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1. INTRODUCTION

The concept of an Almost Distributive Lattice (ADL) was introduced by U.M. Swamy and G.C.
Rao[8] as a common abstraction of most of the existing ring theoretic and lattice theoretic
generalizations of a Boolean algebra. The concept of Birkhoff center B of an ADL A was
introduced in [9] and it was observed that B is a relatively complemented ADL.

G. Epstein and A. Horn introduced the concept of a P, - lattice in [5]. Later, T. Traczyk, Ph.

Dwinger are studied and explored its properties. P, — lattice has good applications in computers
and logic on the lines of G. Epstein and A. Horn [3,4]. For this reason, G.C. Rao extended this
concept in to the class of ADLs as P, — Almost Distributive Lattices as a generalization of

P, — lattice. In this paper, we derive some important properties of P, — Almost Distributive
Lattice. These properties will help the further investigations of possible applications of
P, — Almost Distributive Lattices, P, — Almost Distributive Lattices and Post Almost Distributive
Lattice in logic and computer science on the lines of G. Epstein and A. Horn [3,4].

2. PRELIMINARIES

In this section, we give the necessary definitions and important properties of an ADL taken from
[8] for ready reference.

Definition 1.1 [8] An algebra (A,v,,0) of type (2,2,0) is called an Almost Distributive
Lattice (ADL) if it satisfies the following axioms:

i. Xv0=X
ii. 0OAXx=0

iii. (Xvy)rz=(xAz)v(yAz)

iv. XA(yviz)y=(xay)v(xaz)
V. XV((YyAzZ)=(xvy)a(xvz)
vi. (xvy)ay=y, forall x,y,ze A.
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Theorem 1.2. [8] Let m be a maximal element inan ADL A and x € A. Then the following are
equivalent:

i x is a maximal element of (A, <).
ii. XAM=m.
iii. xra=a, forall ae A.

iv. xva=x, forall ae A.

V. a v x ismaximal, forall a e A.
Definition 1.3. [9] Let A be an ADL with a maximal element m and
B(A)={xe Alxay=0and xvy is maximal for some ye A}. Then (B(A),v,A)IS a

relatively complemented ADL and it is called the Birkhoff center of A. We use the symbol
B instead of B (A) when there is no ambiguity.

For other properties of Birkhoff center of an ADL, we refer [9].

In our paper [7], we introduced the concept of Pseudo-supplemented Almost Distributive Lattices
and derive its properties. The following definition was taken from [7].

Definition 1.4. [7] Let A be an ADL with a maximal element m and Birkhoff center B. A is
called a Pseudo-supplemented Almost Distributive Lattice (or, simply a PSADL) if, for each
x € A, there exists b € B such that

P]_:X/\b:b
PyyifceB and x Ac=c, thenb ac =c.

Here b ~ m is uniquely determined by x and it is denoted by x!, the pseudo-supplement of x .
Also, we observe that x!e B ([0, m]) . For other properties of PSADL, we refer [7].

3. PROPERTIES OF P, - ADLS

The concept of P, — lattice was introduced by G. Epstein and A. Horn in [5]. The following

definition is taken from [5].
Definition 2.1. [5] Let A be a bounded distributive lattice and let B be a Boolean subalgebra of
the center of A. A chain base of A is a finite sequence 0 =e, <e <e,<....<e , =1 such

that A is generated B uU{e, e e,,..... e, 3. If A has a chain base, then A is called a
P, — lattice.

The concept of P, — Almost Distributive Lattice (P, — ADL) was introduced by G.C. Rao and A.
Meherat in [6] as follows.

Definition 2.2. [6] Let A be an ADL with a maximal element m and Birkhoff center B. Then
A is a P, — Almost Distributive Lattice(or, simply a P, — ADL) if and only if there exist
elements 0 = e, e ,e,,.....e, , in A suchthat:

i. e . .Am=m

ii. ene  =¢ fori<i<n-1

iii. forany x e A, thereexist b e B suchthat x Am =& "'(b, ne, Am).
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Aset {0=¢e 6,6, ... ,e, ,} of elementsina P, — ADL A satisfying conditions (i), (ii) and
(iii) is called a chain base of A.

Definition 2.3 [6] Let (A;e e e ,..... e.,) is a P -ADL and xe A such that

o'~ v2! ' ¥n-1
xAam=8€ " b Ae AM) . (#) where b, € B.

I. If b ab,, =b,  fori<i<n-2, then(#)iscalled a monotone representation of x, or
simply as mono. rep.

ii. Ifb Ab =0 fori= j, then(e)is called a disjoint representation of x, or simply as dis.
rep.

We observed that every element in A has both a mono. and dis. representation. The following
theorem is easily proved by induction.

Theorem 2.4. Let (A,v,A,0,m) be and ADL with a maximal element m and Birkhoff center

Let b,e,e Aforo<i<n-1suchthatb =b, Abande  =e ~e_. Then,

€ J(b,re,am)=b,ne, Al [F(bve )am.

Here afterwards, (A;e ,e,.e,,......e ) stands fora p - ADL (A,v,,0,m) with a chain base
{0=-¢,.e,e,,...,e,_,} and Birkhoff center B.

Now we prove the following.

Theorem 2.5. Let (A;e,e,,e,,.....e,,) bea P — ADL. Then A has a maximal n - term chain

base {0=e,<e <e,<...<e } if and only if baream<e  aAm implies
bam<e amforbeBandi<is<n-1.

