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Abstract: An arbitrary non-empty finite subset of consecutive integers is called an interval;an interval
with a minimum element aand a maximum element bis defined by [a, b].The functionf: E(G) — [1,k] is
called an interval edge coloring of a graph G, if all the k colors is used so that no two adjacent edges
receive the same color and the set of colors defined on the edges incident to any vertex of G forms an
interval. An interval edge coloring of a graph Gis said to be equitable interval edge coloring if any two
color classes of a graph Gdiffer by at most one.Interval edge coloring of a grid graph G, ,and equitable
interval edge coloring gird of diamonds D,, ,,, and prism graph Y,, are found in this paper.
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1. INTRODUCTION

Kamalian [1] has discussed about the interval edge coloring of simple cycles in a cyclic way. He
[2] has also obtained the results on one-sided interval edge coloring of bipartite graphs. Asratian
and Kamalian [3, 4] have explained about the interval colorings of edges of a multigraph and they
have also investigated the interval edge coloring of graphs. Kamalian [5] has obtained the interval
coloring of complete bipartite graphs and trees.Kamalian [6] has also found the result on
cyclically interval edge coloring of trees. In 2007 Gallian [7] gave the construction of the prism
Y, by considering the cartesian product of the cycle C,,, and the pathB,. In this paper, we have
considered the prism graphs for Y2 or simply written by Y, by leaving 2. Lih [8] explained
equitable coloring of graphs.The grid of diamonds graph was introduced by Sudha et al [9].Sudha
et al [10] have found the equitable coloring of prisms and generalized Petersen graphs. In this
paper, we have defined equitable interval edge coloring. We have also obtained the interval edge
coloring of grid graphs G, , for all m > 1 and n > 1 and equitable interval edge coloring of grid
of diamonds graph D,,, ,, for all m and nand prism graphs Y;, for all n > 2.

Definition 1.The cartesian product of two paths P,, and B, is said to be the grid graph and is
denoted by Gy, ,.

Ilustration 1.
The grid graph G,, with the vertex set V={V;; /1<i<4, 1<) <4} and the edge set

E = {Uijvi+1j , Uijvij+1 / ViV € E(P4) and Ujvj+1 € E(P4,)} as shown in flg'l
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Figure 1

Deffinition 2.The grid of diamonds is the product of the paths P,,,+; and P,,,; is denoted by
Dy, , and is defined with the vertex set

V(Pym+1 X Pans1) = {(w;,v;) / if i +j is odd}and the edge set

E(Pymi1 X Papyq) = {(ui' ”j)(uk; v) [ Uiy € E(Pypm41)and vjv; € E(Pyp41)}
whereu;s for 1 < i < m are the vertices of the pathP,,,,; and vjfs for 1 < j < m are the vertices
of the pathP,,,,. The grid of diamonds D,,, ,, consists of 2mn + m + n vertices and 4mn edges.
Illustration 2.

The grid of diamonds Ds 5 is the product of the path P; with the path P, by and is as shown in fig-
2.

Figure 2.

Definition 3.The cartesian product of the cycle C,, and the path P, is said to be a prism graph and
is denoted by Y;,.

Hlutration 3.

Consider the prism graph Ys as per the definition 3, Ys is the cartesian product of cycle Cs with the
path P, as shown in fig-3.

U Uy
Figure 3.

Definition 4. An edge-coloring of a graph is the coloring of edge of the graph with the minimum
number of colors without any two adjacent edges having the same color.
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Definition 5. In edge-coloring of a graph the set of edges of same color are said to be in that color
class. In k-edge coloring of a graph, there are k color classes. The color classes are represented by
C[1],C[2], ..., where 1,2, ... denote the colors.

Definition 6. An edge-coloring of a graph G with colors 1,2, ... k is called an interval k-coloring if
all the colors are used so that the colors of the edges incident to any vertex of G are distinct and
are consecutive.

The smallest integer k for which the graph G is k-interval edge coloring is known as the
chromatic number of interval edge coloring of G and is denoted by y;.(G).

Definition 7. A k-interval edge coloring of a graph is said to be equitable k-interval edge coloring
if its edge set F is partitioned into k subsets E;, E,, ... Ej, such that each E; is an independent set
and the condition —1 < |E;| — |E;| <lholdsforalll1<i<kand1<j<k.

The smallest integer k for which G is equitable interval edge coloring is known as the equitable
chromatic number of interval edge coloring of G and is denoted by y,;.(G).

Theorem 1. The grid graph G,, ,m > 1,n > 1 admits the interval edge coloring and y;,(Gpn) =
A.

Proof. The grid graph G,,,m > 1,n > 1 is a cartesian product of the path P,, with the path P,.
We represent the vertices of the grid graph G, , by v;;, for 1 <i<m,1 <j <n as shown in
fig-4.

