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Abstract: A procedure for establishing the Galois group of an equation the roots of which are not known

will be developed and applied. The procedure is based on the Galois transform of the given equation,

namely a polynomial equation. The steps are as follows: the roots of the transform equation are expressed
in terms of those of the given equation using the Galois procedure. The values of the roots of the transform
equation being not known should be used in relations in which only the values of the symmetric functions of
the given equation will intervene. This step not found in the known works has been accomplished in the
present work. Then the binomial product representing in this form the transform equation will be obtained.

Solving this equation, factors of a degree smaller that those of the transform equation, and sometimes of the
given equation permits to construct the resolvent and Galois group. The use of a symbolic programming
language, like Maple 12 software, simplifies very much the construction of the program.
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1. INTRODUCTION

From the several methods for establishing the group in the case of an equation the roots of which
are not known; in the present work, a procedure starting from a method proposed and used by
Gustave Verriest, will be developed. Although, the procedure is presented in his book [1, p. 176]
cannot be easily used. The reason is that the author introduced some symbols for the not known
roots, and the values of the same number of free constants, the values of which will be determined
so that no multiple roots exist. At the same time, in the transformed equation, the free constants
intervene, but the supposed roots do not appear, what is not justified. A possibility could be, the
author had introduced for the roots the values of the starting equation, but in this case, the
assumed condition that the roots of the starting equation are not known is no more fulfilled. This
is the principal reason that we aim to analyze and solve the considered problem. Moreover, an
advantage of the present procedure is the use of symbolic language, namely Maple 12 software,
which permitted to simplify the computation and shorten the working time, not possible at the
time when the method was proposed.

2. THE EXAMINED PROBLEM

Many works have been devoted to this subject, among which [1]-[15]. For the sake of clarity, we
shall consider an example from [1], namely, the following equation [1, p. 176], with rational
coefficients:

f(x)=x3—3x2+l=0. (1)

We shall denote the not known roots of this equation, by §;,&,, &5, and we shall use the Galois
transform [4, p. 319], [8, p. 38], the roots of them will be denoted by n;,,i€[l, N].
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This transform is obtained by replacing the given equation, by another one, in the form of a
binomial product, by replacing the roots of the given equation, by a rational linear function,
obtaining now N =n! roots, if the given equation has n roots. In the present case, we have

N =3!=6. The relation between the roots of the given equation and the Galois transform, in
matrix form, may be written as:

=[] g]. )

In expanded form, like in [1], there follows the results of Table I:

Table 1. Relations between the roots of an equation and its Galois transform.

Mm=M&+A & +213&; M =ME +A E3+A3 &, M3 =M & +A & +258,

Ny =ME +A 83 +2038, Ns =h &+ A& + 1385 Ne=MGE+A &+ 25§

The Galois transform will be of the form:

N
F=[T6rn). ®

i=1
where the current variable is w. Replacing in (3), we get:
F(w)=expand (w=m,)-(w=m,)-(w=13)- (w=ny)- (w=ns)-(w=mg)). @
W=FWw).

3. THE COEFFICIENTS OF THE TRANSFORMED EQUATION

For the quantities of Table I, a problem occurs. We do not know the values of the roots of the
given equation, but it may be possible to use the expressions that intervene in terms of the
coefficients of the given equation without using its roots. At the same time, the indetermined
introduced coefficients have to be chosen, one condition is to avoid the Galois transform have
multiple roots, and the other is to facilitate the solving of the transform equation, which already
has a greater number of roots. We shall adopt A; =1;A, =—1;A; =0. Under these conditions,

there results that the transform equation will have only even terms.
3.1. The Coefficient of the Term w’

We want to calculate the value of the coefficient of w”. For this purpose we shall divide all the
terms of this coefficient, into several partial sums of like terms, each of them containing the
factors in increasing order. First, we write all terms of this coefficient,

— 288383 —2E3EE] — 283638, — &8 + 283858, + 26,8, + 28,658, —28)E3¢;
+2E383 +6EEIET —EIET — 28,8387 —E3E3 + 28783 —E7ES +2878] —E1E] —£3E3 (5a)
—2E7E3E,.

