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Abstract: The summation integral type Baskakov operator was introduced by Gupta and Srivastava [4] in
1993. In the present paper, we extend our studies and introduce the Baskakov- Szasz Stancu operators. We
prove a direct theorem for the linear combinations of Baskakov- Szasz Stancu type operators. To prove our
main theorem, we use the technique of linear approximation method viz. Steklov mean.
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1. INTRODUCTION

For f e Lp[0, ), p >1, modified Baskakov - Szasz operators defined by Gupta and Srivastava
[4] in 1993 are as

s,(f.x)=nY pnlk(x)jquk () f()dt, xel[0 »), (1)

In 1983, the Stancu type generalization of Bernstein operators was given in [9]. In 2010 in [1], the
authors have studied the Stancu type generalization of the q -analogue of classical Baskakov
operators. In the recent years for similar type of operators some approximation properties have
been discussed by Maheshwari [7], Maheshwari-Sharma [8] etc. Motivated by the recent work on
Stancu type operators, here we propose the Stancu type generalization of Baskakov-Szasz Stancu
operators, for 0 <« < g as

S .y (fx)=n> pnk(x)fan(t)f[nt +a]dt, x € [0, ), (2
o k=0 o n+p
where
n+k-1 k " (nt k
pn,k(x):[ ]X—Hk qn,k(t): &. (3)
k 1+ x) k!

On putting « = g = 0 operators (2) reduce to operators defined in (1). It is observed that the
order of approximation for these operators is 0 (n*). To improve the order of approximation, we
consider the linear combinations of these operators s _  (f.k,x) of the operators

S (f,x) as

d.na,
jher

k

Spus (FKX) = 2C(1LKS, ,,(f,%), (4)

i=0
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where
keood i
C(i,k)=T] L k=0 and C(0,0)=1. (5)
o d. —d,
iz] J
We can write the operators (2) as
Snaﬁ(f,x)=IwW(n,x,t)f[ntJra]dt, (6)
o 0 n+p

where

W(n.x,t)=nY p, (x)a,, (0.

k=0

The k" linear combinations s_( f,k, x), considered by May [6] for the operators s, , 5 (F.%)
.

are defined by
-1
1 d,’ wody " Sy (f.%) d,’ d,”
1 d* wod Se.(fix)  d N
S (f kX)) =| s | . ()
1 d’ e d s, L (Fax)  dt S
k

where d,d,,d,,., d,_ are (k +1) arbitrary but fixed distinct positive numbers. In this paper we

have considered 0 <a, <a,<a,<b,<b,<b <w0<a<b<ow and I, =[a,, b1 i=123

We denote by H. For f e Lp[0, ) and 1< p <, the Steklov mean f = of m® order

corresponding to f is defined by

7

“m nl2  nl2 712 m-1 . m
fo.t)=n LMLM ..... J [f(t)+(=1)" AT f(t)dt,,dt,,., dt_],

-nl2

where t = ¥ imzlu, "

and A" f(t) is the m" order forward difference of function f with step

length h, defined as

m-1,1

AT (@)= ATTAL f(t) = ATTIE(t+ h) - f (D).

From [10, 5] we have

(1) f,, has derivative up to order m, f """ e AC (1,), and f "™ exists a.e and belong to
Lp (1,);
2 wa“m) <Hn '@, (f,n,p,1,),r=120. m;
Mooy
- < .
(3) Hf fv,m Lp(lz)*me(f’n’p‘ll)’
@ [l = wlel
(r) -m — .
5) Hf”‘m ) <Hp f”Lp“l)' r=12.. m;
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Here we represent absolute continuous function on [a,b] as AC [a,b] and H are certain
constants defined on 1, but are independent of f and n. BV [a,b] denotes the set of all

functions of bounded variation on [a,b]. The semi norm Hf ”Bv[ . is defined by the total

variation of f on [a,b]. For f e L [a,b]l < p <, the Hardy-Little wood majorant of f is
defined as

h, (x) = sup

£ X - X

ff(t)dt, (a< & <b)

In the present work we establish some direct results on Lp -norm for the linear combination of the
Baskakov- Szasz- Stancu operators.

2. MOMENTS ESTIMATION AND AUXILIARY RESULTS

In this section we estimate moments and mention certain basic results.

