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1. INTRODUCTION

The famous Banach contraction principle states that if (X, d) is a complete metric space and
T:X — X is a contraction mapping (i.e., d(Tx, Tv) = k d(x,v) forall x,v € X, wherek is a
nonnegative number such that k <= 1), then T has a unique fixed point. This result is one of the
cornerstones in the development of nonlinear analysis.

Recently, Azam et al. [1] introduced the complex valued metric spaces and obtained sufficient
conditions for the existence of common fixed points of a pair of contractive type mapping.

Aamri and Moutawakil [5] introduced the notion of (E.A.) - property.

Sintunavrat and P. Kumam [7] introduced the notion of CLR-property. Many researchers have
obtained fixed point, common fixed point, coupled fixed point and coupled common fixed point
results in partially ordered metric spaces, complex valued metric spaces and other spaces. We
prove some common fixed point theorems for two pairs of weakly compatible mappings
satisfying a contractive condition with (E.A.) and (CLR)-property in complex valued metric
space. The proved results generalize and extend some of the results in the literature.

2. PRELIMINARIES

Let T be the set of complex numbers and let z; , z, € C. Define a partial order = on C as follows:

2,<z, if and only if Re(z;)<Re(zy), Im(z;)<Im(z). It follows that z;<z, if one of the following
conditions is satisfied:

(1) Re(z1)=Re(zz), Im(z1)<Im(zy),

(i) Re(z1)<Re(z2), Im(z1)=Im(zy),

(iii) Re(z1)<Re(z2), Im(z1)<Im(z),

(iv) Re(zy)=Re(z,), Im(zy)=Im(z,).
In particular, we will write z; = z, if one of (i), (ii) and (iii) is satisfied and we will write
Z4 = Z, if only (iii) is satisfied.

Definition2.1. Let X be a non-empty set. Suppose that the mapping d: X x X — C satisfies:
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(i) 0=d(xv)forallx,v €EXandd(x,v) = 0ifandonly if x = v;
(i) d(x,v) = d(v,x) forall x, v € X;
(iii)d(x,v) =d(x,z) +d(z v)forallx, v,z E X,
Then d is called a complex valued metric on X and (X, d) is called a complex valued

metric space.

Example 1. Let ¥ = C. Define a mapping d: X X X = C by d(z,,z,) = ™ |z, — z,],
Where k € [0, 7/2]. Then, (X, d) is called a complex valued metric space.

A point x £ X is called an interior point of a set A = X whenever there exists 0 <= r £ £ such
that B(x,7) = {v € X:d(x,v) < r} S A. Asubset 4 in X is called open whenever each point
of A is an interior point of A. The family F = {B(x,r):x €X,0 < r} is a sub-basis for a
Hausdorff topology T on X. A point x € X is called a limit point of A whenever for every
0<reC Blx,r)n(A\X) = ¢.

Asubset B = X is called closed whenever each limit point of E belongs to E.
Let {x,} be asequence in X and x € X If for every ¢ € C, with 0 < ¢ there is n, £ N such that

for all n =mn,, d(x, x)<c, then x is called the limit point of {x,} and we write
lim, . x, =xorx, = xasmn—x,

If for every ¢ € C, with 0 = ¢ there is ny, € N such that for all n = ng, d{x,.x,.,. ) < c, then
{x,} is called a Cauchy sequence in (X, d) is called a complete complex valued metric space.
Lemma2.2. Let (X, d) be a complex valued metric space and {x,, } is a sequence in X. Then {x,,}
converges to x if and only if |d{x,,x)| = 0 asn — «.

Lemma2.3. Let (X, d) be a complex valued metric space and {x,,} is a sequence in X. Then {x,, }

is a Cauchy sequence if and only if |d(x,,.x,.,. )| = Oasn — w«.

Definition2.4. Let f and g be self-maps on a set X, if w = fx = gx for some x in X, then x is
called coincidence point of f and g, w is called a point of coincidence of f and g, w is called a
point of coincidence of f and g.

Definition2.5. Let f and g be two self-maps defined on a set X, then f and g are said to be
weakly compatible if they commute at coincidence points.

Definition 2.6. Let f and g be two self-mappings of a complex valued metric space (X, d ). We
say that f and g satisfy the (E.A.)-property if there exist a sequence {x,} in X such that
lim, ... fx,=lim,_. . gx,=1t, forsometelX.

Definition 2.7. Let f and g be two self-mappings of a complex valued metric space (X, d). We
say that f and g satisfy the [:CLR;} property if there exist a sequence {x,} in X such
thatlim,, .. fx,, = lim, . gx, =fx.

