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Abstract: In [1] A. Khan introduces the notion of uniformly convex 2-normed space and prove some
properties of the uniformly convex 2-normed spaces. In this work, further properties of the uniformly
convex 2-normed spaces are given and the question of the convexity of a normed space in which the norm is
induced by 2-norm is analysed.
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1. INTRODUCTION

The concept of a uniformly convex 2-normed space is introduced by A. Khan. For our further
investigation, we will introduce the definition of the uniformly convex 2-normed space in its
equivalent form, as follows.

Definition 1 ([1]). A 2-normed space (L,]|-,-||) is uniformly convex if for every ¢ >0 there exists
o(g)>0 suchthat || x,z|=|y,z|=1, || x—Y,z|E e and z&V(X,y) implies

Ix+y,z[<2(1-6(¢)).
where V (X, y) is the subspace generated by the vectors x and .
Example 1 ([1]). A 2-pre-Hibert space is a 2-normed space in which the norm is introduced by
1% y=(x x| y)2 and the parallelepiped law is satisfied
Ix+y,z P +Ix=y.zIP=2(1x2|F +]1y.2 7). (1)
If e>0 isgivenand ||X,z|=|y.z|=1, |X—Y,z|>€ and zgV(X,y), then from the equality (1)
it follows that for 6(¢) =1—J1—(%)2 >0 the following

Ix+y,z =@ x-y,z|?)V? < (4- 22 =2(1- 5(s))

holds. It means, that (L, (-,-|-)) is uniformly convex space.

Let z be a fixed nonzero element in L, V(z) be the subspace of L generated by z and let L, be
the quotient space L/V(z).For xe L by x, we denote the class of equivalence of x over V(z).
Clearly, L, is a linear space with the operations of adding the two vectors and multiplying a
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vector by scalar given respectively with X, +y, =(x+Y), and aX; =(aX),. In [2] it is proved
that by || X, [l;=] X,z || a norm on L, is defined. For the 2-normed space (L,||-,-|) and the normed
space (L,,||-|l;) the following result holds.

Theorem 1 ([1]). Let (L,||-,-|) be a 2-normed space. Then L is uniformly convex if and only if
for every j ze L\{0} the space (L,,||-[l;) is uniformly convex.

Definition 2 ([2]). Let x,yeL be non-zero elements and let V(x,y) be the subspace of L
generated by the vectors x and y. The linear 2-normed space (L,|-,-|) is strictly convex if

1%z =l Y, z ||=||XL2y,z l=1and zeV(x,y), for x,y,zeL, implies that x=y .

More characterizations of the strictly convex 2-normed spaces can be found in [3] — [12], and
some of them are given in the next theorem.

Theorem 2. Let (L,||-,-]]) be a 2-normed space. The following statements are equivalent:

1) (L,]|--|]) is a strictly convex space.

2) For every nonzero element z e L the space (L,,|-|l,) is strictly convex space..

3) If | x+y,z|HIxz||+]y,z] and zeV(X,y), for X,y,ze L than y=ax for some «>0.

4 If | x-uzlza||x-y,z|, |ly-uz|l=1-a)||x-Yy,z]||, «€(0,1) and z¢V(x—u,y—u),
then u=(1-a)x+ay.

Xty

5 ,Z]< 1.

5 If | x,z|H|y,z|=1, x=Yy and z¢V(X,y), for X,y,zeL, then ||

Example 2. Let (Y,M) be measurable space and x is a positive measure on M, then

X =LP(u), p>1 is the following space

X={f:f:Y >C, [|f|Pdu<+n}.
Y

In [13] it is proved that the function |-,-||: LP () x LP (1) - R given by:

f(x) f(y)

Pd « %
g0 g(y)| CwxHd

If.gl={ [

Y xY

isa2-normon X =LP(u). Let || f,h|=|g,h|=1, f #g and heV(f,g). Then because of the

Minkowski’s inequality it follows that

FO) ()] |90 a(y) 1
f = Pd(uxw)P
e (ijvlh(x) h(y)‘+‘h(x) P
PO TWMo 4w an® 909 9010 40 a1
ool " Ly ol 40