Lemmal..[4] Letthe m" order moment be defined by

" 0 nt +

Tn,a,/}, = nz pn,k(X)J- qn,k (t)[ “ - X] dt, (8)
k=0 0 n+ g

then T, o(x) =1, T, (x)= lta - px

n+pg

XN+ B°+2np) 2x(n—af -nB-B) 21l +a)+a’
+ +
(n+p)° (n+p)° (n+p8)°

and we have the recurrence relation m -1 N

and T,(x)=

nT (x) = x(@ + x)Tn"m (x)+ (m + 1)Tn’m (x) + ml—x(l + X) —[

n,m+1
L

1
- x]Tnvm_l(x) 9
n+pg ]

Consequently for x > 0,
T, . (x)= O(nf[(m”)/z] ) (10)

where [« ] denotes the integral part of «. By using Holder’s inequality we get the conclusion,
for every fixed x e [0, «).

Swvﬂ‘(|t—x|r,x):O(n’”z), vr>0 (1)
Lemma?2. For pe N and n sufficiently large there hold,

S, ., lt=%"k,x]=n " {Q(p.k,x)+0@ }, tel0 )

where Q (p,k, x) are certain polynomials in x of degree p/2 .

Proof of above Lemma is easy and can be seen on similar type of operators.

Lemma3.[3] Leti< p<w, felL,[ab]l f*“cAC(ab]and f“? cLp[a,b] then

W

e 3 LI
Lp[a,b] Lp[a, ])

cn[re
\

L, lab]

where j=12,.., k, and H are certain constants depending only on j,k, p,a,b.

Lemma 4 . [2] There exist the polynomials g, ; . (x) on [0, «), independent of n and k such
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that

. cd’ Ko _
X"(1+x) —p,, (x)= Y n'(k-nx)'q,, (x)p,, (%)
dx 2i+ j<r
i, j=0
3. DIRECT ESTIMATES
Theorem 1. Let f e L,[0, »), p>1 Iffhas 2k +2) derivative on I, with f“® < ac (1))

then for n sufficiently large
S, (f.k,) - fH < Hn fm)(uf (ks
e Lo (1)

‘ \

where the constant H is independent of n and f

Il )
Lp(|2) p[,00))

Proof: By our assumptions, for x e I, and t  1,, we have

nt + o ]
¢ 2kt | Y - X 1 t 2kl
n +a + ) tf nt + o
f =y ——— 1P+ [ —u f 4% (u)du
n+pg =0 j! Ck+D! <t n+ g

+F[nt+a,XJL1¢(nt+a]], (12)
n+pg n+pg
where ¢ (t) denotes the characteristic function on 1.

nt + o

nt + nt + 2w - %)
F[ a,x]=f[ a]—sz(”(x).
n+pg n+ g iso j!

Forall te [0, ») and x e 1,. Using (12) in (4), we have

R

2k +1
+;Sn’avﬂ¢[nt+a]jt{[nt+a_u] f(ZkJrZ)(U)dU,k,X\

2k +1) n+p n+p J

nt + o nt + o
+snvavﬁ{F[ YX][1_¢{ ]‘kYX]J::‘//1+WZ+I//3.
n+pg n+ g

According to Lemma 2 and [3]
|_p (|2)]

2k +1
~(k+D) Z Hf N
i=1
( ‘f (2k+2)

bl <
L1y

< Hn
—(k+1 i
< Hn Hf(n

+\ .
Ly (1) L) )

For finding 1,, let h, be the Hardy-Littlewood Majorant [11] of f““*® on 1. Now using
Holder’s inequality (11), we obtain
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R, = Sn,a,ﬁ[f”[r::;J f{[r::; ‘“J | f‘“”)(u)du,x}
cs, ¢[nt+a ]L( nt+a_u] ‘ 2k+2(u)“du|X)
\

n+ g )

|

e
(
L

2k+1

2k+2

j

(w)au | x }

[z
AT o)
(355

Using Fubini’s theorem and [12], we get
+
n+pg
nt +a
: ( |
n+pg

b

,(k+1 {Jh IVV (n X, t)

p

dtdx

||R ||p < Hn ’(k”)pj .fl\N (n, x,t)|h

1 <
Lp(lz)

p

dt

IN

Hn “*“"j:[j:zw (n, x,t)dx}

nt +«a
hf

n+pg
p

nt +a
n+pg L

f (2k+2)

p

dt

IA

Hn —-(k+1) p J~b1
a

1

-(k+1) p

IA

Hn

—-(k+1) p

< Hn
L(I)

