014424n® 4371776n7
654729075 9820936125 1091215125 51962625
5295556n8

+ 1402990875

A, (n), (m = 3,4, ...) can be calculated similarly.
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The residual error of Og-HAM shown in table (1). Fig. (1) shows the comparison between Us of
0g-HAM and the exact solution. Fig. (2) shows the absolute error of the 5™ order solution Og-

HAM approximate calculated by

Absolute Error = |uexact - uapprax|
solutions
15

10 +

05

02

04

06

08

(13)

Fig.(1). Comparison between U of Og-HAM and the exact solution of problem (11) at b = 1.
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Fig.(2). The absolute error of Us Og-HAM for problem (11) atbh = 1.
Table (1). The residual of optimal g-homotopy analysis method (Og-HAM) for problem (11) at b = 1.

Order m N, A,,(OqHAM)

1 1.42954 1.21686

2 2.72797 0.182938

3 2.57366 0.717682e-2

4 2.51678 0.423612e-3

5 2.48082 0.319238e-4
Example 2: Consider the Klein-Gordon equation
Ut — Uxx = U (14)
Subject to the initial conditions
u(x,0) =1+sin(x), u(x,0)=0
With exact solution

u(x, t) = sin(x) + cosh(t)
We choose auxiliary linear operator
020(x,t;9)
L[B(x, & ] = =2,
with the property
LIC;(x)t + C,(x)] = 0,
where Ci (i = 1,2) are integral constants.
We define a nonlinear operator as
L] 98t 0%P(xta) _
N[@(xl tl q)] - 0t2 6x2 ¢(X, t, q)

We choose the initial approximation
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ug(x, t) = 1+ sin(x)

According to the zeroth-order deformation equation (2) and the mth-order deformation equation
(7) with

. Pum_g  Pum
Rm(um_l(x,t))— a2 ox2 | H4m-1

The solution of the mth-order deformation equation (7) for m = 1 becomes

U (3,6) = Ky thm—1 (%, 6) + FL™ Ry (U G, D)),
with the boundary conditions
U (x,0) = 0,1y, (x,0) =0
Let Fn)=n—n? n>1

We now successively obtain
1
U = —E(n —n?)t?

1 1
Uy = —5n(n— n?)t? — Sz CL+mn(n— n2)t?(—12 + t%)

Uy, (x,t,n), (m = 3,4,...) can be calculated similarly.Then the series solution expression by Og-
HAM can be written in the form

ulx, t,n) = Uy, (x, t,n) = X0 u;(x, t,n) (%)l (15)

Equation (15) is a family of approximation solutions to the problem (14) in terms of the
convergence-control parameter n .

It is found that
64 16n 14n?

M=TE 5 T s

- 40024 12256n + 27416n% 36976n3 4 6166n*
27 2835 405 945 2835 2835

A, (n) ,(m = 3,4,...) can be calculated similarly. The residual error of Og-HAM shown in table
(2). Fig. (3) shows the comparison between U, of Og-HAM and the exact solution. Fig. (4)
shows the absolute error of the 4™ order solution Og-HAM approximate calculated by (13)

solutions
45 |
40 |
35|

30 |
25 |

‘ ‘ : ot
=05 10 15 20

Fig.(3). Comparison between U, of Og-HAM and the exact solution of problem (14)atx =1,0<t< 2.
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Fig.(4). The absolute error of U, Og-HAM for problem (14)atx =1,0<t <2.
Table (2). The residual of optimal g-homotopy analysis method (Og-HAM) for problem (14)

Order m Ny, A,,(OgHAM)
1 1.71429 1.52381
2 2.14212 0.114172e-1
3 2.04637 0.276422¢-4
4 2.02191 0.323444e-7

4. CONCLUSION

The effectiveness of Og-HAM has been established by solving second order initial and boundary
value problems. The results reveal that the Og-HAM has high accuracy to determine the
convergence-control parameter; hence the results match well with the exact solutions and this
proves the effectiveness of the method. The Og-HAM can easily be programmed in symbolic
languages as available in standard mathematical soft computing tools e.g. MATHEMATICA.

REFERENCES

[1] Liao S.J. 1992, The proposed Homotopy Analysis Technigue for the Solution of Nonlinear
Problems. PhD dissertation, Shanghai Jiao Tong University.

[2] Bataineh, A.S., Noorani, M.S.M. and Hashim, I. 2009, On a new reliable modification of
hootopy analysis method. Commun.Nonlinear Sci. Numer. Simulat. 14: 409-423.

