International Journal of Scientific and Innovative Mathematical Research (IJSIMR)
Volume 2, Issue 5, May 2014, PP 435-440

ISSN 2347-307X (Print) & ISSN 2347-3142 (Online)

www.arcjournals.org

Strong Efficient Domination Number of Inflated Graphs of
Some Standard Graphs

N. Meena

Assistant Professor, Department of Mathematics,
The M.D.T. Hindu College, Tirunelveli-627 010.
Tamilnadu, India.
meenavidya72@gmail.com

Abstract: Let G = (V,E) be a graph. A subset S of V(G) is called a strong (weak) efficient dominating set
of G if for every v e V(G), | Ns/vINS| = 1 (| Nu/vINS| = 1), where Ny(v) = {u € V(G): uv € E(G), deg u >
deg v} and Ny(v) = {u € V(G) : uv € E(G), deg v >deg u}, N[v] = Ns(v) U {v}, (Nw[v] = Ny(v) U {v}). The
minimum cardinality of a strong (weak) efficient dominating set is called the strong (weak) efficient
domination number of G and is denoted by ys(G) (ywe(G)). Given a graph G with &G) > 1, a graph denoted
by G, is obtained as follows. To each u € V(G), a clique A, of order deggu is obtained and a bijection ¢, :
N(u) — Ay is constructed. ¢,(v) is denoted by v“for all v e N(u). V(G)) = Uyev(s) A and E(G)) = U E(A)) U
{uv’:uv e E(G)and v/ € A, u” € Aj}. Then N(G))/= 2 E(G)/and /E(G.)/:§ Uyer(deg w)?. The graph
G, is known as the inflated graph of G. In this paper, strong efficient domination number of some standard
graphs are obtained.

Keywords: Domination, Inflated graph, Strong efficient domination.

1. INTRODUCTION

By a graph G = (V,E) we mean a finite, undirected graph without loops or multiple edges. The
degree of any vertex u € V(G) is the number of edges incident with u and is denoted by deg u.
The minimum and the maximum degree of a vertex is denoted by §(G) and A(G) respectively. A
vertex of degree 0 in G is called an isolated vertex and a vertex of degree 1 is called a pendant
vertex. A subset S of V(G) of a graph G is called a dominating set if every vertex in V — S is
adjacent to a vertex in S[6]. The domination number y(G) is the minimum cardinality of a
dominating set of G. A set of vertices of G is said to be independent if no two of them are
adjacent. The maximum number of vertices in any independent set of G is called the
independence number of G and is denoted by B,(G). A subset S of V(G) is called an efficient
dominating set of G if | N[v] n S | = 1for all vertices veV(G) [1].E.Sampathkumar and
L.Pushpalatha introduced the concepts of strong and weak domination in graphs [4]. A subset S of
V(G) is called a strong dominating set of G if for every v e V — S there exists u € S such that u
and v are adjacent and deg u > deg v. The strong domination number ys(G) is the minimum
cardinality of a strong dominating set of G and the upper strong domination number I's(G) is the
maximum cardinality of a strong dominating set of G. For all graph theoretic terminologies and
notations, we follow Harary [5]. In this paper, strong efficient domination number of inflated
graph of some standard graphs is obtained.

2. STRONG EFFICIENT DOMINATION IN GRAPHS

2.1 Definition[3] Let G = (V, E) be a simple graph. A subset S of V(G) is called a strong(weak)
efficient dominating set of G if for every v € V(G), | Ny[vINS | =1 (| Nu[v]NS | = 1) where Ny(v)
={u € V(G) : uv € E(G), deg u > deg v} and Ng[V] = Ns(V)U{Vv}(Nw(v) = {u € V(G): uv € E(G),
deg v>degu} and Ny [v] = Ny(v) U {v}).

2.2 Remark[3]  The minimum cardinality of a strong(weak) efficient dominating set of G is
called the strong(weak) efficient domination number of G and is denoted by Y.(G)(ywe(G)). A
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graph G is strong efficient if there exists a strong efficient dominating set of G. A graph which is
not strong efficient is called a non strong efficient graph.