Hence,

||R1|| < Hn
Lp(lz)

—(k+1) p f (2k+2)

Lp(ll)

Consequently,

—(k+1) p f (2k+2)

(724 T .
2lle ay L,y
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Forte[0 «)\[a,b], xel,, 3 &>0 suchthat|t-x|>s.

Thus

nt +a nt +a _@k+2) (
Seasl F X |[1-¢ , X <J S.aus |F
n+ g n+ g k

T
|t 00l f[u
n+pg

=S
Using Holder’s inequality and (11), we get

2oz

2k+2
nt + o w
X , X

n+ﬂ_

2k+1

1/q

(2k+2)q \

X
)

n,a,ﬁ|

\

1p

|

R,|< 5’(2“2)Swyﬁ0f (x)|p,x)l/pS

f[nt+a}p
L n+pg )

Again applying Fubini’s theorem, we get

[nt+a]
f
n+pg

p

dtdx

Lb:|R2|pdt < Hn “““”Lb:joww (n, x,t)

—(k+1
< Hn * |f| .
Lp[O‘sc)
Thus
~(k
||R2||L | < Hn (+1)| ||L ’
o (1)) pl0.)

L,y

Now using (11) and [3], we get |R, o, < Hn O Zkiluf W
p('2 oo

< Hn —(km(uf )
N

2k+2
+Hf( +2)

Lo (1) Lp('z))

Combining the estimates of R, and R,, we get the result

2k+2
+Hf( +2)

—(k+1 j
”WZ”L (1 )SHn (+)(Hf(l) '
pll2 \ L,0.=) Lyiy) )
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Which is the required theorem.

Theorem 2 . Let f e L,[0, ). If f has @2k +1) derivatives on 1, with f®“ < ac (1,) and

f 2k +1)

where the constant H is independent of n and f.

e BV (1,), thenfor n sufficiently large we have

(f . k,) - f

‘f (2k+1)

Sn‘avﬁ )+‘

L (1y) BV (1,

< Hn -(k+1)(Hf (2k+1)

U
L (1) p[m)

Proof: By our given hypothesison f ,and forall x < 1, and forall t € 1,, we have

2k+1 (t - X)i o 1 t 2k+1 4o (2k+1)
fy=y ——f el A\ o '
() Zo il v @k +1)! Jaw "
We can write

[nt+a ]

2k+1 X . 2k+1

f[nt+o:}=Z n+p 000+ J_([ntJra_u] df(“”)(u))q{m-kaJ
n+p =~ il @k + 1) L n+p n+p

[nt+a J[ [nt+an

+ F X |[1-¢ .

n+ g n+ g

where ¢ (t) being the characteristic function on 1,.

nt +a

x)i

2k+1( -
F[nt+alx]:f[nt+a]_z n+ﬂ f(i)(x)’
n+pg n+ g i

|
i=0 r

Forall te [0, ») and x e 1,. Therefore we have

S, (f .k, x)= f(x)= z¥s{{% le,k,x}

1 [ {nt+a o @k+1) nt +a 1
5 I —u| o dfF )y kx|
@2k +1) | n+pg n+p |

nt + o nt +a
+Sn,a,ﬁ[F[ 'X]j[l_¢[ ],k,x]:: R, +R, +R,.
n+pg n+pg

Applying Lemma 1 and [3], we get
L (1) j

—(k+1 2k+1
IRl s b
LUy LUy

Now we have,
|—»[ 2k +1 ‘|
G = Mﬂ” nt+a¢_u df(2k+1)()¢ t+a x|
'LX n+p n+p J
L (1y)
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nt +a
) 0

For each n there  exists a nonnegative integer r = r(n) such  that

2k+1

<J' J'l\N(nxt)

df (2k+1)

(u)‘dtdx ..

