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Abstract: In the present paper we consider lossy transmission lines terminated by a circuit consisting of
in series connected CR-loads parallel to L-load. Such a configuration of nonlinear elements is a simplified
scheme of triode generator circuit. On the base of Kirchhoff’s law boundary conditions are derived. Then a
mixed problem for lossy transmission line system is formulated. The reducing of the mixed problem leads to
an initial value problem for a neutral system on the boundary. We are not able to exclude some transitional
current functions and obtain a system of four equations for four unknown functions. We show that natural
solutions are oscillatory ones. Further on we prove an existence-uniqueness theorem for oscillatory
solution vanishing exponentially at infinity by a fixed point method.
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1. INTRODUCTION

The main purpose of the present paper is to consider transmission lines terminated by a circuit
consisting of in series connected CR-loads parallel to L-load. Such a nonlinear circuit corresponds
to a triode generator of oscillations (cf. [1]). A lot of results and applications of transmission lines
terminated by various circuits of nonlinear loads can be found in [2]-[20].

Basically we follow the procedure from [20] and technique from [21]. The paper consists of eight
sections. Section 2 contains derivation of boundary conditions using Kirchhoff’s law. Then the
mixed problem for lossy transmission line system is formulated. It must be emphasized that in this
case the CR current function cannot be excluded and we need to consider a system of four
equations instead of the usual two [20]. In Section 3 using Heaviside conditionR/L=G/C the
mixed problem to an initial value problem on the boundary is reduced. Finally heuristic reasoning
is given which justify why one should look for oscillatory and not for periodic solutions. In
Section 4 we consider the arising nonlinearities and introduce suitable function spaces and
corresponding families of pseudo-metrics. In Section 5 an operator presentation of the oscillatory
problem is given. Section 6 contains some elementary Lipschitz estimates of the right-hand sides
of the system necessary in the next section. Section 7 contains the main result — an existence-
uniqueness of an oscillatory solution by fixed point method [21]. Section § contains a numerical
example that demonstrates the advantages of our method introduced in [20].

2. DERIVATION OF BOUNDARY CONDITIONS HEADINGS

Since we consider lossy transmission lines we proceed from the following system (cf. [20])

CM+%+GU(X»0:O’
X

ot
oi(x,t) ou(x,t) _. _
L—at +—8x +Ri(x,t)=0 (D

(6 el ={(xt) eI :(xt) €[0,A]x[0,0)}
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where U(X,t) and i(X,t) are the unknown functions (voltage and current), while L, C, R and G are

prescribed specific parameters of the line. For system (1) we formulate the following mixed
problem: to find u(X,t) and i(X,t) in IT with initial conditions

U(X0) = U (X), i(x,0) =i (x), x [0, A]. @)
To obtain the mixed problem for (1) we have to derive boundary conditions for X=0 and x=A.
In accordance to Kirchhoff’s law (cf. Fig. 1) we have to sum the voltages of the elements C, and

R, after that to sum the current of CR, and the current of L,. We assume that the second end is
terminated by the same configuration (cf. Fig. 1). If A is the length of the transmission line then

the time for propagation of the wave along the line is T = A /(1/4LC)=A+VLC , where 1/4/LC
is the speed of propagation, L is per unit-length inductance and C — per unit-length capacitance.

Ras e

Co €l
Lo u(xt) i}

Ro R1

i(xt)

- -+ -—--———- >

Fig. 1. A lossy transmission line terminated by nonlinear triode generator circuit
Assume C,,R; and L,(p=0,1) are nonlinear elements, that is, C, =C,(u), R, =R, (i),
L, =L,(i) are prescribed nonlinear functions (characteristics). Introducing denotations

dy, dlyGy,)

CylUg,) =Y, C,(Ug,). Lo(iy ) =iy, Ly(i) we have u = . In particular

dt dt
di L)) (0 dLGy) i,
— = L )+ —— |—
dt P P dle dt
uRp = Rp(iRp )3
dC,ue,) dlue, C,ue,)) dC, (U, ) | duc,
I = = =| C,(Uc_ )+Uc ,
P dt dt P P duCp dt
dC (ic 5 ) di
_ ; P CpRp/ " 'CpRp
and Uc,ry = Rp(lRp)+ dic . prant
pRp
. . . . . . déo(ul_o)
Then Kirchhoff’s law yields —1(0,t) =I¢ g, +1,,. But i, =5 and u, =u(0,t).
Therefore
dCy(u,) dC, (u(0,1))

—i(0,) = igyg, () + & —i(0,1) =gy, () +

dt dt
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On the other hand Uc, +Ug, =Ucyr, = u(o,t) = Up,-

dLy (i ,
But uc, = 0(lcy) and Ug =R, (ig,) and consequently
diylc,) o dlylice)
Ucory :TO+R0 RO):TOO+R0(|RO):U(OJ)-

In view of i, =ig, =ic,r, and —i(0,t)=ic g, (t)+i_, we obtain boundary conditions for (1)

—i(01) =igye, (O +

dC 0t dL (i .
CO(;E ))’ LO(dCt0R0)+ RO(ICORO) — U(O,t) (3-1)

and for the right end

dC,u(At) AL (ic,e,)
a7 dt

which jointly with initial conditions (2) form a mixed problem.

I(AD) =l (D + +Ri(ig;p, ) =U(AL) (3-2)

3. REDUCING THE MIXED PROBLEM TO AN INITIAL VALUE PROBLEM ON THE
BOUNDARY USING THE HEAVISIDE CONDITION R/L=G/C

First we present (1) in the form

ou(x,t) N 1di(x,t) G oi(x,1) . 1ou(x,t) R

+—Uu(x,t)=0, +—
ot C ox C ot L ox L

i(x,t)=0

and then in the matrix form

VXY, U1

+BU((x,t)=0 4
p ™ (x,1) “4)
ou(x,t) ou(x,t)
u(x,t 0 1/C G/C 0
where U (X,t) = _( )’Mz ot ,Mz X A= B= .
I(X,t) ot ai(x,t) OX Oi(x,t) /L 0 0 R/L
ot OX
) 0o 1/c|
We follow the method from [20]. Transform the matrix A= UL 0 in diagonal form by
Iving the characteristic equation | - I/C‘o h tsare 4, =——— and A !
solving the characteristic equation =0 whose roots are 1, =——— an =——.
-2 'JLe *JLe
C 4L
Denote by H the matrix formed by eigenvectors H = \/_ and by
L
- ] 1/4LC 0
H' = 1/(2\/6) 1/(2\/6) its inverse one. Denote by A" = = HAH ™.
vvL) vy, 0 -1/4iC
, [V (x,t) o u(x,t)
Introduce new variables Z = suchthat Z=HU (U=H"Z)where U =| . Then
L 1(x,t) i(x,t)
(X,1) =/C u(x,t) + VL i(x,t)
. (%)
1(X,t) =—v/C u(x,t) + VL i(x,1)
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and
u(xt):LV(xt)—Ll(x t)
BN N e
. 1 1
BN =—=V(Xt)+—=1(Xx1).
1(X, 1) N (x )+2Jf (X, 1)