[3] Jafari H. and Seifi, S. 2009, Homotopy analysis method for solving linear and nonlinear
fractional diffusion-wave equation. Commun. Nonlinear Sci. Numer. Simulat. 14: 2006—
2012,

[4] Liao S. J.1995, An approximate solution technique not depending on small parameters: A
special example. International Journal of Non-Linear Mechanics 30 (2): 371-380.

[5] Liao S. J. 1996, what’s the common ground of all numerical and analytical techniques for
nonlinear problems. Communications in Nonlinear Science & Numerical Simulation 1 (4):
26-30.

[6] Liao S.J.1997, Homotopy analysis method: A new analytical technique for nonlinear
problems. Communications in Nonlinear Science & Numerical Simulation 2 (2): 95-100.

[7] Liao S. J. 2002, A direct boundary element approach for unsteady non-linear heat transfer
problems. Engineering Analysis with Boundary Element Method 26: 55-59.

[8] Liao S. J. 2003, Beyond Perturbation: Introduction to the Homotopy Analysis Method. CRC
Press, Chapman & Hall.

[9] Liao S. J. 2004, On the homotopy analysis method: for nonlinear problems. Applied
Mathematics and Computation 147: 499-513.

[10] Liao S. J. 2009, Notes on the homotopy analysis method: Some definitions and theorems.
Commun. Nonlinear Sci. Numer. Simulat. 14: 983-997.

[11] Van Gorder R.A. and Vajraveu, K. 2009, On the selection of auxiliary functions, operators,
and convergence control parameters in the application of the homotopy analysis method to
nonlinear differential equations: A general approach. Commun. Nonlinear Sci. Numer.
Simulat. 14: 4078-4089.

International Journal of Scientific and Innovative Mathematical Research (IJSIMR) Page 23



Application of Optimal g-Homotopy Analysis Method to Second Order Initial and Boundary Value
Problems

[12] Wang H., Zoub L. and Zhang H. 2007, Applying homotopy analysis method for solving
differentialdifference equation. Physics Letters A 369: 77-84.

[13] El-Tawil, M. A. and Huseen, S.N. 2012, The g-Homotopy Analysis Method (g-HAM),
International Journal of Applied mathematics and mechanics, 8 (15): 51-75.

[14] El-Tawil, M. A. and Huseen, S.N. 2013, On Convergence of The g-Homotopy Analysis
Method, International Journal of Contemporary Mathematical Sciences, Vol. 8, no. 10, 481 —
497.

[15] Huseen, S. N. and Grace, S. R. 2013, Approximate Solutions of Nonlinear Partial
Differential Equations by Modified g-Homotopy Analysis Method (mg-HAM), Hindawi
Publishing Corporation, Journal of Applied Mathematics, Article ID 569674, 9 pages http://
dx.doi.org/10.1155/ 2013/ 569674.

[16] lyiola O. S. 2013, g-Homotopy Analysis Method and Application to Fingero-Imbibition
phenomena in double phase flow through porous media, Asian Journal of Current
Engineering and Maths 2: 283 - 286.

[17] lyiola O. S. 2013, A Numerical Study of Ito Equation and Sawada-Kotera Equation Both of
Time-Fractional Type, Advances in Mathematics: Scientific Journal 2 , no.2, 71-79.

[18] lyiola O. S., Soh M. E. and Enyi, C. D. 2013, Generalized Homotopy Analysis Method (g-
HAM) For Solving Foam Drainage Equation of Time Fractional Type, Mathematics in
Engineering, Science & Aerospace (MESA), Vol. 4, Issue 4, p. 429-440.

[19] lyiola, O. S., Ojo, G. O. and Audu, J. D., A Comparison Results of Some Analytical
Solutions of Model in Double Phase Flow through Porous Media, Journal of Mathematics
and System Science 4 (2014) 275-284.

[20] Huseen S. N., Grace S. R. and El-Tawil M. A. 2013, The Optimal g-Homotopy Analysis
Method (Og-HAM), International Journal of Computers & Technology, Vol 11, No. 8.

[21] Chang, S. H., Chang, I. L. 2008, A new algorithm for calculating one-dimensional

differential transform of nonlinear functions, Applied mathematics and computation, 195,
799- 808.

International Journal of Scientific and Innovative Mathematical Research (IJSIMR) Page 24


http://dx.doi.org/10.1155/2013/569674
http://dx.doi.org/10.1155/2013/569674
http://dx.doi.org/10.1155/2013/569674