-12

m " < max (b,—a,,b, —a,) < (r+21)n . Then we have
nt + «

- X
n+pg

2k+1

nt + o

- X
n+ g

Let 4, ., (u) be the characteristic function of the interval [x —cn ™, x + dn "], where ¢, d
are non-negative integers. Hence we get

2k+1
x+(1+1yn~ 12

« U ¢(u)‘df (“*”(u)ﬂdt

G<ZI {

x+(l)n

X+ (1+1)n 12 (nt + a

-12 +ﬂ

]W (n, x,t)

" U:w)n—ﬂzq’(”)-‘df e (U)Hdt}dx.

x-in 12 nt + «a
+I i W (n, x,t)
x=(1+1)n n+ ﬂ

G<ZI J_ |+1)1n ~112 [nt+aJW(n,x,t)l'4n2[nt+a—x}
x+(1)n n+ ﬂ N ﬂ
5 [J_:mu)n ¢(u)¢xv01|+1(u)‘df (2k+1) (U)Hdt
N J_Hn* 1,2(1{ nt + a JW (nx.0)1n? ( nt+a XJ
x—(1+1)n n+ ﬁ N+ ﬂ
x [J:f(nl)n‘uzqs(u)¢x,l+1‘0 (U)‘df @ (U)Hdt}dx
* Jbzfalf:,z_ ¢(nt i JW (n,x,t)[nt LA x]
az -n n + ﬂ n + ﬂ
wan-12 1
* U-lfn*”? ¢(u)¢x,l,1(u)‘df (2k+1)(U)‘JC|th

=1 2 Txr(On n+p

r -12
B b, X+ (1+1) n nt + o
SZ[| 4n2L {,[ i ¢[ JW (n, x,t)

nt +«a
- X
n+pg

X(Lb%b(u)m,.ﬂ(u)\df ‘“”’(u)\]dt]

x-(1)n "2 nt + a nt + o
+J' mqﬁ[ ]W (n,x,t)( 5 —x]
n+

x—(1+1)n n+ ,B
b
x [J 1¢x‘l+l,0 (U)‘df @D (U)Udt }dx
4

nt +a
- X
n+ g

2k+5

2k+1

-1/2
b, aj+n nt + a
+J'a J.n*m ¢{ JW (n, x,t)
27 n+ g
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< [J':qﬁxylvl(u)‘df “*”(u)‘dtdx }

Further using Lemma 1 and Fubini’s theorem, we obtain

’ b, b
G < Hn @kv2 [ZI-A[I ZI 1¢x,0.|+1(u)‘df (2k+1) (u)‘dx
1=1 427
by By @k+1) by o0 @k+1)
+I J' ¢Xv|+1’0(u)‘df (u)‘dx +J' I ¢lell(u)‘df (u)‘dx]
a7y 2 %%
r b, b
~ Hn @kVR [ZlA(J‘ 1J. 2¢x,01|+1(u)dx ‘df (2k+1) (U)U
I1=1 47
b b
+ | 1{] 2¢XYOVI+1(u)dx]‘df OV U ¢X|1(u)dx]‘df 0 ()|
a3\ "%
< Hn @¢TYR [Zr:|74|—‘[b2‘[w dx —|‘df (2k+1) (u)‘
ot L a, wf(l+1)n7]'/2 J

=Y
) J.:l(j e 1zdx ]‘df (Zk+l)(u)‘+ Lbl[(J_W+n ‘df @k+1) (u)‘]

A 1\
< Hn - (k+1) f (2k+1) ]
BV (1)
Hence, ||R2||L ., < Hn (bl g @l . where the constant H depends on k.
A BV (1
For te[0o »)\[a,b]xel, there exist a &>0 such that |t—x|25. Then
nt + o
S, Fto[1-¢ X <f jW(nxt)|f(t)| 1-¢| —— | | dtdx
o n+p n+ g
L,y
2k+1 t+a i
J'J'W(nxt)‘ I)()‘ - x| x
i:o n+p
nt +a
x|1—¢ dtdx
( ( n+pg D
=R, +R,.
2k+2
[nt ta ]
- X
. . .. n+ g
Now for sufficiently large t, 3 positive constant N, and H . such that - >H,

nt + o
+1
[n+ﬂ]
forall t>m, xe

2"

Now using Fubini’s theorem

—H J' +J' J‘ JW(nxt)