2.3 Observations[3] 1. vs(Ky)=1,n>1.

2. Yo (K =1,n>1.

3. Ye(Wn)=1,n>4.
2.4 Theorem[3] Every strong efficient dominating set is independent.
2.5 Theorem[3] For any path P,

nifm=3n,n €N
Yee(Pm)=in+1lifm=3n+1,n€eN
n+2ifm=3n+2,n€N

2.6 Theorem[3] vs(Cs,) =nforalln e N.

2.7 Theorem[3] A graph G does not admit a strong efficient dominating set if the distance
between any two maximum degree vertices is exactly two.

2.8 Theorem[3] Kp,, m, n > 2 is not strong efficient.

3. MAIN RESULTS

3.1 Definition[2] Given a graph G with 5(G) > 1, a graph denoted by G, is obtained as follows.
To each u € V(G), a clique A, of order deggu is obtained and a bijection ¢, : N(u) —> Ay is
constructed. ¢,(v) is denoted by v’ for all v e N(u). V(G)) = Uyev(s) Au and E(G)) = U E(A,) U
{uv' :uv e E(G)and V' € A, U € Aj}. Then |V(G))| = 2 |[E(G)| and |E(G))| =% Uuev(degu)?.
The graph G, is known as the inflated graph of G.

3.2 Theorem Let G = P3,. The inflated graph G, of G is strong efficient and vs(G)) = 2 v5(G).

Proof: Let V(G) = {vy, V2 ,..., van}. By theorem 1.5, y(G) = n. Since deg vi=2,2 <i<3n-1
and deg v; = deg vs, = 1, there are 3n — 2 cliques A, 2 <i < 3n -1, of order 2 and two cliques
A,, and A, of order 1 in G,. The vertex v in A, is adjacent with vi,y" in Ay, 1 <i<3n-1.
Therefore G, is a path. By definition |V(G))| = 2|E(G)| = 2(3n — 1) = 3(2n — 1) + 1. Since any path
is strong efficient, G, is strong efficient and ys(G)) = 2n = 2 y4(G).

3.3 Theorem Let G = Py OF Pansp, n > 2. Then the inflated graph G, of G is strong efficient
and vs¢(Gi) = 2(v(G) - 1).

Proof: Case (1): Let G =P3y41,n>2. Let V(G) = {vy, Va,..., Vaner}. By theorem 1.5, v5(G) = n
+ 1. Since deg vi =2, 2 <i < 3n and deg v; = deg Vsn+1 = 1, there are 3n — 1 cliques Ay,2<i1<3n
of order 2 and two cliques A, and A,, . of order one in G,. As in the Proof of Theorem 2.2, G,
is a path. [V(G))| = 2 [E(G)| = 2(3n) = 3(2n). Therefore ys(G) = 2n = 2 (y5(G) — 1).

Case (2): Let G =Pzp4p, n>1. Let V(P3n42) = {V1, V2 ,..., Vans1, Vanso}- By theorem 1.5, y,(G) =
n+2.Since deg vi=2,2 <i<3n+ 1 and deg v; = deg Van:2 = 1, there are 3n cliques A, 2 <i<
3n + 1, of order 2 and two cliques Ay, and A, . of order one in G,. As in the Proof of Theorem
2.2, Gyis apath. [V(G))| =2 [E(G)| = 2(3n + 1) = 3(2n) + 2. Therefore y.(Gy)) =2n + 2 =2(n + 1)
=2 (v5(G) - 1).

3.4 Remark When G = P,, inflated graph G, is P,, and hence y,(G)) = 1:(G). When G = Py, G, is
Ps and hence vs(G)) = vs¢(G).