=l f.hli+llg.hl=1+1=2,

And the equality holds if and only if there exists « >0 such that

‘f(X) f(y):a‘g(X) 9(y)
h(x) h(y)[ ~[h(x) h(y)|’

almost everywhere. But, because || f,h|=||g,h|=1 we get
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_ - f(X) f(Y) p " i_ g(X) g(y) ; ] N
PR Ty el @B =E Ty s
- g(x) g(y) (s S — —

“{Yfolh(X) h(y)| (pxm}f =allghl=a-l=a

The last one contradics the f =g, so | f+g,h|<2, that is ||f%g,h <1, and by Theorem 2

means that 2-normed space X = LP () is strictly convex space.
2. THE MAIN RESULTS

Let (L,||--|[) be a2-normed space and {a,b} be linearly independent subspace of L. In Theorem
1 and Theorem 2, [14] it is proved that

IxI=(xalP +IxbIP)P, xeL, p>1, )
I Il= max{]| x,a L. x, b}, xeL ©)

are norms on L, which are denoted by |[|-[lahp and [|-lla,p. respectively. Naturally, the
following question arise: If the strict convexity of the space (L,||--|)) implies strong convexity of
the spaces (L,-llab,p)» P21 and (L[| [la,b,0) - In the following, we will give the answer.

Theorem 3. Let (L,||,-|) be is strictly convex 2-normed space, p>1 and let {a,b} be a linearly
independent subset of L. Then, the normed space (L,||- [l p p) is a strictly convex space.

Proof. Let (L,||-,-]) be a strictly convex space, p>1 and let {a,b} be a linearly independent
subspace of L. If the following holds

| x “a,b,p +y “a,b,p:” X+y ”a,b,p » Xy #0.

then from (2), the parallelepiped law for 2-norm and the Minkowski’s inequalities are also
satisfied

(xal? +1xbIP)P+(ly.al® +1y.blIPYP =(x+y.al® +|x+yb|P)P
<[(Ixal+[y.al)?+(xbl+]y.blPH?
<(IxalP +IxbIP)P+(ly.alP +ly.b Py,
Because of that, in the above sequence of inequalities acctually the equality holds, which means
that in the parallelepiped law and in Minkowski’s inequality equality holds, that is
Ix+y.alHxal+lly.al [Ix+ybl=lIxbl+]y.bll (4)
Ix.all-lIly.blHxbll-ly.al ©)
There are two cases:
1) agV(x,y) or bgV(x,y) and
2) a,beV(xy).
Let agV(Xx,y) or bgV(x,y). But, (L,--|]) is strictly convex space, so Theorem 2 and (4)
gives that y =ax for some « >0, which means that (L,||-[la,n,p) is strictly convex space.

The second case, a,beV(x,y) contradicts the linear independence of the set {a,b}. That is, if
a=mx+ny, b=rx+qy, forsome m,n,r,qge R, then
Ix.al=nl-Ixyl. [Ty.al=ml-Ixyl [x+yal=n-mi-[x,yl,

(6)
i bI=al-Ixy i Ty, oIyl Ix+y.bl=la=r]-Ixyl,
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and from the equalities (4) and (5) the following holds

(nf+ImDIxyl=n=m]-xyl,

dal+lrDlIxyl=a=rl-lIxyl

Inr |- 1x, y IP=Img 1%, y P - (8)

()

Further, if || x,y|=0, then dimV (X, y) =21, meaning that the {a,b} is linearly dependent, and this
is a contradiction. If || X, y |l 0, then from the last three equalities the following is true

In|+ImEn-—m|, [g+|rHq-r], 9)
|nri=[ma]. (10)

From the equalities (9) it follows that mn <0 and gr <0, so from the equality (10) nr=mq
holds. But, it means that ra—mb=(nr—mq)y =0 and if r=0 or m=0, follows that the set
{a,b} is linearly dependent, and if r=m=0, then a=ny, b=qy, which again is in the
contradiction with the independence of the set {a,b}.