Substituting U = H™'Z in (4) we obtain

0

)
—H"'Z(x,t)+ A=—H"Z(x,t)+B(H 'Z(x,1))=0.
SHIZO AL (xt)+B(H"Z(x 1))

Multiplying the above matrix equation from the left by H we obtain

OZ(X,1) Acn OZ(X,t)
OX

_— +H(BH ' Z(x.)=0.

Taking into account the Heaviside condition R/L =G /C we obtain

1({G RY 1{ G R R
2lc't) 2o |t o
HBH ' = -t
1( G RY 1I({G R R
—|-—=+—| =|=+— 0 —
20 C L) 2(C L L
and then (7) becomes:
AV (x,t) L VD] (R,
o |, JLC x |,|L Vxn|_[o
al(xt) 0 1 al(x,t) o RILID o
ot JLC X L

The new initial conditions for X € [0, A] become

V(%,0) =v/C u(x,0)++/L i(x,0) =+/C Uy(X) +/L ig(X) =V,(x),
1(%,0) =—/C u(x,0)++/L i(x0) = —/C Uy (X)+/L iy(¥) = 1,(X).

We can simplify (8) by the following substitution:

R R
Vi =e LW, I(xt)=e L I(xt),

or

L L
W(x,t)=e-V(xt), J(x,t)=el I(xt).

Replacing (11) in (6) we obtain

R R
e LW(xD) e LI(xb)

24/C 24/C
R R

e LW(xt) . e LI

i(X,t)= L N

Rewrite (8) in the form:

u(x,t)=
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Vb, 1 8V(x,t)+BV(X,t)=0’
ot JLC X L (14)
b 1 8I(x,t)+5|(x’t):0
ot JLC X L

and substituting V (X,t) and 1(x,t) from (11) into (14) we obtain

oW (x,1) 1 OW(xt)
+ =0,
ot JLC OX (15)
Ay 1 axt) 0

ot JLC  oX

The mixed problem for (15) can be reduced to an equivalent initial value problem for a neutral
system on the boundary (cf. [20]).

Let us put (13) into the boundary conditions (3-1):

~ —Bt _Et _Bt _Bt
dC,(e t (W(0,t)-J(0,))/2JC) d | e L (W(0,t)-J(0,1)) it LW, e IO
du dt 2C R 2L 2L
~ . R
ALy (iyey) dicr, _e - W(O.H-J(O1) o Ry
dicy,  dt 2Jc PR
~ R R R R R
dCe - WAD-IAD)/2/C) d e LW(AD—e LIAD _e “WAD e LI O
du dt 2J/C L L an
- R R
dL(icg ) dicg e CW(AL e '-tJ(A,t)_R i)
diC1R1 dt - 2\/6 HeR

Choose W(0,t) =W(t), J(t)=J(A,t) to be the unknown functions. Then in view of
W(0.0) =W(A,t+T), J(0,t+T)=J(A,t) (cf. [20]) and (RT)/L=(RAVLC )/L=(RA)/Z, we

have:

1 %W(t) L 1t-T)
. e —e - .
—1 t)=— X —R, (i ) |;
m cor, (D 0y (o) dicn 20C o(ic,R, (D)
& “Riem
Ry Rien i (t)_e LW)-e b J(t-T)
delwm-el Jt-T) =R 2L .
dt 2\/6 - 3 R Ryt >
;CO[{e CW(ty—e L )J(t—T)J/Z\/E]
u
1 _%H)W(t T) _%J(t)
. e - —€ .
—1 t)y=— X -R/( 1) [;
dt ClRl( ) dLl(iclRl)/diclRl 2\/6 l(ClRl( ))
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R R
—B(t—T) R, e L W(E-T)+e L J(t)_i )
del W(@t-T)-e L J) 2L CR (16)
dt 2Jc - R R '
d - -t \/7
wClle W(t-T)—e L J(t)|/24/C

A natural problem is to formulate conditions for existence-uniqueness of a periodic solution of the
above system. We make arguments, however, which justify why we should look for oscillating
and not periodic solutions. First we notice that the right-hand sides of the above system are not
R R
. .
periodic functions. Therefore it is a natural to look for solutions of the type € ~W(t), e - J(t),
R
— -t
where W(t), J(t) might be periodic functions. Then the functions W(t)=e “W () and
R
~ -t
J(t)=e L J(t) become an oscillatory solution and (16) could be rewritten as

digye, (1) 1 Wn-Jt-T) . . .
at dfo(iCORO)/dicoRi e oler O {an
W@ _dIe-T) ) s iy, - WD - I -T))2VL
dt dt dC, (W) - It -T))/2C)rdu”
dice (1) 1 Wit-T-J@® , . .
dt - El(iclRl)/diclRl [ 2\/6 R1(|01R1 @) |;

) _ie-T) , = W1+ )2V -igr®
dt dt dC,W(t-T)-J(t)/2VC)/du

4. ESTIMATES OF THE ARISING NONLINEARITIES AND INTRODUCING A FAMILY OF
PSEUDO-METRICS

Cp

fi-/d,)’

where ¢, >0, @, >0, he[2,3] (p=0,1) are constants and |u| <@, < O = min{(l)o,d)l}.

Here we assume the nonlinear capacitive elements possess characteristics C, (u) =

If uel[-¢,,4,] then 6p (u)y=C,(u)u and dép(u) /du have strictly positive lower bounds.