We shall sort in like elements of the form:

—EE3Es s +E B3 —ETE] s ElE B +EEIE +EEET; —ETET —ETE] .,

therefore:
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r=-2 (a%a% +EJERE, + B EIE +EEIES +ETEES + a%azai)
+2(gle,8, + 88, el Jra(gled +3ed + £383 6 2ee? (5b)
~(e2et v etel vkt et v eed v eded).

For calculating the sums in closed form of these symmetrical functions, we must have in view that
the present case is only few related to the general theory of symmetric functions, not found in
known books or in [1], and must be directly considered. For this reason, we shall separate the
sums into independent partial sums. Successively, we have:

TI= 28,5, (623 4 626, + 2,83 + 36, + 8 + 805, ), O
T1=-288,83 (& +&, +E3)(EiEs +EiE3 +E83) —3E1E,E3), )
T2=2(gfe,8, + EERE + 8088 )+ 6276383 = 2,8.8, (6] + 23 + €+ 62783E2. ®)

In the case, in which the terms of the partial sums are relatively complicate, we shall use a
notation without indices, and at the end, in the established summing formula, we shall replace the
new symbols in terms of the previously indexed symbols. For the parentheses with cubic

quantities, we put: §, =a; &, =b; &;=c, and we have:

(a+b+c)3 =a’+3a’b+3a’c+3ab® + 6abc+3ac* + b +3b*c +3bc? + ¢

=3(ab+ac+bc)a+b+c)+a® +b* +c* —3abe, )

EHES+E] = (8 +8& +83) —3(818, + &8s + 5,85 &) + &, +E3)+ 3868,
T3=-{e2ed vefed veded vetel veded v edel), (10)

T3 =—-|ab? + a’b +ac® +a’c +bc? +b2c),

T3 =—(ab(a+b+c)+ac(a+b+c)+be(a+b+c)-3abe), (11)
T3 =—(ab+ac+bc)(a+b+c)+3abe,
r3=-{efe} reig 33t 23 v g3)-3ied). (12)

(a%a% +ETES + a§a§)= (180 +E&18s + 8283 —28,18,85(8, +&, +&3),

EF+E3+E] = (8 +E, + &3 —2(8,8, + &5 +E8s). (13a,b)

Ta=2(gled + el +£3ed). (14)

Weput: §, =a; &,=b; &;=c.

We shall expand F =(ab+ ac+bc)3 =(§,&, +E,83 + 8,85 )3 , its value being considered, because,

in this way, we can obtain an expression close to 74, and at the same time, we change the
variables by using the Maple 12 commands: expand, exponent and multivariate functions, in the
following steps:
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F=a’h® +3a’°b’c+3a’b’c+3a’bc? + 6a°b*c? +3ab’c? +a’c® +3a°bc’

+3ab’c + b3c3, (1)
F1=3a’b*c+3a’b’c+3a°bc? +3ab’c? +3a’bc> +3ab’c® + 6a*b>c>. (16)
F1=3 abc(azb +ab® +a*c+ac® +bc+ bcz)+ 6a’b*c?. (17)
Fl(a,b,c)=3abc((ab+ac+bc)(a+b+c)-3abc)+6a*h>c?. (18)

In the present case, we have the following given data:
Ci+&r+83=3; & +E &3 +883 =05 E&8; =-1. 19

Therefore F1=-3; F =0.
We obtain the following results: 71=6; 72=-42; T3=-6-9+3=-51; T4=6; and the
coefficient of w® will be the amount of the partial sums above, hence —81.

3.2. The Coefficient of the Term w>

We want to calculate the value of the coefficient of w? . For this purpose we shall divide all the
terms of this coefficient, into several partial sums of like terms, each of them containing the
factors in increasing order. First, we write all terms:

(—28,83 —2838, — 28,83 — 2808, +&] +3E3E3

(20)
~2838; + 38783 ~ 26183 +3E38] +&3 +&7) v’
Now, we shall sort in like elements:
F=-2(g8d el + 583 + 2, + 280 + 838,
22 | ¢2¢2 | ¢2¢2), 24 ¢4 | ¢4 21)
+3(ge3 veted el Jrd vt et
We denote:
Ci=a; & =b; E=c. (22)
F= —2(ab3 +a’b+ac® +aic+be’ +b3c)+3(azb2 +a’c? +b202)+ (a4 +b* +c4). (23)
F= —2(a3 +b +c3)(a+b+c)+3(a4 +b* +c4)+3(azb2 +a*c? +b202). 24)
A1=a2+b2+c2=(a+b+c)2—2(ab+ac+bc). 29)
A2 = (azb2 +a’c? + bzcz): (ab+ac +bc)2 ~2abc(a+b+c).
AB=da+p*+? =(a+b+c)3 ~3(ab+ac+bc)-(a+b+c)+3abe.
(26)
Ad=a* +b* +c4 = (az +b? +cz)Z —2(aZb2 +a*c? +bzcz).
Using formula (24) and expressions 41— 44, we obtain:
F= —2(a3 +b° +c3)(a +b+c)+3(a4 +b* +c4)+3(azb2 +a*c? +b202).
(27)
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F=F(§1,§2,§3). (28)

Replacing the known values, we find:

a+ b+ =24;
a+b+c=3;
a*+b* 1t =81-12; (29)
a2b2+a2c2+b2c2=6;
F=-2.24-3+3-69+3-6.
The value of the coefficient of w?is 81.

3.3. The Coefficient of the Term w*

We want to calculate the value of the coefficient of w*. For this purpose we shall divide all the
terms of this coefficient, into several partial sums of like terms, each of them containing the
factors in increasing order. First, we write all terms:

Now, we shall sort in like elements:

2(5,8, +8,8; +5,8)-2(62 + 82 + 82 )=2(8.2, + .8, + 58

(30)
- 2((@1 +& +&3 )2 - 2(@1@2 +&83+8,83 ))
There follows:
2(818, + 18+ 8083 ) 2(E2 +E2 +E2) = 6(8,8, + Ei8 +Ents)—2(8, + £y +E5 o

Replacing the known data, we find the value of the coefficient w* as —18.

4. SOLVING THE GALOIS TRANSFORM EQUATION

Considering equations (4), its expansion in terms of w, and the coefficients calculated in the three
preceding paragraphs, we get:

wé —18w* +81w? —81=0. (32)

We shall prove if the obtained equation can be split into irreducible components, using Maple
procedure. The factorization and solutions are given below:

factor(w® —18 w +81w? —81); (w3—9w—9)(w3—9w+9) (33)
9.770700706, —3.393328744, —6.377371962 (34)
1.184792531, 2226681597, —3.411474128 (35)

The solutions, having in view their permutations, are presented in Table II.

Therefore, we obtained two equations of third degree, irreducible in number fields Q and R . The

number of roots of the Galois transform is 6, whereas that of the given equation is 3. It is
interesting to see to which of the two equations does correspond with the solution of the given
equation. An analysis of this subject has been carried out in [1], but we consider that the best is to
make further on, some simple examination.
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5. GALOIS GROUP

We can now write the group of the given equation, according to Galois meaning:
Table 2. The order of the three roots of the given equation

& | & | & & | & | & & | & | &

S | & | & & | & | & & | & | &

Since the solution of the equation (4) is, according to Table I, of the form m, =&, —&,, there

follows that if & >&,, we have m; >0. If all n; have same sign, their product will be positive,

and the last term of the equation should be negative, hence it is the first equation, of the two
irreducible factors. Let the roots of the given equation in & be: 3;2; —1. There follows the values

of n: (3—2); (2—(— 1)); ((— 1)—3), hence :1;3;—4. It is obvious that this situation does not
correspond to the first factor, but to the second factor, with the roots product of the Galois
transform negative, and last term positive, and for the given equation with the roots product
negative and the last term positive. Therefore, this is the resolvent of the given equation.
In [3], we found the following Galois group, for the equation (1):

"3T1"’ {"A(3)"}’"+H’3’ {H(123)H} (36)

hence another form of the Galois group of the equation.

The meaning of the notation is the following: a. “3T1” first group in the list of degree 3, transitive
group. b. A set of strings giving the description of the group. c. A string indicating the parity
(signature) of the group, here even group. d. Here, order 3 of the group. e. Set of generators (of
permutations) in disjoint cycle notation.

6. CONCLUSION

A procedure for the calculation of the resolvent and the Galois group of an equation, the roots of
which are not known, are developed. For this purpose, the Galois transform is used. At the
difference relatively to other methods, the case of equations, the roots of which are not known, is
deeply analyzed. The usage of a symbolic language, namely Maple 12 facilitates the
programming activity and shorten the working time.
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