3. MAIN RESULTS

Theorem 3.1. Let (X, d) be a Complex valued metric space. Suppose that the mapping f. g. h
and k are four self-maps of X satisfying the following conditions:

(i) F(X) € h(X), g(X) € k(X),
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(i) forallx,v E ¥and 0 < A < 1,

d(fx, gv) = u,  (f.g. h k), (3.1)
Where

. | 7 7 7 7 E": -'{-’-'\2_'-'..' +d ': -!?_'-'-f-l' ..' d ':f-’-' Kx ..'_E":Q_‘-' --’2_‘-'..'
u, . (fg.hk)E {n’(xx, hv), d(kzx, fx), d(hv, gv), - , - }

(iii) the pairs {f, k} and {g, h} are weakly compatible;
(iv) One of the pairs {f, k} or {g, h} satisfy (E.A.)-property.
If k(X )or h(X) is a closed subset of X. Then £, g. h and k have a unique common fixed point.

Proof: Suppose that the pair {f, k} satisfy (E.A.) property so there exists a sequence {x,, } in X,
such that

lim fx, = limkx, =t forsomet € X.

Further, Since f(X) € h(X), there exists a sequence {v,,} in X, such that fx,, = hy,,.
Now, we claim that lim,, _._.. gv,, = t. For this,put x = x,_,v = v, in (3.1),

We have

d(fx,.0v,) = tu, , (f.0.hK)

Where

u, o (f.9.h k)€
{d Kk:"._m }11'" :IJ d(kim f'a"-n :I.l d I:}"‘»m ¥, :I.l d (kg yin ) +d Ry f xn) , il faeg byl +digam Ry }

-

d(kx,, g_‘»;) +d(fx,.fx,) d(f;'_“_; ki, )+ d(ﬁ.‘»'wfl'n)}
2 ’ 2

-

= {d(klw JF:".?!)J d(kl'n,fl'nl d(f:"w g.vr!l

Letting = — @2, we have

dltgyg)+d(te) dieed+dgyy, ‘}

u, o (f.g,h,k) € {d(r, t),d(t,t),d(t, gv,), o , =

= {{JJ dt. gv,). dl:rf""-“'- }

There are three possibilities:
Case (i) If w,_,. (f.g.h.k) =0,
Then ld(t, gv, )| = 0
Case (ii) If u, .. (f.g.h k) =d(t gy,),

Then |d(t, gv, )| = A |d(t, gv, ]I, a contradiction.

-

Case (i) If w, . (f,g,h k) =082

Then |d(t, gv, )| = 2 —Id":‘f:"“ | a contradiction.

Thus in all the cases we get lim,, .. gv,, = t.
Now, suppose first that k(X) is closed subset of X, then t = ku, for some i € X.

Subsequently, we have
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lim fx, = lim kx, = lim hy, = lim gy, = t = ku.

We claim that fu = ku. For, putting x = w and v = v,, in (3.1) we have
d(fu, gy,) < Ay, (f.g.hK)
Where
Uy (f.g.h k) E
{.:1’ (kw, by, ), d(kuw, fu), d(hy,,. gv,), dlkeu.gyy ) +d(k :-'.v-_-fu-"J d(fukzxy)+d(gyn.hyy }

- el

d(t, g_v_,!)_— d(hy,, fu) a'[fi;, kx, )+ d(gyv,, }w“j}

= {a’(r, hy, ). d(t, fu), d(hy,. gv,.). 3 ) 3

Letting = — 2, we have

uE {d(hf); d(t, fu),d(t, 1), d(tt) + d[r,fujj d(fut) +d(t, rj}

2 2

_ {'DJ d(t, fu), d':r:._."::."}
There are three possibilities:
Case (i) If . (f.g.h k) =0,
Then |d{fu,t)| =0
Case (ii) If u,,. (f.g.h k) =d(t fu),
Then [d(fu, t)| = Ald(fu.t) |, a contradiction.

die.fu)

-

Case (iii) If u,,,._ (f.g. h k) =

|d (el

-

Then |d{fu,t)]| = A , a contradiction.

Thus in all the cases we get fu = ku = t. Hence u is a coincidence point of {f.k}. Now, the
weak compatibility of pair {f. k} implies that fku = kfuor ft = kt.

