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Abstract: In this paper we introduce the functions A7, G} and H; for any multiplicative function f
and for any regular convolution S and obtain a relation between them.

1. INTRODUCTION

For any arithmetic function f let functions A;, G, and H, be

) A (n)=%§ f(d)

(12 G(n)= {H f(d )Tn)

din

and
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where r(n) is the number of positive divisors of n.

Note that the function A, (n), G,(n) and H,(n) are respectively the arithmetic mean,
geometric mean and harmonic mean of the function values of f at various positive divisors of n.

In 1974 A. C. Vasu [2] has considered these functions and proved the following

(1.4) If f is multiplicative soare A, (n), G,(n) and H(n)
(1.5) If f is completely multiplicative then
Gi(n)= A (n)-H,(n)= f(n)
Let F be the set of all arithmetic functions
In this paper we introduce functions A;, G{ and H} forany f e F corresponding to

regular divisors of S, of n (defined below) and establish results which generalize (1.4) and
(1.5)

2. PRELIMINARIES

Let F be the class of all arithmetic functions. For any positive integer n let S denote a set of
positive divisors of n. For f,g e F their S-product or S-convolution f S_g , is defined by

(S a)n)=3, t(ae[

deS,
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where the sum is over the divisors d €S, .

2.1 The S-product is said to be regular if it satisfies the following conditions
0) (F .+, S) is a commutative ring with unity
(i) f S_g is multiplicative whenever f and g are.
(iii) The arithmetic function u(n)zl for all n has inverse z, € F relative to S (that is,

ugys =¢ )and g (n) =0 or —1 whenn isa prime power. g, is called the S-analogue of the
Mobius function .

NARKIEWICZ [1] has characterized regular convolutions as follows:

2.2 Theorem. A S-convolution is regular if and only if the sets S, have the following properties:

(i) deSm,meSnQdeSn,%eSn

(i) deS, = geSn

(i) {Ln}c S, foreveryn

(iv) S,, =SS, ={ab:aeS, ,beS, }whenever gcd(m,n)=1

(v) For every prime power p“we have

S = {1 ph, p*,..., p”}, rt = o for some positive integertand p' e S = ST

2.3 Definition. If S is a regular convolution the elements of S_will be called regular divisors
of n.The number of S- divisors of n is denoted by z,(n).

Since the Dirichlet convolution and the unitary convolution are both regular, the elements
of D, (the set of all positive divisors of n) and U, ( the set of all unitary divisors of n) are regular

divisors of n.
(2.4): For any prime power p“, the least positive integer t such that p' e Spa is called the type of

a

p“ relative to S and is denoted by ts(p”’)

If t= ts(p“) it follows from the Theorem 2.2 (v) that t | a whenever p® e Sp,, . Clearly we have

25) r(n)=>1

deSn

(26) 174= uSu where u is as in Definition 2.1 (iii) and since u is multiplicative, it follows from
2.1 (ii) that 74 is multiplicative.

Also
2.7) rs(p“): aa +1for any prime power p“.
ts(p )

3. MAIN RESULTS

Suppose S, is a set of regular divisors of n. For any arithmetic function f we define

A}, G; and H} by
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(3.1) A?(n)=m2f(d)

(3.2) G?(n){l‘[f(d)rn)

deS,
And whenever f is nowhere zero

1 1 1
T R L)

Note that A?(n)= A, (n), GP(n)=G,(n) and HP(n)= H,(n) where D, denotes the set of all
positive divisors of n.

3.4 Theorem: If f is multiplicative then A}, G} and H; are all multiplicative.
Proof: By (2.6), 74 is multiplicative. Again if f is multiplicative it follows by (2.1)(ii), that fSu
1
Ts (n)
3

multiplicativity of G}, note that for any n with n= p2. piz...p> we have

is also multiplicative. Therefore Af(n): (fS_an) is also multiplicative. To prove the

1

7o (pi. p32 .p?r )
@5 Gin)= [[f(d)
€S

d a a a
prlopy? prt

Now using 2.2 (iii) each d €S . ,m e CaN be written uniquely as d =d,d,..d, where

d e Sp_ai fori=1,2,3,...,r and (di , dj):lfor i # J. Therefore (3.5) can be written as

1

G} (n)=| M- Maes , () ool

;
=165 ()
i=1
Thus G} (n) is multiplicative
Observe that Hfs(n) can be defined only for the function f which are nowhere zero. If f is

. 1
nowhere zero and multiplicative then so is T Hence A} =H?.
T

Therefore H; is multiplicative

3.6 Theorem: If f is completely multiplicative then

@37) G5 (n)|*= AS(n)-H(n)= f(n) foralln.

Proof: By Theorem 3.4 either side of (3.7) is multiplicative and therefore it is enough to verify
the identity (3.7) inthe case n = p“.

By (3.3) and the complete mulplicativity of f(n)and since a S-convolution is regular if and
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only if the set S, have the following the property, d € S, = g €S,

We have

Thus
@8)  A(p7)-Hi(p7)=1(p7)
which gives the second part of the identity (3.7)

Again
7s\P
Gi(p)=| TT*(@)
deS
1
= TTf(pY
0<p<a
ples .
which gives

Therefore by (3.4) we get

(3.10) > B=0+t+2t+..+rt

0<p<a
:r(Hljt
2

pes .
:z(ij
2\t
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el

From (3.9) and (3.10) we get

1

ef(w):[f(p)zfswqaﬂ

=[f(p)]
which gives (3.7)
3.11 Remark: In the case S, = D, , Theorem 3.4 and Theorem 3.6 respectively give (1.4) and
(1.5)

We thank Professor V. Siva Rama Prasad for his helpful suggestions in the preparation of this
paper.
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