Now by using Lemma 1, we have

[n +aJ[ [nt+an
1- ¢ didx = R, +R,.
n+ g n+pg
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; nt +a
n+ g

(2k+2)

nt +a
- X dtdx
n+pg

N b
_ ~(2k+2) 0 2
R,=0 JO LZW (n,x,t)

R, = LW 0
nt +a ‘1
[n+ﬁj

Now combining the estimates of R, and R,, we get R, < Hn

—(k+1)

il

By using (11) and [3], we get

- X dtdx

nt +a

n+pg

)
IA

2k
-(2k+2)
s S0 Z _I

j J‘W(n X, t)‘f(') ‘[

o

IN

) ( H (i)
\

Ll(lz))

IA

—(k+1 2k+1
Hn 9 +Hf( +0 .
L (15) L (1)

From above estimates of R, and R,, we get

nt + o nt + o
Snaﬂ F X |[1-¢ X < Hn (k+1){||f|| +Hf(2k+l)
h n+p n+p L, 10, )
L ()

Hence, we obtain
Ll(lz)jl

(k+1) (2k+1)
[Rall, ) < o0 e,
3 L (1,) L, [0,)

Finally combining the estimates of R , R,, R,, we obtain the required theorem.

Ll(lz)]

Theorem 3. Let f e L [0, »), p >1, thenfor n sufficiently large

s 7] ]
Lyl0.)

where the constant H is independent of n and f.
(t) be the Steklov mean of 2k +2)" order corresponding to f (t) where

-1 ~(k+1)

(f.k,)—f

,p,1)+n

<H f,n
na,p Lp('z) ( 2k + 2(

Proof: Let f
n > 0 issufficiently small and f (t) is defined as zero outside [0, «), then we have

7.2K+2

S fK) - f s‘s fof k.

‘ n,w‘ﬁ( ) Lp(lz) n,a,ﬂ( n.2k+2 ) Lp(lz)
+‘Sn,aﬁ(f ~ oK) = f o, L1y +Hf'7v2'“2 ol ay
Sy Y, .
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To estimate y,, let ¢(t) be the characteristic function of 1, then

nt + o nt + o nt + o
Sn.a,ﬂ[(f - fr7,2k+2)[ ]’X]: Sn,a,ﬁ[¢( ](f - fr],2k+2)[ J’X]::WAJFV/S'
n+pg n+pg n+ g

Next is true for p =1, and p > 1 according to Holder’s inequality

P
b, p b, b nt +a
[l dt < [P W oxn|of - F L) dxdt .
) 3, "3 n+pg
Applying Fubini’s theorem, we get
p
b 0 b, b nt +a
[l at < W ox)f -1, dxdt .
a, a, va, n+ﬂ
< _
- Hf fn2k+2 Lpugf
Hence
0 L A
o ™ 1.2k+2 L,y

Applying Holder’inequality, (11) and Fubini’s theorem , for p > 1 we get the results.

—(k+1) fof

n.2k+2

el ., = Hn
Ly (1)

Lyl ’
By using Jenson’s inequality and Fubini’s theorem, we obtain

S0 L .
Lp[o,w) p[,00)

f7,2k+2

Hence

—(k+1)

< Hn H .
||V/5||Lp[0‘oc) Lp[O‘oc)

Now using 3" property of Steklov mean, we get

7] ]
Lp[o,m)

—(k+1)

y/lsH[umHZ(f,n,p,l )+n

We know that.

(2k+1)

f (2k+1)
n2k+2

n2k+2

BV (1) L (y)

According to Theorem 1, Theorem 2 and Lemma 3, we have

n2k+2 qu2k+2

. < Hn 7(k+1)(Hf (2k+2)
, <
L Ly (g) L,0=) )

)
p[,“ﬂ)

To estimate y ,, we use the 3“ property of Steklov mean, and obtain that s

(fn,p,1)+n "

2k+2

< H [n(szrZ)u

w,<Hu, .(f,n, p,I)

which is the required result and completes the proof of above theorem.
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4. CONCLUSION

The modification of operators plays an important role in approximation theory to obtain better
approximation. In this paper, we present a direct theorem for the linear combina- tion of stancu
type operators, we use the technique of linear approximation method.
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