On the other handf(X) S h(X), there exists v in X such that fu = hwv. Thus
fu=ku=hv =t

Let us show that v is a coincidence point of{g.h}. i.e. gv = hv = t. If not, then putting
x = u, v = v in(3.1),we have

d(fu, gv) < Au,  (f.o.hk)

Where
u,(f.g.hk)E {d(km hv),d(ku, fu), d(hv, gv), d kugvl tdihe.fuw) dLf::-n:::.-—du,;z:..!:zr_-}

- -

dit,gv) +d(t,t) d(t,t) +d(gv.t)
2 ’ 2 }

= {d(; £),d(t 1), d(t gv),

= {0, d(t, gv), =222}
There are three possibilities:
Case (i) Ifu,,(f g hk) =0,
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Then |d(t, gv)| =0

Case (ii) If u,.(f. g.h k) =d(t gv),

Then |d(t, gv)| = Ald(t, gv)l, a contradiction.

CaSe (iii) If ’LLLC.'!? (f‘l g‘l h‘l k:l — dl:::;':"-.l

laiegel|

-

Then |d(t, gv)| < A

, a contradiction.

Thus in all the cases we get gv = t. Hence gv = hv = t, and v is a coincidence point of g and

T

L.
Further the weak compatibility of pair {g, i} implies that ghv = hgvor gt = ht.

Therefore t is a common coincidence point of £, g, i and k. In order to show that t is a common
fixed point, let us put x = 1, and ¥ = t in (3.1) we have

difu,gt) =d(t gt) < du_. (f.g.hk)

Where
u,(f.g.hk)E {ﬂ'(km ht), d(ku, fu), d(ht, gt), dlkugt) +diht.fu) f~"~f:~'-rc::.-—c.'u,;r..!:r_-}

) ! -

_ {d(r,gr),d(r, r)Jd(gtgrl.:Erg:‘-;d(,;h:’-}d'ir.r.'-—:'igre-‘."}
={0,d(t, 1)}

There are two possibilities:

Case (i) If u,.(f. 9. h k) = 0,

Then ld(t, gt)| =0

Case (ii) If u..(f. g.h k) =d(t gt),

Then |d(t, gt)| = A|d(t, gt)], a contradiction.

Thus gt = t. Hence ft = kt = gt = ht = t. Similarly, the property (E.A.) of the pair
{g, h} will give the similar result.

For uniqueness of common fixed point, let us assume that w be another common fixed point

of f.g.hand k. Then putting x = w, ¥ = t in (3.1) we have

diw,t) =d(fw.gt) = Au, . (f. g.hk)

Where P n r y r y r y
u,, ( fah, kj c { d (kwi hr), n’(ku-; fwl d(htgr], r.'L.«:-.-:er_':dk.’:r-f'.-:_'J L'.'L_."'.-:..acl.-.'_;—r.'LQ.‘..’::‘.'}

= {d(w, 1), dw,w), d(g,8), S0 doozalen))

-

={0,d(w,t)}
There are two possibilities:
Case (i) If u,..(f.g.hk) =0,
Then |d{w,t)| =0
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Case (ii) If u,,.(f.g.hk) = d(w,t),
Then |d(w, t)]| = Ald(w, )], a contradiction.

Thus w = t. Hence ft = gt = ht = kt = t, and t is the unique common fixed point of
f. g, hand k. This completes the proof.

Corollary3.2. Let (X.d) be any Complex valued metric space. Suppose that the mapping
fand & be two self-maps of X satisfying the following conditions:

(i) F(¥) S h(x),
(i) forallx, v € Xand 0= 4 < 1,

d(fx, fv) < ﬁlux._,._[f, h),

where
Fy)+dihy, fx) dfxhx '-—.:Ef;.-..!:;.-_‘-}

ey (F 1) € {d (i hy), d (R, ), d(hy, fy), SR Sfeho-

(iii) The pair {f, h} is weakly compatible.

(iv) The pair {f, h} satisfy (E.A.) property.

If h(X) is a closed subset of X. Then f and } have a unique common fixed point.
Proof: If g = f and kK = k in theorem 3.1, we get the result.

Theorem 4.1. Let (X, d) be a Complex valued metric space. Suppose that the mapping f, g, i
and k are four self-maps of X satisfying the following conditions:

(i) f(X)Eh(X), glXx) <€ k(X),
(ii) forallx, vy EXand 0= A <1

d(fx, gv) = u,  (f.g. h k), (4.1)

Where
U (frghk)E {a’ (kx, hy), d(kx, fx),d(hy, gy),S22gi s d-de}

- -

(iii) The pairs {f. k} and {g. h} are weakly compatible.
(iv) If the pair {f, k} satisfy (CLRy) property, or the pair {g, 1} satisfy (CLR,) property.
Then mappings 1. g. h and k have a unique common fixed point.