Proof: Let e be the maximal chain base in P — ADL A. Suppose b e am<e, , am for
beBandl<i<n-1.

Let f,Aam =(e v(bne,))Am. Then

i i+l
b™ A f,Aam =b" A(e, v(bae,))Amwhereb” isthecomplementof b A m in[0,m]

=(bmAeiAm)v(bmAeMAm)
=bm/\ei/\m.
Since be B, wehave e, Am = (bvb")ae am

=(bre,am)v (b" Ae Am)

<(e,,Aam)v(b™ A f Am)

IA

(e, v f)Am

< f Am.

Sincee, Am < f, Am <e , Am,weget

O=¢,,e,Aame, Am,..,e.  Am< fam<e Am,e,

, AM, ,e,_, ~m is a chain base of

A. Since f am=>e am and e is the maximal chain base of A, we conclude that
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fAm=e rm. Then bare rm<e arm and hence bare  Am<baerm<e  Am.
Repeating the above argumentation a finite number of times, we get bne _ Am <e,_ Am and
hence. bam=<e _ am. Conversely, suppose that bare rm<e  Am implies
bam<e _ amforbeB and1<i<n-1. Suppose e and f aretwo n - term chain bases of
A and bre am<e  am implies bam<e  am for beB and 1<i<n-1. By our

assumption and Theorem 3.18[6], we get that A is a pseudo-complemented ADL and again, by
Theorem 3.21[6], we get A has a chain base {g,,9,.9,....... ,9,_,+ such that g, is the smallest

dense element of A. It is enough to show that f < e inthe case f, is the smallest dense element
of A. Consider

e, =(a,f,va,f,va, f v... va . f )am

f,= (b, f,vb,f,vb, fv. .. vb yam for i=1,2,..,n-1.

i,n-1 fnfl

Then a) e, =0 where a;} is the complement of a, Am in [0,m] and hence a,, Am =m.
f

IA

Similarly, we get b, Am =m, being f is the smallest dense element of A. Thus e,

Similarly, we get f <e, and hence e, = f,. Clearly {e e, .....,e 3} and {f , f, .. f .} are
chain bases in [e,,e ;] and members of the center of this interval are of the form
(e, v(bae, ))am. Then, by the hypothesis, we get (bve)am=<e  amfor i>2. By

applying the above argumentation may be applied to this case as well finite number of steps, we
get that A has a maximal n - term chain base. °

Theorem 2.6. Let (A;e,.e,.e,,......,e,_,) bea P, — ADL. Then the following are equivalent:
I. bre,am<e_ Am impliesbnre =0 foreverybeB and1<i<n-1.
ii. (bve_ )am=e amimpliesSbam=>e am foreverybeB andi<i<n-1.
Proof. Let b ae, aAm<e,_ Am impliesbre =0 foreverybe B and1<i<n-1.
Suppose (bve _)amz=e Am.

Then b™ A (bve,_)am=b" ne Amwhere b™is complementof b Am in [0, m]

:bmAeiflAmzbmAeiAm

= b"Ae,Am<e Am<e am
= (bv (" Are))Am<bare am
= (bve)am<bam
=>eAm<bam,
Thus we get (i)= (ii). Similarly, we get (ii) = (i).

In the following theorem, we derive some important properties of a p, — ADL and using this
theorem, we can replace x € B in the hypothesis of Theorem 3.5 by x € A.

Theorem 2.7. Let (A;e,,e,,.....e, ,) be a P, — ADL with a maximal element m and Birkhoff
center B. Then the following are equivalent:

I. bream<e  amimpliesbam<e  am foreverybeB,1<i<n-1.
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ii. xne am<e_ Amimpliess xam<e  Am forevery xe A,j1<i<n-1.

Proof. Clearly (i) follows (ii). Now assume x e, aAm <e,_ aAm implies xaAm <e, Am for
every xe A,1<i<n-1. Suppose xe A and xare_ Am<e am. Since xe A, x has a

mono. representation. Let x Am =& [ '(x, ne, am). Then x, ne,am <e,_ nm and hence
xne am<e  Am andhence x, nm <e , Am. By monotonicity gives x, nm <e_, A m for
j<i. Therefore x, ne, am<e_ am for j<i. Similarly, we get x, ne, aAm<e_ am for

j<i. Hence x Am<e _ Am.
Unlike in lattices, the dual of an ADL in not an ADL, in general. For this reason, we introduce the
concept of a dual P, — Almost Distributive Lattice as a generalization of a dual P, - lattice.

Definition. 2.8. Let A be an ADL with a maximal element m and Birkhoff center B. Then
A is said to be a dual p, — Almost Distributive Lattice (or, simply a dual p, - ADL) if and only if

there exist elements 0 = e, e ,e,,.....,e, , € A such that:

1

i. e, ne=¢,fort<i<n-1

ii. forany x e A, thereexist b, e B suchthat x Am =1 [ (b, ve)Am.

We observed that if (A;e ,e,,....e ,) is a dual P - ADL with a maximal element m and
Birkhoff center B, then bae  Am<e am implies bam=<e am for every be B and

1<i<n-1.Finally, we conclude this paper with the following theorem and it is derive directly
from Theorem 2.5 and Theorem 2.7.

Theorem 2.9. If (A;e,.e,,.....e, ,) beadual P - ADL with a maximal element m and Birkhoff
center B is the least chain base of a P, - ADL, then e ! exists and equals to o for
i=1,2,...n-2.
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