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Abstract: The spatially homogeneous and anisotropic five dimensional Bianchi type-l in Kasner form
have been considered in general relativity. The exact solutions of the Einstein’s field equations with
variable gravitational and cosmological constant have been obtained.A law of variation of scale factor

which yields a time dependent deceleration parameter has been used. The gravitational constant G(t),
cosmological constant A(t) and some physical quantities are also obtained.
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1. INTRODUCTION

In Einstein’s field equations (with ¢ = 1), there are two constants, gravitational constant (G) and
cosmological constant (A ).G has many consequences in astrophysics. G plays the role of
coupling constant between geometry and matter where as A corresponds to universal repulsion.
Dirac [1] introduced time variation of the gravitational constant G. E Garcio-Berroet al. [2] and
Belinchon [3] have studied the theories of gravity in which G varies with time and cosmological
models based on them. Tripathi [4] has obtained Bianchi type-I universe with decaying vacuum
energy and time varying gravitational constant.

In the context of quantum field theory, a cosmological term corresponds to the energy density of
vacuum. The cosmological term, which is measure of the energy of empty space, provides a
repulsive force opposing the gravitational pull between the galaxies. Recently, it is observed that
smallness of cosmological constant impose problems in cosmology and elementary particle
physics theory. In the absence of any interaction with matter or radiation, the cosmological
constant remains a constant. In the presence of interactions with matter or radiation, a solution of
Einstein equations and the assumed equation of covariant conservation of stress-energy with a
time-varying A can be found. Recent observations by Perlmutteret al. [5,6,7,] and Riesset al.
[8,9] strongly favor a significant and a positive value of cosmological constant A . Kalitaet al.
[10], Chawlaet al. [11] and Pradhanet al. [12] have studied the time dependent cosmological
constant in different context. The observations of large-scale cosmic microwave background
suggest that our physical universe is expanding isotropic and homogeneous models with a
positive cosmological constant. At early stages of evolution of the universe, cosmological models
which are spatially homogeneous but anisotropic have significant roles in description of the
universe. Ladke [13] has studied the Bianchi type-I (Kasner form) cosmological model in f(R)

theory of gravity. Recently, Pradhanet al. [14] have studied the Bianchi type-I transit
cosmological models with time dependent gravitational and cosmological constants.

Higher dimensional cosmological models play a vital role in many aspects of early stage of
cosmological problems. The study of higher dimensional space-time provides an idea that our
universe is much smaller at early stage of evolution as observed today. Many researchers inspired
to enter in to the field of higher dimension theory to explore the knowledge of the universe.
Wesson [15,16] have studied several aspects of five dimensional space-time in variable mass
theory and bimetric theory of relativity. Lorentz and Petzold[17], Ibanez and Verdaguer[18§],
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Reddy and Venkateswara[19], Adhavet. al.[20]have studied the multi dimensional cosmological
model in general relativity and in other alternative theories of gravitation.

Motivated by the above research, in this paper, considering the five dimensional space-time
metric of the spatially homogeneous and anisotropic Bianchi type-I in Kasner form, the exact
solutions of the Einstein’s field equations with variable gravitational and cosmological constant
have been obtained by considering lawof variation of scale factor which yields a time dependent
deceleration parameter. Gravitational constant (G ) and cosmological constant(A ) are also
obtained. The physical behavior of the model has been discussed.

2. METRIC AND FIELD EQUATIONS

A fivedimensional space-time metric of the spatially homogeneous and anisotropic Bianchi type-
I in Kasner formis given by

ds? = —dt® +t*%dx> +t*%dy’ +t*%dz* +t*%du’ 1)

b

where (,, 0,,0; andQ, are constant.

Einstein field equations with time dependent G and A are given by

Ri —%gin =87 GMT; +A(D)g; » 2

j
where Rij is the Ricci tensor; R is the Ricci scalar, G is the gravitational constant and A is the
cosmological constant.

For a perfect fluid, the stress energy-momentum tensor T; is given by

Tij =(P+ p)uiuj_pgij: 3)

where p = matter density, P = thermodynamic pressure, u' = fluid four-velocity vector of the
fluid which satisfies

In a commoving coordinate system,equation (2) for the metric (1) and (3) give

(ttq;])" N (t:;)" . (t:(;l)' (ttq;)' = 87G(t)p + A(h), )
(ttq;)" N (t:;)" N (t:; ) (‘:; | rG@p+ A, (©)
(t:;)" ' (t:;)" ; (t:;)' (t:;)' — 827G p+AD)), )
(ttq;])" . (t:;)" s (tt‘zl)' (ttq;)' — 87GM)p + AQ). )
o) ) ) o) o) ) ) ) 87G(t)p+A(l) . ©)

t(h tQZ tQ2 t% t% tQ4 tQ4 t(h -
The spatial volume Vfor the model is
V =t* (10)

where S=0,+0Q, +0; +0,.

International Journal of Scientific and Innovative Mathematical Research (1JSIMR) Page 454



Five Dimensional Bianchi Type-I (KasnerForm) Cosmological Models

We define a mean scale factor of the model as

N (11)
The generalized mean Hubble parameter H isgiven by
1
H=Z(H1+H2+H3+H4), (12)
a | a4 | a | A |
where H, = ﬁtt—ql , H,= Ett—ql , H;= f[t_ql’ H, = gtt—ql are the directional Hubble

parameters inthe directions of X,Y,Zand U respectively and dot () denotes derivative with
respect to cosmic time t.