Proof: First suppose that the pair {f, k} satisfy (CLR;) property,then there exists a sequence {x,, }

in X suchthat lim fx, = limkx, = fx

for some x £ X. Further, since f(X) E h(X), we have fx = hu, for some u € X. We claim
that hue = gu = t (say). If not, then putting x = x,, and v = 1 in (ii) we have
d(fx,,gu) <Au, (f.g.hk)

Where
u, (fohk)E

{a’(ki‘w hu), d(kx,, fx, ). d(hu, gu), d{kxp.gu) +d (hufxy) J d'u‘x.v-_-f'cxr-_."—d'~3:~'--’t:~'."}

- el

Letting = — 2, we have
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u, (fg.hk)E
{d[kl'nifx:lj d(k,’)_“; fﬁ.'_v!); d(ijgu.:lj dI‘er""?u:l_dl‘f‘r"f'r:"-'.lj dI"'"'j'.?"-'-'")'.?"-'-'_dl‘g‘-":'-"-‘)"-'}

el -

= {0, d(fx,gu), £22)

There are three possibilities:

Case (i) If u,, .. (f.g.h k) =0,

Then |d(fx,gu)| =0

Case (ii) If u,,_,, (f.g.h k) =d(fx,gu),

Then |d(fx, gu)| = Ald{fx,gu)l, a contradiction.

Case (iii) If u, _,(f, g,k k) = =28

& fzgull

Then |d{fx, gu)| < A , a contradiction.

Thus in all cases, we have fx = gu whence hu = gu = t(say). It shows that i is a coincidence
point of {g, h}.Also the weak compatibility of {g, h} implies that ghu = hgu or gt = ht.
Further, since g{X) € k(X), so there exist an v € X, such that gu = kv. We claim that
fv = t.if not, then from (ii), we have

d(fv,gu) < Au,,(f.g.hk)

Where - y - y - n - y
Upu (f_, 4. -:1.1 -:'C:I = {ﬂr(kﬁ; hii-).: d(k?‘:; _.F'L':l,. ﬂr(-"‘q-'li-, gii.:l_, dlikvgul+dlhufv) ) d'~f'--‘--<‘--‘.'—L'.'Lg:,:..’::,:_'}

-

-

d(gu, gu) + d(gu fv) d(fv,gu) +d(gu, gu}l}

= {d (gu gu), d(gu fv),d(gu gu), > : :

— (0,d(s, F) <)
There are three possibilities:
Case (i) If u,,(f g.hk) =0,
Then ld(fu,t)| =0
Case (ii) If u,,(f. 0. h k) =d(fx gu),
Then ld(fu.t)| = 2

d(t, fv)l, acontradiction.

Case (iii) If u,,(f g.hk) = ﬂ

|dlefed

Then |d(fv,t)| = 4

, a contradiction.

Therefore fv = t whence fv = kv =t and v is a coincidence point of {f, k}. Also the weak
compatibility of {f. k} implies that fkv = kfv or ft = kt. Therefore t is a coincidence point of
Ff. g, handk.
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In order to show that ¢ is a common fixed point of f, g, h and k. Let us put x = v, ¥ =t in
(4.1), we have

dit gt) =d(fv.gt) = iu, (f. g h k)

Where
'-I.-I:‘_.‘..."(JFJ g, h.u -:{:I = {ﬂr(kﬂ; 1.!')_. 'ﬂr(k'-'.:,u f’-'-:).u ﬂr(}‘r_. gf:l_, El"{t"gr'l::"h:—'f"’-'J ':'~f‘--‘--r<‘--‘.'—l:gg:-..’::'_-}

-

= {d[rjgrjjdtrj rjjdtﬂtgrjj d(tﬂﬂ ;ﬂr(gr, erd(r, f) —EﬂrEgI’Jgr)}

={0,d(t, gt)}
There are two possibilities:
Case (i) If u,.(f.g.hk) =0,
Then ld(t, gt)| =0
Case (i) If u,.(f, g.h k) =d(t gt),
Then |d(t, gt)| = A |d(t, gt) |, a contradiction.

Therefore gt = t. Similarly ft = t. Hence t is a common fixed point of f, g,/ and k. The

uniqueness of common fixed point of t follows easily. Similarly, the property (CLR) of the pair
{g. h} will give the similar result.

4. CONCLUSION

We prove some common fixed point results for two pairs of weakly compatible mappings
satisfying a general contractive condition which generalize the result of various authors present in
fixed point theory literature.
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