3.5 llustration Inflated graph G, of G = Pg is given in the following figure
Giis a path Pio. 1se(Gi) = 4 = 2y5(G).
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3.6 Theorem Let G = C3,, n> 1. Then G; is strong efficient and y(G) = 2ys(G).
Proof: Let V(G) = {vy, V2,...,va}. Since deg v; = 2, there are 3n cliques Ay, 1 <i < 3n, of order
2. Viy' in Ay, is adjacent with v; in Ay, ,1<i<3n-1v in A, is adjacent with vy’ in A, .
IV(G))| =2 [E(G)| =6n. Thus G, is a cycle Cg,. By theorem 1.6, G, is strong efficient and y.(G)) =
2n=27,(G). G, is a cycle Cs. 1:(G)) = 2 (ys(G)) .
3.7 Theorem Let G be a complete graph K, n > 2. Inflated graph G, of K, is strong efficient
and y,(G;)) =n—1.
Proof: Let G = K,. Let V(G) = {vy, V2 ... vo} and |[E(G)| = @ Since deg v = n — 1 for all
v € V(G), there are cliques A,,, 1 <i<nofordern—1,inG. V(A,,) ={v//1<j<nandj#i}.
Therefore vi’ does not belong to Ay, for all i = 1 to n. Each vij" in Ay, is adjacent with vi’ in Ay, ,
1 <i<n-j, where 1 <j<n-1 Therefore each vj' in A,,, 1 <j<n, j i is adjacent with all the n
— 2 vertices of Ay, and v{' in AV]. and hence deg v' =n—1 forall v’ € V(G)). Define §;={vj' / vj €
Ay,1 <i<n}, j#i, 1 <j<n. Then every vertex of G, is uniquely, strongly dominated by S; and
hence S;, 1 <j<nisays- setof G,. Therefore G, is strong efficient and y(G,;) =n— 1.

3.8 Theorem Let G =Ky, 5, m, n>2. The inflated graph G, of G is strong efficient if and only if
m = n. Further y(G)) =m +n— 1.

Proof: Let G = Ky, n, m, n > 2 and m = n. Suppose that the inflated graph G, of G is strong
efficient. Let V(G) = (X(G), Y(G)), where X(G) ={vy, V2,..., v} and Y(G) = {uy, Uz ,..., un}. deg
Vi =deg u;=nforallij=1ton. Thereare cliques Ay, and Ay, 1 <i,j <n of order n in Gy. For i =

1ton, V(Ay,) ={uf/1<j<n}and for j=1ton, V(Au].) ={vi/'/1<i<n}.Forj=1ton,each
uj' in Ay, is adjacent with vi’ in Ay, 1 < i<n.degvi=degu=nforallij=1ton. LetS bea
strong efficient dominating set of G,. Suppose a vertex uj’, 1 <j < n from A, belongs to S. uj’
strongly dominates all the vertices of A, and vy’ in A,;. The vertices vi" in A, i # 1 do not belong
to S, since otherwise vy’ in Ay is strongly dominated by two vertices of S. To dominate the
vertices of vi’ in Ay;, i #1, the vertices U’ in A, 2 <i<n, belong to S. Therefore vertices of A,,,
l<i<nand Au]. are strongly, efficiently dominated by S. If any vertex vi', 1 <i<nin A, , k=],
belongs to S, then uy’ in Ay, is strongly dominated by two vertices vi" and u;’ of S.

Therefore no vertex vi' of Ay, , kK#j, 1 <k <n belongs to S. Therefore the vertices of Ay, , K # ,
1 <k <n are not dominated by S, a contradiction. Hence G is not strong efficient if m = n.

Conversely, let m = n. Without loss of generality let m < n.

Let X(G) = {v1, V2,..., vim} and Y(G) = {uy, U,...,un}. Since deg vi=n, ] <i<mand degu;=m,
1 <j<n, there are cliques Ay;, 1 <i<m, of order nand Ay, I <j<noforderm. For1<i<m,

V(Ay,) ={u /1 <j<n} andforlfjfn,V(Auj):{vi’/ I1<i<m}.deguyf=n,1<j<nand
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deg vi' =m, 1 <i<m. Since m <n, deg vi' <deg uj for any i and j. Define S; = {uj' /u € Ay, 1 <
i<mj, 1<j<n.uyineachAy, 1<i<m, strongly dominates all the other vertices of A,.and v’
in Ay;- Therefore the vertices in Ay, 1 <i<m and Ay, are strongly, uniquely dominated by S;. To
dominate the vertices in the remaining A, , t # j, one vertex vi/, 1 <k <m from each A, t #] is
chosen and it forms a new set Ty. v,/ from each Ay, strongly dominates the vertices of Ay, t# j.
Since deg vy’ < deg uj’, vi' does not strongly dominate u;'. Therefore S; U Ty is a ys - set of G,.
This is true for any uj’ belongs to S;, 1 <j < n. Hence G, is strong efficient. Also S; U Ty contains
one vertex from eachA,, | <i<mand A,, 1 <t<n,t=1i Hence|SUTc[=m+n-1
Therefore y(Gy) = m+n—1.