Indeed
dC,(u) dc, (u) h—1 L

dpu =C,(uW+u dpu =G @y O - /((Dp—uﬁ :
d’C,(u) _dC,u) d*C,(u) 2c,hj® I

p( ):2 p( )+U p( ): p p (q)p_zh-i-luj/(q)p _uﬁ_'.z'
du? du du? h
s h h h . ~ ~

If we choose ¢, <q)mm{1+2h’h—l}: Tan it follows dC (u)/du >0 and dZCp(u)/du2 >0

for u €[—¢,,d,]. Therefore

mm{m:|u|§¢o}zmzcm@p+«h_1>{h>¢0:q op—on
du du (CD,, +¢O)H+l

We need also the estimates
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d(fp(u)|< 2c,0/@, @, +((2h+1)/h)g,

du B (ch _¢Oﬁ+2 h

< 20,y 100 A1) oo 0 h) oo

h2 Q/(q) ¢0)l+2h h2 Q/((Dp_%)nzh

Denoting W (t), J(t) again by W (t), J(t) we consider the problem for existence-uniqueness of an

X1
=Cp

2C()

2

oscillatory solution of the following system:

digyp, () 1 WoH-Jt-T) . . }: . .
dt _dEo(icoRo)/dic()Ro{ 2./C Ry (lcgry (D) | = ey (cgry s W5 9) 5
i - WVO-Ja-T)
dwe) _dd¢-T) s " 2/L “U (i W.J): (18)
dt dt i& (vvmmﬂ)/du e
2L
dic g, () | W(t-T)-J(t) - . _ : .
dt _dfl(iclRl)/diclRl{ 24JC _Rl(lclRl(t))}zICI(W,ICIRI’J)’
WE-T)-JO _;
A _dwe-T), _ 2Jc Wi )
de e dg(W(t—T)—J(t)J/du
1 2\/6

for t €[T, ) with initial conditions

ICORO(T) = Ig()))RO =0,W()= W o (D), |C R, (M) = IéO)R =0, J(t)=J,(1),t<[0,T].

We look for a solution of (18) with advanced prescribed zeroes on [t,,o), T =t,, where
VVO 1), J o (1), te[0,t,] are prescribed initial oscillatory functions on the interval [0,t, =T].

Let S; ={r }r-NeN be the set of zeroes of the initial function, that is, W,(z,)=0,

\]No(rk) =0,suchthat 7, =0, 7, =T =t,.Besides max{r,,, —7, :k=0,1,...,n} <T,.

Let S={t, },, be a strictly increasing sequence of real numbers satisfying the following

conditions (C):

(C1) i}im t, =0; (C2) for every k there is s <k such that t, =T =t where t, € S; US.

It follows
(C3) 0<infft,,, —t, :k=0,12,...} < sup{t,,, —t, :k=0,1,2,..} =T, <0 and 7, + T =t,.

Introduce the set Cl[to,oo) consisting of all continuous differentiable bounded functions with

bounded derivatives on every interval [t,,t,.,].

Assumption (IN-1): The initial functions W, (.), J,(.)€ CTI0 [0,T] are prescribed oscillatory ones

n [0,t,] with zero points S; = {7} }_, -
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Remark 4.1. Let us note the left and right derivatives at t, of W(.), J(.)e Cl[tO,OO) may not

coincide. That is why we introduce a suitable topology for continuous functions with piecewise
continuous derivatives.

In view of the above calculations we make the following
_ di, () _ -
Assumption (L): T >L, >0 (p=0,l).
i
Assumption (IN-2): The initial functions W, (.), J,(.)e Cq,[0,T] satisfy the inequalities

—B(t+T)

en, |3,0)] <37 " tefo.T.

‘W()‘<Weﬂe L

It follows ‘vvo(t)‘ <We ), ‘jo(t)‘s 3,£“C™ for te[r, 7] (k=012,...n—1).
Let us put W, (t) =W, (t = T), Jo(t) = J,(t=T), t €[T,2T]. Then

| W ()] = W (1 = T)| < W T <wper 4, 3, 0]=[3,t-T)[ <3 for  telt,t]
(k=0,12,....,n—1).
Assumption (C): e (W, +J,)/2JC <4, .

It follows

_W+pa-T]_ I\N(t)|+‘\]o(t)‘ o Wot Jo_ Wy _
2Jc 2Jc 2Jc 2JC
=T+ 3] MO IO g Wy 3y _ iy W + 3, o

2JC 2Jc e 8 T

u(A, )| <

For the resistors we use V-l characteristics with polynomial type nonlinearities:

Assumption (R): Ry (ic g, ) = n% rn“’)(iCpRp ', (p=0.]).
Introduce the sets
R
Mo = licymo () C' M. icyzy (6) =0 Acyr, (D] < oy Uttt T
R
My =W()eC'lty,0):W(t,) = 0AWE®] Whe © telt b,
R
M, = figyr, () €CTtyso0) iy, (6) = 0 fiym, (D] < T Lttty 1)
={3()C'[ty,0): It ) =0A[I ()| < Joe%,t elte,te, 1)

Remark 4.2. It follows that the functions from M, M,,, M, and M ; satisfy the inequalities

i t-t, t—t .
‘ICORO(t)‘S |c0e”< W [\N(t)|£W0e”( K ic.q (t)‘s le,

(k=0,1,2,... ) where ICO W, Icl ,Jo» M, MT, = 1, are positive constants.

<J,e" W telt,,t ]

Introduce the following family of pseudo-metrics
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PYlic sy sicyry) =maxfic o (O=ic,r, O]l I}, (p =0
p<k>(vv,w)=max{[w(t)—vv(t)\:te[tk,tk+1]}, p® (3,3 =max{|3®) - TO|:t elt, .ty 1:
PO ic iy i ) = maxlic . (O =icr, (O teltyte, 1], (P=0);

AW W) = max{W () -W )]t elty.t,., 1f:

AU (3, T) = max{[I©) - T O]t ety b, 1];

Py (i CpRp > e oRp) = max{‘ orp (D= ic oR (t)‘ te toatk+1]} (p=0,D);
PLOW W) = max{ W (£ W (1)t et .,
P03, 7) = maxfe W3 ()~ T®)| -t ety by, 1)

