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Abstract: This paper, deals with the concept of gl-groupoid in such a way that every I-groupoid is a gl-
groupoid but not conversely. The concepts of gl-semigroup, gl-monoid, residuated generalised lattice and
integral gl-groupoid have been identified.. and also Galois connection on a residuated generalised lattice
is established . Proved that a complemented integral gl-groupoid satisfying some condition is distributive.
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1. INTRODUCTION

Murty and Swamy [3] introduced the concept of generalised lattice. In [4], the author developed
the theory of generalised lattices by proving several results in generalised lattices which are true
in case of lattices and those are unable to prove in posets. The theory of lattice ordered groupoids
(I-groupoids) is well known by chapter XIIV of [1]. In this paper section 1 contains preliminaries
which are taken from the references [1], [3], [5] and [6]. In section 2, introduced the concept of
generalised lattice ordered groupoid (gl-groupoid) in such a way that every I-groupoid is a gl-
groupoid and gave an example of a gl-groupoid which is not an I-groupoid. Similarly introduced
the concepts of gl-semigroup, gl-monoid and integral gl-groupoid and proved some useful results.
In section 3 introduced the concept of residuated generalised lattice and obtained a Galois
connection on a residuated generalised lattice. In section 4 studied about integral gl-groupoids and
proved that a complemented integral gl-groupoid satisfying some condition is distributive.

2. PRELIMINARIES

2.1. Definition: [3] Let (P, <) is a poset. Then P is said to be a generalised meet semilattice if for
every non empty finite subset A of P, there exist a non empty finite subset B of P such that, x €
L(A) if and only if x < b for some b € B. P is said to be a generalised join semilattice if for
every non empty finite subset A of P, there exist a non empty finite subset B of P such that, x €
U(A) if and only if b < x for some b € B. P is said to be a generalised lattice if it is both
generalised meet and join semilattice.

If P is a generalised meet semilattice, then for any L(A) € L (P) there exists a unique finite
subset B of P such that L(A) = | J L(b ) and the elements of B are mutually incomparable and the

beB

set is denoted by ML(A). Similarly observed that: If P is a generalised join semilattice, then for
any U(A) € A (P) there exists a unique finite subset B of P such that U(A) = J U(b ) and the

beB

elements of B are mutually incomparable and the set is denoted by mu(A).

2.2. Definition [3] An element a of a poset P is said to be meet distributive if L(a) is meet
distributive in the semilattice L (P), it is said to be join distributive if U(a ) is meet distributive in
the semilattice A (P), it is said to be distributive if it is both meet and join distributive. A poset P
is said to be meet(join) distributive if every element of P is meet(join) distributive. P is said to be
distributive if every element of P is distributive. A poset P is a meet (join) distributive poset if and

only if L (P) ( A (P)) is a distributive meet semilattice. If P is a generalised lattice then L (P), A
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(P) are lattices. A generalised lattice P is a distributive if and only ifL (P) ( A (P) ) is
distributive.

2.3. Definition [5] Let P be bounded generalised lattice with least element 0 and greatest element
1. An element a € P is said to be complemented if there exists b € P such that a A b exists and
equal to 0 and a V b exists and equal to 1. If every element of P is complemented then P is said
to be complemented.

2.4. Definition [6] A system (G, +, <) is called a gl-group (= generalized lattice ordered group)
if (G, <) is a generalised lattice, (G, +) is a group and every group translationx — a + x + b on
Gisisotone (thatis x <y =>a +x +b < a+y +b foralla,b €G).

2.5. Definition [1] A po-groupoid (or m-post) is a poset M with a binary multiplication which
satisfies the isotonicity condition (1): a < b impliesxa < xb and ax < bx forall a, b, x €
M.

2.6. Definition [1] Let M be a po-groupoid. The right-residual @ .~ P of @ by P s the largest
(if it exists) such that PX < @ The left-residual 2 -~ P of @ by P is the largest y (if it exists)
such that yb < @,

3. GL-GROUPOIDS

3.1. Definition: A multiplicative generalised semilattice (or m-gsl) is a generalized ( join)
semilattice M with multiplication such that, for any a,b,c € M satisfying the conditions,

@:mu{®°3={z.2,.....2 }impliesmu{?"' 3¢} ={az az,,...az }and

@):mu{®P3={z.2,....2 }impliesmu{?°P 3} ={7¢2.c..zc}

3.2. Definition: A generalised lattice M with a multiplication satisfying (2) and (3) is called a
multiplicative generalised lattice (m-gl) or gl-groupoid.