Vii. Mo Viz Vi, Vit Vv,
ou V2 % Vo Von-1 \/2n
Vol Vel Mgl Vel 0 5, L7 8
\41‘ A : \413. V. Van-2 Ve

Vm—ll’ V- 12 V- 13 Vin-13 Vin-14-1 e
Vimy Mnay Ving ““J Ve I A
Figure 4

The maximum degree of the vertex in G,, ,is 4. Therefore by the definition of edge-coloring we
require minimum 4 colors.

The function f is defined as the coloring from the edges of the grid graph G,, ,, to the set of colors
(positive integers) {1,2,3,...} as follows :

Case (i) : Let m and n be odd
fori<i<m-1,1<j<n-1

3, j=1(mod?2)

(vijvijar) = {
1, j=0(mod?2)
3, j=1(mod?2)
f(vmjvmj+1) =
2, j=0(mod?2)
2, i=1(mod?2)
f(VijVi+1j) = {
4, i=0(mod?2)
2, i=1(mod?2)
fWinvVis1n) = { ()
3, i=0(mod?2)
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With this type of coloring, G, ,satisfies the definition of interval edge coloring and

Xie (Gm,n) = A.
Case (ii) : Let m be even and n be odd.

We define the function f as the coloring from the edges to the color set {1, 2, ... } as follows :

fortl<i<m, 1<j<n-1
1, j=0(mod?2)
f(vijvij+1)=
3, j=1(mod?2)
fort<i<m-1,1<j<n-1
2,

f(viijlj) = {
4,

2, i=1(mod?2)

f(vinvi+1n) = {
3, i=0(nod?2)

()

i = 1(mod 2)
i =0(mod 2)

3)

The gird graph G,, ,, satisfies the definition of interval edge coloring for this type of coloring and
its chromatic number of interval edge coloring is 4. We observe that the number of colors in the

interval edge coloring and the maximum degree A are the same.

Case (iii) : Let m be odd and n be even.

We define the function f as the coloring from the edges to the color set {1, 2, ... } as follows :

fort<i<m-1,1<j<n-1
3,
f(vijvij+1) =
1,
3, j=1(mod?2)
f(vmjvmj+1) =
2, j=0(mod?2)
forl<i<m, 1<j<n-1
2, i=1(mod?2)
f(UijUi+1j) =
4, i=00mod?2)

Jj = 1(mod 2)

Jj = 0(mod 2)

(4)

Q)

With this type of coloring, the gird graph G,, ,satisfies the definition of interval edge coloring and

the chromatic number of interval edge coloring is 4.

Case (iv) : Let m and n are even.

We define the function f as the coloring from the edges to the color set {1, 2, ... } as follows :

forl<i<m, 1<j<n-1
3, j=1(mod?2)
f(vijvij+1) =
1, j=0(mod?2)
foril<i<m-1,1<j<n
2, i=1(mod?2)
f(vijvi+1j) =
4, i=0(mod?2)

(6)

()

The gird graph G, ,, satisfies the definition of interval edge coloring and its chromatic number of

interval edge coloring is 4.

Ilutration 4.

Consider the grid graph G, 5. We assign the colors 1, 2, 3 and 4 to the edges of G, 5 by using case

(ii) of the theorem 1 as shown in fig-5.
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Figure 5.

This type of coloring the grid graph G, 5 satisfies the definition of interval edge coloring.
Here Xie (64'5) =4
Illustration 5.

Consider the grid graph Gg¢. We assign the colors 1, 2, 3 and 4 to the edges of G4 by using
equation (5) as shown in fig-6.

Figure 6
This type of coloring the grid graph G ¢ satisfies the definition of interval edge coloring.
Here y;0(Gee) = 4

Theorem 2.The grid of diamonds D,,, ,, admits interval edge-coloring and its chromatic number of
interval edge coloring is 4.

Proof :The grid of diamonds D, ,, has mn diamonds with m and n colums. The vertices of D, ,,
are denoted by v;;,for 1 <i<2m+ 1. In fig-7, j takes the value n if { is odd and j takes the
value n + 1 if i is even as shown.

bm+12 Vom+13

V2m+11

Figure 7.

The function f is defined as the coloring from the edges of D,,, to the set of colors (positive
integers) {1,2,3,...},1 <i <2m,1 <j < 2n as follows :
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forj = 1(mod 2)
1, i=1(mod4)

2, i=2(mod4)
f(vijvi+1j) =9 (6)
3, i=3(mod4)

4, i =0(mod4)
, i=1(mod4), j+n+1
f(vijvi+1j+1) = (7
4, i=3(mod4), j¥n+1

, i=2(mod4), j¥n+1

1
f(”ij+1”i+1j) = (8)
3, i=0(mod4), j+n+1

forj = 0(mod 2)

(3, i=1(mod4)
4, i=2(mod4)

f(vijvi+1j) =9 )
1, i=3(mod4)

\2, i=0(mod4)
4, i=1(mod4), j+n+1
f(vijvisrje1) = (10)
2, i=3(mod4), j+=n+1
3, i=2(mod4), j+n+1
f(vijerviey) = (11)
1, i=0(mod4), j#n+1
With this type of coloring, the gird of diamonds D,,, ,satisfies the definition of interval edge
coloring and its chromatic number of interval edge coloring is 4 form > 1,n > 1.