)('chchpRp)ZmaX{P(O)('chpa chp),Pﬂ (chpai_chp),---ap;(,k)(ichpai_chp)}a(p=071);
Py W, W) = maX{P(O)(W W),.. ,,O(k)(VV,VV)};
p(3.3) =max(p® (3. 9).... o0 3. T)}:

p(k)(i.chp »i_chp )= max{eiﬂ(titk) ic CpRp (t) —i¢ oR (t)‘ ‘teft, b, ] }, (p=0.1);

(k)(\N W) maxk —p(t= tk)M(t) W(t)‘ te tk,tk+1]}

pY(3,3)= max{e #0 | § p) - J(t)‘ te tk,tkﬂ]}

A (K) (i H _ (OF ¥ ®) i ¥ .
Pu (IROLO’IROLO)_maX{py ('chp:'chp):-",py ('chp"chp )},

(k) (0) (k) A (k) (0) (k)
O WL W) = max o W.W),... o W W s 50 (3, 3) = max jp® (3, ).... o0 (3,3,
The following inequalities imply the equivalence of the families of pseudo-metrics

(k) (k) Ty (k) B
('chp 'chp) P (ic oRp i oRp )<e”0/3 ('chpalchp),

P W W) < p W W) <e ™ p® O W,W), o (3,3)< p¥(3,3) <™ pl0(3,7) (k=0,1.2,...).

It is easy to verify that
A(k) - = _ (0) . - (k) - =
P ('chpa'chp)—maX{P ('chp,'chp)a--~,P ('ch ,|chp)}S

T 0) (i - K - )
39#0maX{PL)(lchp,lchp)au-apy)('chp 'chp )} eﬂop( )('chp,lchp),(pZOal),

W) = maxp W), o0 W W)..... 0O W) <
SeﬂTO max{pl(lo)(W,VV)apS)(W,VV)a---a (k)(VV W)} eﬂo/sflk)(vv’w_);

p®(3.3)=max{p® (3,3, p0 (3, 7).... p° (3, D)<
<6 max{p® (3,3), p (3, 3),.... p (3, == 5% (3, 7).

The set My, xM, xM, xM ; turns out into a complete uniform space with respect to the family

of pseudo-metrics (cf. [21]):
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ﬁ}tk)((ICORO ’W iC R| "J’i.CoR() ’W’i.C R, 9"]) (i_C()RO 9W i_C R, ’j i_C()RO ’W i_ClR1 9‘]_)):
= max (5 ey gy )2 W W5 i . T 0,52 (3. ).
)(ICOROaICORO) ka)(\N W) (k)(lc R, alc R, )> p(k)(‘] J)} (k =0,1,2,...).

5. OPERATOR PRESENTATION OF THE OSCILLATORY PROBLEM

Replacing t =t, in (18) we obtain conformity condition:

AW (t,) _dI(0) W(t)=I(0)+2VL gy, (t,)

dt dt Z,dC, (u(0,t,))/du
(CC)
dit,) _dw) WO+ )+2Lg g (t)
dt dt Z,dC,(u(A,t))/du

We choose t=t, and t =0 to be zero points of the initial functions and then

dW(0) _ dJ(0) _ dW(ty) _ dJ(ty)

dt dt  dt =0 W)= I(0) =W (t) = I (1) =0, iege, () =ieyg, () =0

imply (CC).

Define the operator

B= (BO(iCORO W, iC1R1 ,J),By (iCORO W, iC1R1 :J).B, (iCORO W, iclR1 ,J),B; (iCORO W, iC1R1 ) J)) (19)

by the formulas

. ) . . [ t—t, ki
By (Icyry s Wil »J) = Bék) (Icyry s W IR, »J) = _[ e, (icyry s W, J)(S)ds — I ¢, (icyry W5 J)(S)ds,
tx k+1 k tg
. . K) - . t . - Yl .
B\/V (ICORO :Wa IClRl s ‘])(t) = B&V)(ICORO 7W5 IC]R] > ‘J)(t): _[U(IC()RO 3W5 ‘J)(S)ds_ _[U( ICORO 9W3 ‘])(s)ds)ﬂ
tk k+ 7 Yk tg
. : ® . t . t—t, ki
By (icyry -Woicygy »9) =B icyry W icyp, » ) = [ 1o, Wiigyg, » I)(S)ds — e [1e, (Wi, . d)(s)ds,
tk + K
- - k - - t - tk+l
By (icyry W lcr - )= B )(ICORO Wi »d)(0):= _[ (W, igg ,J)(s)ds - _[ |(W,icg ,J)(s)ds
tk K+ 7 Ykt

for telt,,t,,], (k=0L2,..), where

leg Gicyrg W, 3) =

! WO-IO |
dEO(iCORO)/diCORO |: 2\/6 RO(ICQRO (t)):| )
U(lcoRO W, )= dJ 0] +2C iCoRo (t)_(W(t)—J(t))/%/E‘

4E (W(t)dmj/du
2Jc

! WH-I0 . |
dEl(iClRl)/diCIRl |: 2\/6 Rl(lclRl (t)):| 5

le, Wi, ) =
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Wi gy O WO-I0)2NC —ie, ©
oy dt dG(W(t)—J(t)]/du '
1 2\/6

Lemma 5.1. Problem (18) has a solution (i g ,W,icr>J) € My x My, x M, x M, iff the operator

B has a fixed pointin M, xM,, xM, xM ,, that is,
(icgrg Woicyy»3) = (Boicyy Wl 9): B (g Wiy, »)s By (g Wiy, »):By (g Wiy, »9))-

Proof: Let (W,J)e M, xM, be a solution of (18). Then integrating every equation of (18) on
every interval [t, ,t]c[t,,t,,,] (k=0,1,2 ... ) we obtain

t t
cory (1) —icyr, (t) = I e, (cory s Wosigr,» I)(S)dS < gy, (1) = I ey (icyry s W s icr, - 3 )(S)dS;
t t

t t
W () =W (t,) = [U (igyr, - W gz, » 9)(5)ds < W (1) = [U (ig,p, - W, ic,p, » I )(S)dS;
t tk

t t
iC]Rl (t) - iC]Rl (tk) = j ICl ( iCoRO ’W’ iC1R1 s J )(S)ds = iC1R1 (t) = J. IC1 ( iCoRO ’W > iC]Rl > J )(S)dsa
tk tk