3.3. Definition: A gl-groupoid which is a semi group (monoid) under the multiplication is called
a gl-semigroup (gl-monoid).

(1) follows from (2) & (3), (forif © < ¢ then mu{ab,ac } = {2¢} and mu{ba,ca} ={ca},

whence @b < ac and ba < ca ) In other words, any m-gsl is a po-groupoid. Since every directed
below finite poset is a generalised meet semilattice, any finite m-gsl with least element 0 is a gl-
groupoid. Consequently, if G is any gl-monoid with identity element & then 2% > X forall X €
Gifandonlyif @ > € while,2* < Xforall X e Gifandonlyif 2 <¢€.

Any po-group which is a generalised lattice satisfies (2), (3) and their dual. In other words, every
gl-group is a gl-monoid. Every I-groupoid is a gl-groupoid but the converse is not true. Similarly
every I-semigroup (I-monoid) is a gl-semigroup (gl-monoid). Any chain is a gl-groupoid as well
as an I-groupoid under any isotone multiplication.

3.4. Example: Consider a generalised lattice M ( see fig(1) ). Define a multiplication on M such
that xy = x forall x,y € M. Then clearly M is a gl-groupoid but not an I-groupoid and M is a

gl-semigroup but not an I-semigroup.

3.5. Example: Let M be a bounded generalised lattice with least element 0 and greatest element
1. Suppose M* =M U {e } where 0 < e < 1 and e is incomparable to x for all x € M - {0, 1}.
Then M is a complemented generalised lattice ( see fig(2) ). Define a multiplication on M* such
that xy = x forall x,y € Mand ex = xe = x forall x € M. Then clearly M* is a gl-monoid

but not an I-monoid.

3.6. Definition Let M be a gl-groupoid with identity elemente . An element a of M is said to
integral if a < e . M is said to be integral gl-groupoid if x < e forall x € M.
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3.7. Example: Let M be a generalised lattice and M*= M U {e } where x< e for all x € M.
Then M'is a generalised lattice with greatest element e ( see fig(3) ). Define a multiplication on
M* such that xy = x forall x,y € Mand ex = xe = x forall x € M. Then M'is an integral gl-

monoid.

3.8. Lemma In any gl-groupoid, we have U({ba,ab}) = ) U U(st).

seML{a b} temu{a,b}

Proof: LetML{a,b }={s,,s,,....s, yandmu{a,b } = {t,,t,,....t_}. Then by (1) we have s a <

baand s,b < ab forall i. This gives U({ab,ba }) ¢ N U({sa,sb})and by (2) we have U({

i=1

s,a,sb})= Lj U(s;t;). Therefore U({ba,ab }) ﬂ Lj U(st; ).

j=1 i=1 j=1

3.9. Lemma In any integral gl-groupoid, we have
(i) mu{®° } = {e } implies UML{®° }) = U({P? 2" }) and

(i) mu{?'® 3= mu{® ¢} ={e}impliesmu{? P} ={e}and mu{® S} ={e}forsome se
ML{": 3.

Proof: i): Observe that in an integral gl-groupiod, UML{a,b }) ¢ U({ba,ab}). If mu{a,b}=
{e } then by above lemma we get U({ab,ba }) ¢ U(ML{a,b }) and therefore UML{a,b }) =
U({ba,ab }).ii): Observe that U(e ) ¢ U({a,bc }) ¢ U({aa,ba,ac,bc }). Suppose mu{a,b }
=mu{a,c }={e } Then by (2) we have U({aa,ba,ac,bc }) =U({a,b }) = U(e ) and therefore
U({a,bc})=U(e)ormu{a,bc }={e}. ObservethatU(e) c U({a,s}) < U{a,bc}) =U(
e ) for some s € ML{b,c }. Therefore mu{a,s } ={e } for some s € ML{b,c }.

4. RESIDUATED GENERALISED LATTICES

4.1. Definition A residuated generalised lattice is a gl-groupiod L in which @ .~ band @ ~. b
exists forany a,b € L.

Observe that any gl-groupoid which satisfies ascending chain condition is residuated, provided
the inequalities xa < b and ay < b have solutions x, y forall a,b .

In any po-groupoid, the functions @ .~ P and 2 . b are isotone in 2 and antitone in P . This
gives the third condition of the following theorem.

