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Abstract: In this article, magnetohydrodynamics (MHD or Lorentz force is studied. The equations of 
MHD are derived in both case of the cylindrical coordinate and Cartesian coordinates. The Lorentz force is 
obtained in two directional flows and unidirectional flow. 

Keywords: Magnetohydrodynamic force; Lorentz force.

 
1. INTRODUCTION 
Magnetohydrodynamics (MHD) is the study of the behavior of an electrically conducting fluid in 
the presence of a magnetic field. 

The equations of MHD are the usual electromagnetic and hydrodynamics equations, modified to 
take account of the interaction between the motion and the magnetic field 

2. DERIVATION OF MHD EQUATIONS 
The MHD body force or (Lorentz Force) is given in [1, 2, 3] by the following equation:  

,BJf ×=ρ                                                                                                                                     (1) 

As in most of the problems involving conductors Maxwell’s displacement currents are neglected, 
which is a valid approximation for non-relativistic phenomena typical of the response of an 
inertial liquid, so that the electric currents are regarded as flowing in closed circuits. Hence, the 
Maxwell’s equations take the form:  

,0  ,  , 0  , =⋅∇=×∇=⋅∇
∂
∂

−=×∇ JJBBBE μ
t

                                                                    (2) 

Where, the generalized Ohm’s law is: 

( ,BVEJ ×= m )σ                                                                                                                         (3) 

In the above equations, E , , J μ , σ  and B  are the electric field intensity, current density, the 
magnetic permeability, the electrical conductivity of the fluid and magnetic induction, 
respectively. 

The total magnetic field  isB bBB 0 += , where b  indicates the induced magnetic field as in 
[1].  

It is assumed in  [1, 2, 4] that: 

• That there is no applied or polarization voltage so that 0=E . 

• The mechanical force BJ × of electromagnetic origin is perpendicular to the magnetic 
field; it has no direct influence on the motion parallel to the field. [1]. 

• The magnetic field B is perpendicular to the velocity field V  and the induced magnetic 
field b  is negligible compared with the imposed field 0B  so that the magnetic Reynolds 
number is small. 
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• The quantities σ, μ and ρ are so small throughout the flow field. 

Under the above assumption, the Lorentz force (1) can be written in the following form: 

( ) BBVf ××=σρ                  (3) 

Recall the following vector rule: 

ABBA ×−=×                  (4) 

Applying Equation (4) into Equation (3) results the following Equation: 

( )[ ]BVBf ××−= σρ                                            (5) 

Also, recall the following vector relation: 

( ) ( ) ( BACCABCBA .− )⋅=××                (6) 

By invoking relation (6) into Equation (5), we can get the following Equation: 

( ) ([ ]VBBBBVf .. −−= )σρ                 (7) 

By assuming  ( ),,0,0 0B=0B  and ( )0,,vu=V , then Equation (7) reduces to the following 
Equation: 

Vf 2
0Bσρ −=                   (8) 

Finally, Equation (8) can be written in the following form: 

( )0,, 2
0

2
0 vBuB σσρ −−=f                 (9) 

Expression (9) is MHD body force or (The Lorentz Force) in two directional flows. In 
unidirectional flow where the velocity in the form ( )0,0,u=V , the MHD body force takes the 
following form: 

( )0,0,2
0uBσρ −=f                               (10) 

Remark 1: Expression (9) is the same as the result obtained in [4, 5, 6]. 

For MHD flow in the cylindrical coordinates, we assume the velocity in the form: 

( )WU ,0,=V                                          (11) 

Where U and W are the velocity components in the radial and axial directions, respectively. 

Consider the uniform vertical magnetic field  is applied in the radial direction, i.e.  can be 
written in the following form: 

0B 0B

( )0,0,0B=0B                              (12) 

Substituting expressions (11) and (12) into Equation (7) gives the following expression: 

( )WB 2
0,0,0 σρ −=f                             (13) 

Equation (13) is an MHD force (The Lorentz Force) in the cylindrical coordinates. 

Remark 2: Equation (13) shows that a uniform magnetic field B0 is applied in the transverse 
direction to the flow in the cylindrical coordinates. Equation (14) is the same as the result 
obtained in [7] 

3. CONCLUSION  
In the present study, The equation of  magnetohydrodynamic (MHD)  has been derived. The 
expressions of MHD equation are obtained for the cylindrical coordinate and Cartesian 
coordinates. The Lorentz force has been discussed for two directional flows as well as for 
unidirectional flow.  
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