I®) = I(t) = [ Higyry W icg - 3)(8)ds < I(1) = [ 1(iyry-W,igr, - I)(S)dS
tk tk

and then
tk+1

t
IR, D = t,[ e, (icyry s W icyr,» 9)(8)dS = 0 =l g (b)) = t.[ ey (icyry s Wolg,r, » )(S)dS;
k k

tht1

t
W(t)= [U (ic,ry-W.icg » IS5 =0 =W (t,,)) = [U(ic,r,-W. i, > I)(5)dS;
tx tk

k41

t
e, (D) = tj le, (icgry - W igr - I)(S)dS = 0 =g, (b)) = tj le, (icgrg - W icyg, » I)(8)S
k k

t tk+1
I®) = [Higyry-W,icr - 9)(S)d5 = 0= J(t,.) = [1(icyry-W.icys, - I)()ds.
ty tx

Therefore the ordered four (iCORO W, iClRl ,J) satisfies

, L. : t-t, Ko :
IRy (1) = ,[ ey (icgry s W iy, » I )(S)ds — : I ¢y (icyry s Wslcr » 9)(S)dS, t e[t 1
ty k+1 7 'k otk
L . t—t, %o .
W (t) = [U (icyry W icp, » I)(S)dS — JU (icyry W ,ic,p, 9)(8)DS, t €[ty by, ]; (20)
ty k+l — Yk oty
: Lo : t-t, * :
ler (D) = J e, (icyry - W icg, > I)(S)ds — ¢, (icyry > W sicig, > I)(S)ds, t e[t t, I;
ty tk+1 _tk tg
Lo : t—t, % :
J@) = J | (icyry s W I, » I )(8)ds — I [ (icyry > Wicr > I)(S)dS, t e[ty ., ]
ty k+ 7tk oty

that is, (iCoRo W, iClRl ,J) is a fixed point of B.
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Conversely, let (ic r,,W,icr»J) be a fixed point of B, that is, (ic)r,,W,icr,J) satisfies (20).
Then in view of p, = uT, = const. we obtain

tk+1

.[ICo(iCORO’W’iqm’J)(S)ds 1 thﬂW(S) J(S) 2\/_R (ICORO(S))
t

2JC |4 ALy (igyr, (8))/ dicyg,

le f ([\/V(s)|+\a(s)\+zf C[R, (.CoRO(s))‘)dS<

<

J' (W e/l(S k) +J eﬁ(s —tk)

)‘ ]ds<

I g5 g5 <

e#(tk+1—tk) -1 eu(tk+1—tk>

<— W +J
2L‘\/5( You You

&€ ”"0} Mo (1)

(0)

) en#<tk+1 ~t) 1J<

nu

tk+1

J-U (iCORO ,W H iC]R] > ‘] )(S)ds
tk

41

W(® -0+ 2 Licye, ) _

<
i ‘ Z,dC, (u(0,t))/du ‘

W+l 4T
406,
Lt

38+ 2vL figyr, (s)\) ds<

1 (\N \/_ ¢! u(s—tg)
<o Wo+d,+2 L|CO+2JE|CO)je ds<®

0~

1(W +J +4\/_|c0) My (10);

~1
tk o~o

tk+1

[ Vg, (icyry s W sic,g, - 3)(5)ds

tk

k1

JW(s) 3(8) = 2VCR (i ()], _
\/_ ‘ dL (IClRl (S))/dIC1R1

2L1\/_ j (IW(S)‘+|J(S)|+2\/_‘R (icyr, (S))‘)ds<

4l

<

(W e ) 43 g4 (s)) ds)<
2L1JE t{ )‘
ates1—te) _ uter1—te) _ nu(tc+1—tk)
< JF(W TR e )
2L,'\/C H

Ny

J -

_e-1 (
,uL 2\/_

th+1

. . el dW (s 1 g .
[ 1igymy - Woicyz - I)(S)ds|<| | ) gl + — j([\/V(s)\+|3(s)|+2ﬁ\|clRl(s)\)dsg
tk tk ds ZOCI tk
e/ —1
<= W, +J,+4/L 1 ]=M,(1).
,UZoCll( 0o cl) 5 (40
It follows
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k41 41

tj I, (icyry Waicp, - 9)(9)ds =0, tj Uiy, Wsigg »)()ds =0,
k k

e+ 41

,[ IC] (iCORO awa iC1R1 » ‘] )(S)dS = 03 J. I (iCORO ’Wa iCIRl s J )(S)ds =0 .
tk K

Therefore
: L : t-t, %o :
IROLO (t)th-ICO(ICORO 9W5|C1R1"])(S)ds_ o —t tJ-ICO(ICORO aWalclRla‘])(S)ds<:>
k + k
t
gLy (1) = tj |y (icory - Woicyr, »I)(9)dS;
k
Lo : t-t, % .
W(t)= .[U (icory W sicyr, - J)(8)ds — IU (icgry > W s icip - I )(8)ds <
ty k+1 7 Ykt
t
W () = [U (ig,ry - W iy, » 3)(8)ds;
tk
: Lo . t-t, ko :
IRlLl (t) = J- ICI (IC()RO :W 5 ICIRI > J )(S)ds - j ICl (IC()RO ’W s IClRl H J )(S)ds g
ty k+l 7 Ykt

t
iRlLl (t) = J. ICI (iCORO ’W ’ iC1R1 ’ J )(S)dsa
tk

L : t—t, koo :
J()= J I (icyry > W sic)g,» I )(S)ds — > j|(IC0RO,W,IC1R1,J)(S)dS <
ty k+l 7 Yk oty

t
J() = I I (icyry-W g > I )(8)ds.
&

Differentiating the last integral equations we obtain (18).
Lemma 5.1 is thus proved.
6. PRELIMINARY ESTIMATES OF THE RIGHT-HAND-SIDES

Here we present some preliminary estimates that we use in the next Section 7.