In the next example we will show that, if (L,||-,-|]) is a strictly convex 2-normed space and {a, b}

is linearly independent subset of L, then the normed space (L,|-|l; ) is not necessarily strictly
convex.

Example 3. Let R? be a Hilbert space with the usual inner product. Then by

xy) (x2)
O

) X,¥,zelL (11)

a 2-inner product is defined and by

1%y =X Rl B =(%, y)2 (12)

a 2-norm in R is defined. Also the 2-normed space (R3,|| --|) is strictly convex space (see [2]).
The vectors a=(113) and b=(1,2,0) are linearly independent, meaning that by (3), a norm

- lla oo is given on R3. Let x= (1,4,1) and y=(1,1,0). From (12) it follows that

Ixal=2v2, [xbl=+6, lly,al=3v2, [y,bl=1 [ x+y,al=5v2, [[x+y,b|=3.
So, from (3) it follows that
1%l p.oo= 232, 1Y lapeo=3v2, X+ Y llap =52,

which means, that

X lla,b,c0 + 1Y llayb,0=ll X+ ¥ lla, 0,00 -

But, for every « >0 the it is true that y = ax, so the space (R3,||-||a’b,oo) is not strictly convex
spaced. On the other side, according to the Theorem 2.4.4, pp. 53, [15] every uniformly convex
space is strictly convex, and because (R3,II “|la,p,.0) is not a strictly convex space, we can come to

a conclusion that it is not a uniformly convex space although the 2-normed space (R3,||-,- I is
uniformly convex.

Theorem 4. Let (L,||-,-|) be a 2-normed space. If L is uniformly convex space then it is strictly
convex one.
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Proof. Let (L,||-,-]) be a uniformly convex space and let for Xx,y,zelL, zgV(XYy)

I z|Ely.z|=1 and x=y holds. Then, for 5=M, follows that £>0 and because L

uniformly convex space it follows that there exist &(g)>0 such that from | x,z|<y,z|=1,
| x-y,z|z& and zeV(X,y) the following

Ix+y,z[<2(1-5(£)) <2,

that is ||%,z <1 holds. Finally, from Theorem 2 the result that L is strictly convex space

follows.

Example 4. In [16] it is proved that in the set consisting of all bounded sequences of real numbers
1* by

X X w w oo
%,y = sup v X=Xz, Y=(Yj)iz €l

i,jeN
i<j

i Yj

a 2-norm is defined, which means that (I1*°,||-,-|) is a real 2-normed space and also it is proved

that 1 is not strictly convex 2-normed space. From the Theorem 4 it follows that 1 is not a
uniformly convex space.

The notion of convergent sequence in a 2-normed space is introduced by A. White, who proved

some results concerning this. Namely, the sequence {X,}y-1 in the linear 2-normed space is
convergent if there exists x € L such that

lim || X, —x,y[=0, forevery yeL.
nN—o0

The vector x e L is the limit of the sequence {x,}n=1 and we denote lim x, =X or X, — X,
n—o

n— oo, ([17]).
Theorem 5. A 2-normed space (L,|--|[) is uniformly convex if and only if for every two
sequences {Xn -1, {Yntn=1 such that

D %0 zI=lyn zl=1 and z &V (Xn, Yn)
2) Iim || X, +VYn 2lI=2 and z &V (Xn, Yn)
N—o0

the following holds lim (x, —y,)=0.
N—o0

Proof. Let the conditions 1) and 2) be satisfied, and let we assume that the sequence {X, — Y, et
doesn’t converge to 0. Then there exists g5 >0, zeL and a sequence of natural numbers

{ni K such that || %, =Y, ZI> &0, Z&V (X, Y, ) - But, L is uniformly convex space, so for
this gy there exists d(gg) >0 such that
| Xn, T Yn, 2 I<2(1-0(&)) , 2 ¢V(Xnk ' ¥n, )

which, is a contradiction with 2). Finally, it follows that lim (x, —y,) =0.
nN—o0

Let L is such that for some sequences {X,}p-1,{Ynthe1 satisfying conditions 1) and 2),
lim (X, — y,) =0 holds, but let L is not a uniformly convex space. Then, for some £>0 and for

0

n—
5 =1 there exists X,y €L such that
n
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D) I %n,zIHlyn.zlI=1 and 22V (X, ¥n)
i) 11Xy + Yn. 2|l 2(1_%) and 2V (X, Yn)
i) | Xn — yn, [z €.