3.9 Theorem Let G be a Bistar D, , r, s > 1. The inflated graph G, of G is strong efficient and
Ye(G)) =1 +5s.

Proof: Let u and v be the central vertices of G. Let us, U, ... u, and vy, Vs ... v be the vertices
adjacent with u and v respectively.

Case (1): Letr=s. Without loss of generality, letr <s.degu=r+1anddegv =s+ 1 =A(G).
Let G, be the inflated graph of G. There are cliques A, of order r + 1, A, of order s +1, A, 1 <i <
r of order 1 and Ay, 1 <j<soforder 1 in G V(AY) ={V, u/, u ..., u'} VA) = {U, v/, vy
sesvsyand V(Ay) ={u'}, 1<i<r, V(AV].) ={v'}, 1 <j<s. v in Ayis adjacent with u’ in A,. uy’
in A, is adjacent with u” in Ay, 1 <i<rand vy in A, is adjacent with v" in Ay, 1 <j<s. The
degrees of all vertices in A, are s+1 and the degrees of all vertices in A, are r+1. The degree of u’
in Ay, 1 <i<rand the degree of v'in Ay, I <j <sare 1. Hence the vertices in A are maximum
degree vertices. Since A, is a clique, any strong efficient dominating set contains exactly one
vertex of A,. If U in A, is chosen to form a strong efficient dominating set S, then it strongly
dominates all the vertices of A, and V' in A,. To dominate u;’ in A, 1 <i <r, one among them
must be chosen. If any u;’ is chosen, then v’ in A, is strongly dominated by two vertices u;’ in A,
and u’ in A,, a contradiction. Therefore u’ in A, cannot be chosen to form S. The unique way to
form a strong efficient dominating set S, any vertex vj' in A,, 1 <j < s is chosen. It strongly
dominates all the vertices of A, and V' in Ay;. {v' IV e Ay, 1<k<s, k#j} is independent and
not dominated by v;'. These vertices belong to S. To strongly dominate the vertices of A,,
consider the following sub cases.

Sub case (1a): Suppose V' in A, is chosen. It strongly dominates all u;’ in A,. Since {u’' / U’ €
Ay, 1<i<r}isindependent, all u’in A, belong to any strong efficient dominating set S. For 1
<j<s,define §j={VjJU{V'/V e A, , 1 <k<s, k#jyUu{vIu{u/u €Ay, 1<i<r} where
v’ € V(A)) and v' € V(A,). Clearly all the vertices of G, are uniquely strongly dominated by S;
and so S; is a strong efficient dominating set of G,. Further, |Sj =1+s—-1+1+r=r+s+1.

Sub case (1b): Suppose any one of u' in A, 1 <i <r is chosen. It strongly dominates the
vertices of A, and u’ in A,,. Therefore {u' / u" € A, 1 <t <r, t =i} is independent and is not
dominated by u;'. Thus, I <i<r, Ti={vj/}U{V' /v e A, , 1<k <s, kzjfu{uu{u/u e
Ay, 1st<r, t=# i} where vy’ € A, and ui' € A,, is a strong efficient dominating set of G,. Further,
ITi=1+s—-1+1+r—1=r+s. Therefore y, (G)=r+sand I'(G)=r+s+ 1.

Case (2): Lets=r.degu =degVv' =degu’=degvi =r+1=A(G), 1 <i<r.Ifu inAyis
chosen to form a strong efficient dominating set of G,, then no vertex of A, can be chosen.
Otherwise, V' in Ay is strongly dominated by u;’ in Ay and u’ in A,. The argument is similar if v’ in
A, is chosen. The unique way is to form a strong efficient dominating set of G, is, any one of v;’ in
Ay, 1 <i<r, or any one of u;’ in A, is to be chosen. Suppose one of v;' in A, is chosen. It strongly
dominates the vertices of A, and V' in A,.. To dominate the vertices of A,, any one of u" in A, 1 <
i <r can be chosen. Therefore {u'/u" € Ay, I <k<r, k=zi}, {V'/V e A, ,1<k<r k=i}are
independent and not dominated by vi" in Ay. Therefore for 1 <i<r, S;={vi}U{Vv'/V € A, ,1<

Vi
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k<rkzi}U{w}u{u/u eAy,1<k<rk#i} isaye-setof G. Further |S|=1+r-1+1
+r1r—1=2r. Hence y.(G)) = 2r.