Indeed in view of

ALy (ieyr)O| _ -1 |9 "Lp ey )| _ -
digyr, P i, P
we have
. 1 W (t)-J(t) .
I~ (i W, J)=—— - -R, (i )| ;
Co( CoRo ) dLO(ICORO)/dICORO |: 2\/6 O( C()RO( )):|

Ay (i W.9) _ (W(t)—i(t)—zdﬁRAi%(t»J:

aiCoRo 8iCoRo 2\/6 dEO(iCORO )/ iCORO
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) ! { 2 g Dles) Rolen® 502 R i o LO(ICORO

G dfo.(iCORO) dicyr dicg,
ICQRO
01y ey W- )| _ [0 Gy, ) dicy, | W (O] +[3(0] + 2[Ry (ICORO(t»\Vz
‘ Ticor I—o1 2x/_( )
- o Loz(WO+JOe‘ﬁ 2 |30)
Ek el
Ay liog WD) 5 (WO-IO-20CR(igp, 1) 1
W | 2/Cdh(iqn)/dis ) 2VCdL(an)/dis,
A, (icgmy W. ) _ & [W® = I(®) = 2JCRyicyr, (1) 1 _
0J aJ 24/C dL (igyr, )/ dicy, “24JC ALy (igyr, )/ dicr,
[0, (i Wo D) 1 _| Iy liegry W- D] 1
| aw | Ta2dcL | Y | 2JCL,
V(i W, ) 8 | dI) WO-IO+2VLige® |
Bicym, Oigyp, | dt ~ (W(t) —Jt —T)J -
Z,dC| —~——=—=1/du
oo 2«/6?
2L AU (icyp, W, )| 24/L
= = = - < —
Z,dC, (u(0,t))/du Oy, | Z,Cy

Wi, Wod) _ o dI-T) WO-IO+2VLicg, ®) |
oW ow| dt ~(WH-I®),, |
Z,dC,| 2= \/d
& [M20)
) 1 {dC L(UO,) WH-IO+2VLige O d°C, (u(Ot))}
Z,(dC,u(.ty/duf | du 2JC du?

Wi, WD) 1 | G+ e +4;/E|CO);
W | zG, 22,4C(C,)

Micg, W.3) 8| dit) WO-IO+2Ligg, O® _

a A d (WO
7,0G,| %) /g
0 0( 2/C ]
_ 1 {_ dC,(u(0,t)) WO —J()+2Ligg, 1) d*C,(u(0,1)) _
zo(déo(u(o,t))/du)z du 2Jc du’
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0U iy, W.9)| 1 +602(vv0+J0e-/3 N
3 |Tz,6, 2z Cef

For the third component we have

A, Waig9) 0 (W(1) = I() = 2VCR (igjs, (1) 1
oW oW 2Jc i Ly (icyp, )/ dicyg, 2\/_L(|C1R1)/dICIR1

A, Wiigg ) _ 1 4 W (t) - I (1) — 24/CR (igz,) _
aiC]R] 2\/6 aiC]R] L (iclRl)/diclRl

2~ -
! { 2JC d:('CIRl)dF;('CIRl) W0 -3t - 2VCR (igs,) )—Lf('clfl) ;
2«/_((:“_ 1(icr,) J leiry Ry digg,

d|ClRl

Al Wiigg d) 2 (W(1)-I®-2VCR(igg) -1
oJ oJ

24C dL (igp, )/ dig, “2JC d'-('clRl)/d'clRl

n
2)

For the fourth component we obtain

ANW.icg-9) o |aW(t) 1 WO+IO+2Lige O |
oW oW | dt  Z, ~(Wt)-JI(@) -
dC,| ——~=
( e ]/d“
)d C(u(At))

2y G UA) Wty +3(t)+2VLi Lige, (t)
_ du =

24CZ, dC, (u(A.by)/ duf

o) 2CJdC A b)/d ([\N(t)\+|3(t)|+2f Uies, ®]Jd°C, (u(At))/du‘
\ GW ‘2\/620(d61(u(A,t))/du) 24/CZ,(dC, (u(A. 1))/ duf

1 Cleoe‘ﬁ +Jo +2\/DC1)
< —+ 5
z,C 2Cz,(C, |

I/\

AW,ige.d) 0 | dWt) WH-IM)+2VLig, ® | 2L
dig, O, | dt dC(W(t) J(t)J Z,dC, (u(A,1))/du
2JCc
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1 W i, 9)|_ 2V

| dies |
) d(uA) WO-I®+2VLig © d°C (u(A.)
AW.igq ) o dI() W -I0+2VLig, ®© _ du 2/C W
g A d Zodé{w(t)_‘](t)j/du 2, (o€, (u(A, b))/ du’
2/C
DI W, i, |< L Clwe” +3,+2dL 1, )
& ¢ |

2/C(Cf z,
7. EXISTENCE-UNIQUENESS OF AN OSCILLATORY SOLUTION

The main result of the paper is:

Theorem 7.1. Let conditions (IN-1), (IN-2), (L), (C), (R) be fulfilled and the following

inequalities are valid:
Con} < |C0;
ALW, +J e +44L 1| RT
Je’+ W, +3, _ CO)sinh LO <W,;

z,C,'R
RT, nJ
sinh | <l ;
RL J_ ( 0 — n |'C C

Wee” +J, +4JLI
W + 2 S ginh R0 < 3, |
R ZOCI

21L sinh R, {WO+J
RL,'vC

-$

-p

Then there exists a unique oscillatory solution of (18).

Proof: One can show (cf. [20]) that the functions
B() (iCORO 9W ) iC]R] D) ‘] )(t)’ B\N (iCORO 9W ) iC]R] B ‘J )(t), B] (iCORO 9W ] iC]R] B ‘J )(t)9 BJ (iCORO 9W ) iC]R] ) ‘] )(t)
are continuous ones. They are also differentiable on every interval (t,,t,,,). We prove the

following inequalities:

R R
-t —t
K) /+ H . K) (3 H .
‘Bé )(ICORO ’W7IC1R17‘])‘S ICoe - > ‘B\EV)(IC()RO ’W’IC1R1"])(t)‘ SWOe - H
R

R
——t —t
®) (i i . ®) (i i
B (icymy Wiy ) < ey &5 B (iymg - Woigye - O [ < Jge .