4.2. Theorem In any residuated generalised lattice we have

(i) ML{a,b }={s,,s,,....s, yimpliesML{a ~c,b ~c}={sy ~“c,....8, ~Cc}
(i) mu{b,c}={s,,s,,...s, yimpliesML{a < b,a <~ c}={a s, ..., a S}
(iii) S € ML{b,c } implies 2 ~ SeU{?a ~b a ~c}

Proof: (i): Let a ¢ =y, b - c = zand s, ~ c=x for1<i<n Let ML{y,z} ={

t,,t,,....t, }. Consider an index i (1 < i<n). Then x, < t, for some j (1 < j<m). But ct, € L({

1020

a,b }) gives ct, < s, for some k (1 < k <n). Therefore x, < t; < x, . Finally we can say that
each x, isequal to t, for some jand conversely. Hence ML{a "¢, b - c}= ML{y,z }={
tt,nt F={x, %, ..x }={s, < c,..,s ~cr(i)leta c=y b . c=zanda .-

s, = x, for1<i<n. LetML{y,z}={t,t,,..t } Consideranindex i (I <i<n). Then st <
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a for some jand therefore t < X, Since b,c < s, , we have bx,< a and cx; < a. This
implies x, € L({y,z }) and then x, <t,_forsome k (1 < k <m). Therefore t, < x, <t, . Finally
we can say that each t, is equal to x, for some j and conversely. Hence ML{a - c,b "¢} =
MLLy,z}={t.t,, ...t }={x.x,,..x, }={a ~s,..,a s }

Observe that in any residuated generalised lattice, we have b <a ~(a -~ b)andb <a ™~ a .
b ). Any integral element a of a residuated generalized lattice with unity e satisfies a <e . (e
“~a)<eanda <e -~ (e ~a)<e.

4.3. Theorem For any fixed element ¢ of any residuated generalised lattice L, the
correspondences x — ¢ .~ x = x*and y — ¢ . y = y + define a Galois connection on L.

4.4. Definition Let L be a residuated generalised lattice and ¢ € L. An element x € L is said to
be aright c -closed if x =c¢ (¢ ~ x). Anelement x € L is said to be left ¢ -closed if x = ¢
. (c . x).Observe that in a residuated lattice L, an element x is right ¢ -closed if and only if x
=c¢ .~ y forsome y and left ¢ -closed if and only if x = ¢ . y for some y . More over if a,b

are right ¢ -closed elements then so is every element of ML{a,b }.

5. INTEGRAL GL-GROUPOIDS

5.1. Definition Any pair of elements a, b of an integral gl-groupoid L are said to be coprime if
mu{a,b }={e }.

Observe that in an integral gl-groupoid, for any * ¥ we have UML{*' Y }) = U(*Y).

5.2. Lemma In an integral gl-groupoid, if a,b are coprime then mu{xa, xb } = {x } = mu( ML{
x,a } U ML{x,b })forall x.

Proof: Suppose mu{a,b } = {e }. Then by definition clearly mu{ xa,xb } = {xe } = {x }. Let
mu( ML{x,a} U ML{x,b })={"f,f,, ..., f.}. Then each f, is an upper bound of {xa, xb }
and therefore x < f forall i. On the other hand, clearly x € U(ML{x,a } U ML{x,b }) and

then x > f, forsome j. Therefore x = f forall i.

5.3. Lemma In an integral gl-groupoid, if a, b are coprime and x € U(ML{a,b }) then ML( mu{
x,a U mu{x,b})={x}= mu(ML{x,a} U ML{x,b }).

Proof: Suppose mu{?'®} = {e} and x € UML{?' " }). Let mu{**®} = {c,.c,.....c. }, mu{
XDy -f4 d,,...d JandML(mu{*33 U mu{*®3)={r.f, .. f} Thenforeachi (1

<i <1) we have bf, < bc and af, < ad, forall J,k (1< J<m, 1< k<n) This gives U({

bx,bayy - ﬂ U(bc,) = U(bf,) and U{?* 2P} = ﬂ U(ad,) < U(af,). Therefore U({

=1 -1
ax,ab,bx,ba vy _ (1) for all i . Now we can observe that UML{? X }) < U{?**3" }) and
UMLL® ¥} < U{P* P2}, This implies and by above lemma we have U(x ) = U(ML{*"2 }
U ML{*P3}) < U(t,)and therefore f, < x for all i. On the other hand since x € L( mu{*'?3
YU mu{*P}) x< t for some I Therefore finally x = f, forall i. That is ML( mu{*? }
U mu{*"})={x}.