Now H becomes

H zll(tq‘ ) . (t*) N (t*) +(tq“ )] (13)

4| t% % 1% 9
The physical parameters that are of cosmological importance are:

The expansion scalar & is given by

0 = 4H =[(th ), ) ) +(t%)}. (14)

th th t% t%

The mean anisotropy parameter A is given by
2
A=ZZI . j. (s)
i=1
The shear scalar o is defined as
Y- 2 a4y 2 a3\ 2 s\ 2 2

o_L(any ) (et ) (e (@) | e (16)

2 to % 1% 1% 8

We define a deceleration parameterd as

ad H+H?
qz_gyz_( ot ) (7)

3. SOLUTIONS OF THE FIELD EQUATIONS

The field equations (5)-(9) from a system of five equations with eight unknowns parameters
ql’q27q3aq49Ga pap andA .

Now, we assume a power-law form of the gravitational constant G.

Goca™, ie.G=ha", (18)
where h is the constant of proportionality andm is a positive constant.
Also we assume equation of state for perfect fluid

p=rw (19)
where 7/(0 <y< 1) is a constant.

Now, subtracting equations (6) from (5), (7) from (6), (8) from (7),and (5) from (8), and solving
we get
th

= d, exp(klja—“dt), (20)

e
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:: ~d, exp(kzja“‘dt), @1)
% =d, exp(k3ja‘4dt), (22)
% =d, exp(k4ja‘4dt), (23)

whered, ,d, ,d;,d, andk, , Kk, ,Kk; ,Kk, are constants of integration.

After solving equations (20)-(23), we get

t% = rlaexp(ml'[a"‘dt), (24)
t = rzaexp(mzja"‘dt) , (25)
t% = r3aexp(m3j'a‘4dt), (26)
th = r4aexp(m4'[a74dt) , (27)
1 1 1 1

wherer, = (d2d,d, Js , v, = (d%d,d, )+, v, =(d2d;%d, )5, v, =(d2d;%d, )s (28)
and

m, :w’mz :% m, :_w,m *M' 29)

Here r, ,r, ,r; ,r,and m; , m, ,m; , m, satisfy the relation
nnLor, =1, m+m,+m;+m, =0. (30)
Now we can obtain the metric function as a function of t if mean scale factor is known

Here we consider a = /t"e' 31

If we put N =0 in above equation then a=+/e' i.e. an exponential law of variation of scale
factor.This choice of scale factor yield a time-dependent deceleration parameter.

Using equation (31) in equation (24)-(27)), we get
th =r, (t”ety exp[mlj'(t”et )_2 dt} , (32)
t® =r, (t”et V exp[mzj‘(t”et)_2 dt} : (33)

t% =r, (t”e‘)% exp[mJ(t”et)_2 dt} , (34)
t% =r, (t”e‘)% e><p[m4J‘(t”e‘)_2 dt} , (35)
Solving these equations, we obtain

t% =r,(t"e' ) exp[m, F®)] . (36)
t% =, t"e' )" expm,F ()] . 37)
t% =r,(t"e' )" explm,F ()], (38)
t% =r,(t"e' )" expm,F(®)] . (39)

where F (t) = [ (t"e! ] dt = 2°" 19 2t @0)
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Hence space-time metric reduced to
ds? = —dt? + (t”et lrlz exp(Zm1 F(t)dx? )+ ry exp(Zsz(t)dy2)+ r exp(2m3F(t)d22)+ r; exp(2m4F(t)du2 )]
(41)

Using equations (36)-(39), the directional Hubble parameters in the directions of X,y z and u-
axes are found to be

H, S +m1(t”et)72, (42)
2 t

H, =1(1+ﬂj+m2(t”et)‘2 : (43)
2 t

H, =l(1+ﬂJ+ m, (e ). (44)
2 t

H, _Lfen +m4(t”et)72. (45)
2 t

The Mean Hubble parameter is given by
1 n

H=—{1+—|. 46
1+ (46)

Spatial volume V is given by
Vv =(t"et) @7)

The expansion scalar € =4H is given by
n
0= 2(1 + TJ . (48)
The mean anisotropy parameter A is given by
-2
A= (mf +m:+md o+ mj)(l +%J (t”e‘)%. (49)

The shear scalar o is given by

o’ :%(mf +m; +m32+m§)(t”e‘)74. (50)
The deceleration parameter ( is computed as
2n
= -1. 51
q (n+1)° Gl

Using equation (18) and (31), we obtain

G=hfte')”. (52)

The cosmological constant A(t) is computed as

acl(ien), 1 [/3 (t"et)’4—nt-3] (53)
200 t)  a+pl”? ’

where B, =m? +mZ +mm, + y(mm, + m,m, + mym, +m,m, ).
4, DISCcuUSSION AND CONCLUSION

1) From the equation (47), it is observed that as t =0, the spatial volume vanishes.
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i1) From equation (48), it is observed that, the expansion scalar & start with infinite value
att = 0 and then becomes constant after some finite time.

1i1) From equation (49), it is observed that timet — o ,A — 0 Thus this model has
transition from initial anisotropy to isotropy at present epoch.

iv) From the equation (51), we observe that q>0 for t<+2n—-n and q<O0for

t>+/2n —n. It is observed that for 0 < n < 2, this model evolves from deceleration
to acceleration phase.

V) From equation (52), we observe that Gis an increasing function of time i.e.As
t—>0,G — 0 whereas fort >0 ,G > .

vi) It is interesting to note that all the results obtained by Pradhanet al. [13] can be
reproduced from these results by giving appropriate values to the functions
concerned.
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