But, iii) is in contradiction with the assumptions, because from ii) it follows that
lim || X, +Yn,2|I=2 and z eV (X,,Yn) . Finally, from the above contradiction, it follows that L
N—o0

is uniformly convex space
Theorem 4 has the following equivalent form.

Theorem 5°. A 2-normed space (L,||-,-]) is uniformly convexif and only if for some sequences
et {Yntney satisfying
1) lim |Ixq,z|= lim [|yy,z|=1 and z &V (X, Yn)
N—co Nn—o0

2) lim [[ Xy +yn,z|l=2 and z&V(Xy, Yp)
n—o0
the following holds lim (x, —y,) =0.
nN—o0

Theorem 6. If a 2-normed space (L,||-,-|) is uniformly convex and ¢ is strictly convex and
strictly increasing function on (0,1] such that ¢(1) =1. Then for the function

h(t) =inf{e(| x+ty, z[)) + (| x -y, 2[) -2, I x,z|Hly.z |1 z €V (X, y)}

holds h(t) >0, for every te(0,1] .
Proof. Let L is a uniformly convex space and let ¢ is strictly convex and strictly increasing
function on (0,1] such that ¢(1) =1. Also let there is some tg € (0,1] such that h(ty) =0. From
the definition of the function h(t) it follows that there are sequences {x,}r-1 and {yn}n.1 such
that || Xn, z [Hll Y,z IIF1, 22V (X,,Yn) and

lim (o( % +toYn. 2 1) + @l X0 —toyn. 2 [) = 2. )
nN—o0

But, the function ¢ is strictly increasing with ¢(1) =1, meaning that it is bounded. So because ¢

is convex it follows that it is a continuous function. So, there exists inverse function go‘l, also
continuous and strictly increasing. Now, taking into consideration the definition of h(t), the
properties of the function ¢ and the equality (2) it follows that

X, +1, JZ[HH||IX —t \Z
2 < 2Pt =tV < o, oy, 21 + 0 X0~ toYn ) > 2, n—>o0,

or

1£¢)(”Xn+t0ynlZ”;”Xn_tOynrZ”)_)l’ n—oo. (3)

Further on, because the function ¢ is strictly convex and because of the previous consideration it
follows that

lim [[|Xn +toYn.Z [l =l Xa —to¥n, ZlI= 0. (4)
n—oo

But, the function go_l is continuous, strictly increasing and go‘l(l) =1, so from (3) it follows that
lim (|| Xy +toYn, I+ Xq —toYn. zI) =2. ®)
N—oo

Finally, from (4) and (5) it follows that
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lim || x, +toYn, 2= im || X, —toYn, 2 lI=1 and z eV (X,,y,) and
n—o0 n—o

lim || Xy +toYn +(Xn —toyn).zl= lim 2[[xy,z[=2 and 2V (xn, Yn) .
n—o0 n—

and because (L,||-,|[) is uniformly convex from Theorem 5’ the following is true

2ty = lim 2ty [y, z[l= lim [[xn +toYn = (X —toyn). Z[= 0,
Nn—o0 N—oo
which is a contradiction, so h(t) >0, for every te (0,1].
3. CONCLUSION

In Theorem 3 we have proved that, if (L,|-,-|) is strictly convex 2-normed space, then for p>1
and {a,b} linearly independent subset of L the normed space (L.||-[la, p) is strictly convex,

and in Example 3, it is proven that the normed space (R3,|| “|la,p,00) is nOt strictly convex space.
The question, if the normed space (L, |- [|5 p1) is strictly convex, arises. Also, it is natural to ask if

the opposite of Theorem 6 holds and what kind of other results for uniformly convex normed
spaces can be generalized for 2-normed spaces.
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