5.4. Lemma In an integral gl-groupoid, if x,y are both coprime to a then so are xy and p for

some p € ML{x,y }.
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Observe that if a generalised lattice P is integral then L (P) is also integral (i.e., a <e forall a €
P implies L(A) <L(e ) forall L(A) € L (P)).

5.5. Theorem In an integral gl-groupoid, for any coprime elements a, b we have,

(SY)y e[®®] ] implies mu(ML{®'} U{a})={s}and mu(ML{> '3 U {b }) = {t
}

Proof: Since a,b are coprime and b < t; the elements t, a are also coprime. Then by Lemma 4.2
we have mu( ML{s,t} U {a})=mu( ML{s,t } U ML{s,a }) = {s }. Similarly we can prove
mu(ML{s,t T U{b})={t}.

In an integral gl-groupoid P, consider the following condition (4): a,b are coprime and L(X) €
[L({a.b3}), L(e)]implies N (L(x) VL(a))=L(X)VvL(a)and N (L(x)V L(b))=

LX)V L(b).

5.6. Theorem If P is an integral gl-groupoid satisfying the condition (4) then for any coprime
elements a,b ; we have [L({a,b }), L(e )] is isomorphic to [L(a ), L(e)] x [L(b), L(e)]in L
(P).

Proof: Define a map ¢: [L({a,b }), L(e )] — [L(a), L(e)] x [L(b), L(e)] by o( L(X) ) = (
L(X) V L(a), L(X) V L(b)). Clearly ¢ is well defined. To show that ¢ is onto: Let ( L(Y), L(Z)
)Ye[L(a), L(e)] x [L(b), L(e)]. ThenL(YU Z) =L(Y) N L(Z) e [L({a,b }), L(e)]. Now for
any yeYand z€ Z we have (y,z) € [a,e] x[b,e ] and then by above theorem, mu( ML{
yv,zyU{a})={y}tandmu(ML{y,z} U{b})={z} Therefore L({y,z})VL(a )=L(
y)and L({y,z}) V L(b) = L(z). By the condition (4), L(YU Z) VL(a)=N( (L{y.z})

yeY zeZ

Vi(a))=NN L(y)=L(Y).Similarly L(YU Z) V L(b ) = L(Z). To show that ¢ is one-0ne:

Let L(S), L('Iz) EZE[L({a, b }), L(e )] and suppose ¢( L(S) ) = ¢( L(T) ). Now by condition (4) and
Lemma4.3we have (L(S)V L(a))A(LES)VL(b))=N (Ls)VvL(a))A(L(s)VL(

seS

b)) = L(mu{s,a}U mu{s,b}) = L(s)=L(S). Similarly (L(T) v L(a)) A (L(T)

vV L(b) ) = L(T). Therefore ¢ is a bijective map and by similar argument we can show ¢
satisfies the condition: L(S) < L(T) if and only if ¢( L(S) ) < ¢( L(T) ). Therefore ¢ is an order
isomorphism.

5.7. Theorem Let P be an integral gl-groupoid satisfying the condition (4). If P is complemented
then P is distributive and L({ x, y }) = L(xy ) forany x,y € P.

Proof: Let a € P and a’be a complement of a in P. Clearlya,a'are coprime in P. By above
theorem, L (P) = [L(0), L(e)] =[L({a.,a'}), L(e)] = [L(a), L(e)] x [L(a'), L(e)]inL (P).
Then L(a ), L(a") are belongs to center of L (P). Therefore L(a ) is distributive in L (P), that is a
is distributive in P. Let x € P and x* be a complement of x in P. By Lemma 4.3, mu{xa,xa'} =
{x}and mu{xa,x'a}={a} Then UML{x,a }) = UML(mu{xa,xa'} U mu{xa,x'a}))=
U{xa,xa'}) VU{xa,x'a})=(U(xa)VU(xa))N (U(xa)VU(x'a))N (U(xa") V U(xa
)) N (U(xa")V U(x'a))=U(xa). Therefore L({x,a }) = L(Mu(ML{x,a })) =L(xa).
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6. CONCLUSION

It has been proved that any complemented integral gl-groupoid satisfying a condition is
distributive.
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