Indeed,
k - . t - . tk+1 - .
‘Bé )(ICORO ,W, IClRl s ‘] )‘ < _”ICO (IC()RO ,W, IClRl s ‘] )(S)}ds + _[ ICO (IC()RO 7W7 IClRl s ‘] )(S)dS = ‘]1 + ‘]2
tk tk
and then
1 [LW ()= J(5)~2VCRy(i ) 4 ] _ _
J, [ CoRo S ([W(s)|+\J (s)+24C] ‘RO(ICORO (s))\)ds <
zf o ALy (g, (9))/ dicyg, 2L,'VC 4

e flwe e (o) fds <
S—F € +J,€ S S<
20,'VC il ’
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_R _R _R _R _R _Ri\m
s+ WOL e ¥ et +J0e‘ﬁL e ¥ et +2\/EL e ¥ et > CO”}s
2L, ~C R R R n=1
R
1 L Tk n}
S—————|¢ W, +J e’
2L,'VC R( J{ ’
-t 1 L. RT _
<e L ————sinh °{W0+Joeﬂ |CO"]
L'VCR L

In view of the inequalities

By Ry R Fo Rh
eli—el T <ellel —¢ (k=0,12...)

we have

| [kiW(s)-J(s)-24CR oy, )
J, < [

2JC |4 ALy (igyr, (8))/ dicyg,

ey _Ryg
—[W J'eLds+JeﬂjeLds+2\/_Z

tk tk

R R R R
< All WOE g Lf g L +J0e"”L g L g L
2L,'WC| 'R R
i R R R
< ﬁll W, Sfe " et [yt et e
2L'C| 'R R

R R
L T —tk+ 1
<—|lel —et W, +J,e7” ”}s
R( JzLO‘\/E{ ’ i

ntk+1 _nRs
S [e tds|<
tk

R R
n L -t -ty
—|e L —-e L
€ nR

—Bt m _@ L
<ellel —e - W, +J,e” el |
( ]Rz K/_[ j
R Rh R
<el|el —e L _ W, +J,e” o <
( ]Rz 1\/_( ’ j
SR RT
<e L — sinh—O[W +J.e” I “j.
LOIR\/E L 0 0 Co
Therefore
R
-t L RT
(K) ¢ H L : 0 -B n
‘BO (|C0R0,W,|C1R1,J)‘ge I:OIR«/Esmh 1 |:W0+J e, }+
R
-—t L RT,
+e b O \/_smh (WO+J ICOHJS

_Bt "(')
<et sinh— [W +Joe

AIR\/_

Further on we have

n=1
- %

tk+1

‘B\Nk) (IC()RO 7W IClRl ’ J )(t)‘ IU (ICORO 9W IClRl ’ J )(S)ds + _[U (ICORO 9W IClRl > J )(S)ds W +W

But

J]

R R
nL e—Itk _e—ffk+l <
Co R =

<
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tW(S) ~ J(9) + 24 Licge, (s)|

W, < [
Z, tk‘ dC, (u(0,s))/du

LI),
ot S{Jr

tk

<[]+ Zé t:{(hN(s)| 3]+ 24Ty, (s <

0~0 Tk

R t R R R R
_Zt _Z _Z _= _=
<Jelel + L 1 j[Woe U 1, Lse’ﬂ+2\/flcoe LS+2\/Elcoe szdsg

_Et 1 t _Bs
<Jelet toE (\N0+J0e‘ﬁ+4\/flc())je L'ds <
tk

0~0

R R
= 6N0 +Joe_ﬂ +4\/E|C0)R(e |_tk —_e Ltjﬁ

0~o

<e %[\]Oefﬂ_,_ I:l [eRIO_e RTO](\N +J,87 +4\/E|C0)]S

Z,C,'R

R, LW, + 3,67 +4VL |
Joe” + ( ¢ 2 CO)sinh RIO

Z,C,'R
and

k41

W (s)—J(s)+2L T, (s)+2/L 'CORO(S)|
z0 i ‘ dC, (u(0,s))/du

tkfl _dj(s) ds|+—

W, <
2 dt

tk

Ex j ([\N(s)|+‘\](s)‘+2\/_ ()| +2VL icys, (s)‘)ds<
S%(\NO +J,e7” +4\/I|c0 )%(e_'ztk _e_%tkﬂ J <

Z,C,

2L

—Bt @ _@ L —Bt
<ellel —e b |— (\/V0+J0e*ﬂ+4x/flc())£e L
7,C,R z

OCO

Therefore

R 4L(VV +J.e7” +4L 1 ) RT R
O (i Woien,d)|<e b | Je” 40 0% %/ ginh~0
‘B\N (C()RO CiR )( )‘ 0 ZOCOIR L

Further on we have

tk+1
‘Bl(k)(icoRO»W,iclRl, ‘ ”lcl(W 'clRla‘])(S)}dS‘F Ilcl(VV icr > d)(S)s| = 1) + 1.
Since
IW(s) 3(8) = 2VCR (i ()|,
‘ di, ('clR (5))/d'clR1
t _pR
< 11 W,e Ie," [e "Cds | <
2L,'Ve t
<1 L 7%'( Tt [W -# ”}<
S————| ¢ —€ € <
2L,'JC R ’ “
R
<e n — L smhRT (W e’ nj
L'VCR L
and
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| [k W (s)-J(s)-2VCR (e (8)) o
N‘ i AL, gy, (3))/ digg,

R
1 L e*fk *Itkﬂ |:Woeﬂ
2L 'JCR

_R

<et AIL sinhRTo( b
L'VCR L

then

Cln:|S
n
n IC1 j
,Bt 2L

. . RT,
‘Bl(k)(ICORo’W’ICIRl"])‘S el 1 CRS] hT(Weﬁ-{-\] +2

-$

n ’%
I, |Slge b -

=A+A,.

Finally

t
‘ng)(iCoRO W, iC1R1 , () ‘ < H LW, iClRl »J )(S)‘dS +
tk

tk+1 ]
I I (Wa IC]R] ’ J )(S)ds
tk

Since
IW(s) 1)+ 2Ly O] _

dW(s)
j ds
Otk\ dC, (u(A, s))/ du \

tk

_R W,e ™ +J, +44/LI
t{Weﬁ 2L ] sinhRIO

A1<

R ZC

and

tkjﬂ dw(s) de

dt

-B
A< W(s)— J(s)+2ﬁ|ClRl(s)| t[2|_Woe +3,+ 4L, SinhRT0]

1 k+1
Z, { \ dC, (u(A,s))/du R z,C/

ty
we have

R R

- 4|_We +J,+4JLI . RT -t

B (icymy Wiy D[ < & [We £y = >l “sinh-—2 |<e L J,.
01

Therefore B maps M, xM,, xM, xM ; into itself.