Hlutration 6.

Consider the grid of diamonds G3,. We assign the colors 1, 2, 3 and 4 to the edges of G3, by
using theorem 2, as shown in fig-8.

Figure 8.

This type of coloring, the grid of diamonds G5 , satisfies the definition of interval edge coloring.
Here xi.(Gs,) = 4.

Corollary 1. The chromatic number of equitable interval edge coloring of grid of diamonds D,,, ,,
is 4 if the product mn is even.

Proof : Consider the grid of diamonds D,y, ,, , mn is even. If the product mn is even, then m and n
belongs to any one of the following cases

Q) m is odd and n is even
(i) m is even and n is odd
(i) both m and n are even
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By using theorem 2, all the above three cases the color classes C[1], C[2], C[3] and C[4] satisfy
the condition ||C[i]| — |C[j]I| <1 for 1 < i <4, 1 <j < 4. Hence the grid of diamonds D, ,
admits equitable interval edge coloring if the product mn is even, Yeie(Gprn) = A

Illustration 7.

Consider the grid of diamonds G, 3. We assign the colors 1, 2, 3 and 4 to the edges of G,3 by
using theorem 2, as shown in fig-9.

Figure 9.
Here [C[1]] = |C[2]] = IC[3]] = IC[4]] = 12.|IC[i]l — IC[j]l| < 1for1 <i<4and 1 < < 4.
This type of coloring, the grid of diamonds G, ; satisfies the condition for equitable interval edge
coloring. Here yeie(Gy3) = 4.

Theorem 3. The prism graph Y, for n > 2admits equitable interval edge coloring and its
chromatic number is 3.

Proof :The prism Y, is the cartesian product of cycle C,, with the path P,. It has 2n vertices and
3n edges. The outer vertices of Y, are denoted by u;, for 1 < i < n and the inner vertices of Y,
are denoted by v;, for 1 < i < n as shown is fig-10.

Figure 10.

Define the function f: E(Y,) — {1,2,3,...} such that no two adjacent edges receive the same
color as follows :

Case (i) : Let n be even.
Define the function fas the coloring from the edges to the color set {1, 2, ... } as follows :

forl<i<n-—1,
3, i=1(mod?2)
funiyqg) = fuau) = 3
2, i=0(mod?2)
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fQuv;) = tforall i
forl<i<n-—1,
3, i=1(mod?2)
fiviq) =
2, i=0(nod?2)
f(vnvl) =3

f(uv;) = tforall i(12)

With this type of coloring Y, Y, satisfies the definition of interval edge coloring and we get
IC[1] 1 = 1C[2]1 = IC[3]I = n.

Hence the prism Y,, admits equitable interval edge coloring and its chromatic number of interval
edge coloring is 3,

Case (i) :Let n be odd.

Define the function f for 1 < i < n — 1 as follows,

3, i=1(mod?2)

fuuiq) = {
2, 1=0(mod?2)

f(unul) =1
fluv) =1for2 <i<n-—1,

fuyvy) =2

f(unvn) =3

fori<i<n-1
3, i=1(mod?2)
fivie) = {

f(vnvl) = 1(13)
With this type of coloring Y, Y, satisfies the definition of interval edge coloring and we get

IC[1]1 = IC[2]1 = IC[3] | = n. Hence the prism Y,, admits equitable interval edge coloring
and its chromatic number of interval edge coloring is 3,

2, 1=0(mod?2)

Ilustration 8.

Consider the prism graph Yg, and they we assign the colors 1, 2, and 3 to the edges of Y by using
equation (12) in theorem 2 of case (i), as shown in fig-11.

Figure 11.

Here |C[1]l = |C[2]l = IC[3]| = 8 and they satisfy the condition |IC[i]l— IC[j]I| <1, for
1<i<3and1<j<3. This type of coloring the prism graph Yg satisfies the condition for
equitable interval edge coloring. Hence y.;.(Ys) = 3.
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Ilustration 9.

Consider the prism graph Ys, we assign the colors 1, 2, and 3 to the edges of Y5 by using equation
(13) in theorem 2 of case (ii), as shown in fig-12.

u

Uy 3 Uy
Figure 12.

Here |C[1]] = |C[2]| = |C[3]| =5 and they satisfy the condition [IC[i]| — IC[j]I| <1,  for
1<i<3and 1<j<3. This type of coloring the prism graph Y; satisfies the condition for
equitable interval edge coloring. Hence y,;.(Ys) = 3.

2. CONCLUSION

In this paper, we have proved that grid graphs G,,, for m,n > ladmit interval edge coloring.
Further, we have considered the grid of diamonds D,y ,, for all m,n and prism graphs Y,, for all
n > 2and proved it admits interval edge coloring.
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