3.10 Theorem Let G = W,, n > 4. Let G, be the inflated graph of G. Then G, is strong efficient
and y(G)) =n—1.

Proof: LetV(W,) ={V, Vi, Vo,...,Viah, EW,) ={ei/ei=w;, 1 <i<n-1}U{viii/ 1 <i<n
—1} U {Vn1v1}. Sincedegv=n—-1anddegvi=3, 1 <i<n-1, there isaclique A, of ordern—1
and cliques Ay, 1 <i<n-1oforder3inG. V(A)={vi/1<i<n-1}.For2<i<n-2,
V(Avi) ={V', Vi.t', Visi' h V(AVl) ={v', vy, vpi}and V(Avn_i) ={V, Voo, Vi'}.For1 <i<n-1,
vi' in A, is adjacent with v’ in A,.. Visi" in Ay, is adjacent with vi' in Ay, , 1 <i<n—2. vy, in
A,, is adjacent with v;" in A, __ . The degree of each vertex in A, is n — 1 and degree of each
vertex in Ay, 1<i< n — 1 is 3. Therefore each vertex in A, is a maximum degree vertex.
Consider S; = {v,' / v{" in A,, Ay, and AVn—l} u{v /v e Ay,3<is<n- 2}. The vertices in S;
strongly uniquely dominate all the vertices of G,. Clearly S; is a ys - set of G, and [S) =3 +n -4
=n - 1. Proof is similar if v,." in A, is considered. Suppose any vy, 2 <i<n -2 in A, is chosen.
Let Si={vi'/Vvi € A, Ay, AVM} u{v'/Vv' e AV]., 1<j<n-1,j#i-1,1,i+1}. The vertices
in S; strongly, uniquely dominate the vertices in G,. Therefore S;, 2 <i<n -2, is a ys - Set of G,.
Therefore G, is strong efficient.

3.11 Theorem Inflated graph of strong efficient graph need not be strong efficient.

3.12 Example Let G =S (Ky,). Let u be the central vertex of Ky . Let vy, Va,...,v, be the vertices
adjacent with u. Each edge is subdivided into two edges uu; and u;v;, i = 1 to n. That is uy, Uy,...,u,
are the new vertices which are adjacent with u. Therefore deg u = n = A(G), deg u; = 2 and deg v;
=1foralli=1ton. LetS <€V (G). If there exists exactly one maximum degree vertex, then any
strong efficient dominating set must contain it. Clearly u belongs to S. u strongly dominates u;, U,
,...,upand u does not dominate vy, Vv, ,...,vn. Therefore vy, vs,...,v, belong to S. Hence S = {u, v,
Va,..ovob and [ S| =n+1. Ny[ulnS={u}=Ns[u]lnSforalli=1ton. Ns[v]nS={v} for
all i=1 to n. Clearly S is the ye - set of G. Thus S (Ky,) is strong efficient and ys(S(K1n)) =n+1
forall n € N.

Let G, be the inflated graph of G. Since deg u = n, deg u; = 2, deg v; = 1 in G, there are 1clique of
order n, n cliques of order 2 and n cliques of order 1lin G,. V(A,) = {u/ / 1 <i<n}, V(4y) =
{uwvi/1<i<n}and V(A4,)={u’/1<i<n} U in 4, isadjacent with u in A, and u;’ in A,
is adjacent with vi" in A, 1 <i <n. The vertices in A, are of maximum degree vertices. Suppose
G, is strong efficient. Let S be a strong efficient dominating set of G,. One of the vertices of A,
say Ui’ must belong to S. uy’ strongly efficiently dominate all the other vertices in the clique A, and
u"in A,,. To strongly efficiently dominate u;" in A,,, the vertex v;" in 4,,, must belong to S. But u’
in A,, is strongly dominated by two vertices ui" in A, and vi’ in A,,;, a contradiction. Therefore G,
is not strong efficient.

4. CONCLUSION

In this paper, the strong efficient domination number of inflated graphs of some standard graphs
are found. In future, the characterization of strong efficient domination number and the
relationship among strong efficient domination number and other graph theoretic parameters like
strong independent domination number, strong domination number will be studied.
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