In what follows we show that operator B is contractive one. Indeed

t
B Gicymg W > 3)(0) = BE® (i W, O] < [ |1y licyy W I)(S) = I, (icymy - W, T)(s)|ds +
t

+ tIIthO(iCORO,W, 3)(8) — ey (ieymg W, IS) s [= 1, + 1,
Since
< \/_ T t{ [3(s) - J(s)|ds +
2\/_ L, (w +Je7” e ”“Oj

r 0) I n—l

J’_

+ J'e”(s tk)‘ICORO (8) = icyry (s)‘ds

2f(LoT

2JEL1 ”\N(s) W (s)|ds <

0 tk
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EOZ(W0 +J,e”

e (L, f : :

w(t=ty)
N AR s 2\/
s p CoRo > "CoRo

e#t-t) _q

1 )
e B
et W

[ lW, +J,e”” Ie
eﬂop(k)(lcoRO’ICoRo)e#(t i) _q 2\/_ 0 ( 0 0 n=1 CO) +
H H 2\/6(':01)2
1 e p® W, W) ent-0 _
+ — £ <
2JC L, 2 H

(k)((lCoRo’W ICIRI’J’ICORO’W IClRl"]) (ICORO’W ICIRI’J ICoRo’W ICIRI’J))X
In
a0 & et \/_ - “ 1
~ 1} + =1 [0
u n- 2\/E(|_01) 2JC L,

EOZ(W0 +J,e”

I n—l

T C N SR TS 5 W+ 3,6+ TN
< e > S)—I S)as| —— > n
2 i CoRo CoRo I—ol = 0 5 \/_(Lo )z

ket
2\/_” kjlyW(s) ~W (s)|ds <

At _ | 2/ Wo"“]oeiﬂ
<coto 00 T\
se py (IR()LO’IR()L())

Zn
Y7

Co

N )'; 0

1 eﬂ(t|<+1 —tx) -1
— mp(k)(\N W)
24JC L

W, +J
e“f’pﬂ (icory -leor,) €0 1 2J_ 0

-2
U

H n=

n=1 2
L, |+

co ~ 12

2/clL))

L1 ) e

= <
2JC L, U yzi

<k) 7T T
< (('cORO:W 'clRla\]:'coRO»W |C1R19J) (ICOR09W IC]Rl"]’ICOR()’W IR » ))

W, +J,e”
xeﬂo _1e“0 2C nr® !
PE I_01 = [Ic

C
0“2

n=l1 LO + 1 .
2\/6( |:01)2 2L01\/E
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BLY ey W )0 ~ B (g W D)1 <

u(t=tx) ~(k) = & - =
<e Pu (('CoRo W, 'C1R1 J 'CoRo W, IC]RI ’ ‘J) ('CoRo W, 'C1R1 leory Wlog s ))X

J
'ch

n=1
2\/6 (l:o1 )2 2 I:0 ‘/E

Eoz[w0 +Je”’

240 2\/6 m
X A_

y2i : LO n=1

njr®

n—1
ICO +

o j))s

=

— au(t=ty) A<k> i ; VI i\ (T Yl 77
=e K (ICORO )WalclRl,‘]5|C0R0 aWaIC1R1>‘])5(ICOR0 >W >|C1R15‘] 5|C0R0a

~ k) [ s . . oo . - — = - = = . =~
< e/‘O KOp;(z )((ICORO ’W ’ IC1R1 H ‘] ’ IC()R() 9W > IC1R1 ’ ‘] )’ (IC()RO 9W H IC1R1 ’ J ’ ICORO ’W I CiRy» J ))
It follows
Ib(k) (BO(iCORO aW s J ): BO (i_C()RO ,W, ‘]_)) <
< €K 5 (icypy Wy » 3o icgmg Wty s I nlicgsy - Wyt g W 0 3))
For the second component we get
_ _ t _ ksl _
B Cicyry W )0 = BY (icyr, W, D[ < [U(s) -U(s)ds+ [ U(s)-U (s)ds =W, +W,.
tk tk

Further on we have

2
\/_ ”ICORO (s)- ICORO (5)|d5 +

ootk

< COZ]h\N(s) ~W(s)|ds+
1tk

dt dt
1 W +Joe" RN
+ ”1
Z,C, 27 \/_( )
1 W,+J,e”+4JL1
+ —+ —
2,C, 2\/6(0 'z,

0 0

- }[dJ(t—T)_dJ_(t—T)j

U 602]j|J(s—T)—3(s—T)|dss
ty

)l : 1 W, +Je” +44L1
icorg»icorg) T T p
TRz 2z4Ele,f
s tk)l NE 840 <k>(i'COR0,i'COR0)+ L Worde? +4JLC g 0 & , | ol (WL W) <
: . <
YA C H Zocol 2Z,C ( )Z J H

#(t=t0) A (i - i RO Ji
<e Pu ((ICORO’W’ICIRI’J’ICORO’W’ICIRI’J)’(ICORO’W’ 1R1"] lc

< J‘e#(S—tk)ds
tk

=0 Coz]e%if)(vv,vv )<

CoRo >

L e#O 2\/_+1 W0+‘]0e_ﬁ+4\/tlcocz )
yz z,C, 2\/ECO1 °

2\/_ k41

21
0~0  tk

W, <

[

tkfl di-T) dJ_(t—T)
i dt dt

1 W, +J,e”+4/L1
+ o=+ =
Z,Cy 2\/E(C01)ZZO

(t=t) A (k) . - LR . = — = T = - =
< e” k p ((ICORO aWaIC1R1>‘],ICORO aWa|C1R1>‘]),(IC0R0 aW ’ICIRI’J’ICORO aW a|C1R1>‘]))X

_ 1 ket _
INOETNG) T | W (s)-W (s)[ds +
0~0  tk

tk+
Co COZJKJI‘J(S—T)—j(S—T)‘dSS
tx
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# _1) e
&) ° (2J_+1

w Z,C,

W, +Jge” +44/L 1, 2.
2Jcc, ° )

AU (g W, 9)(D) = BYU (icyr, W, (1) <

a(t=tc) A (k) ; ‘ Yo i\ (T v T Y
<e Pu ((ICORO’W’ICIRI’J’ICORO’W’ICIRI’J)’(ICORO’W’ICIRI’J’ oRo’W ICIRI’J))X

W,+Je” +4JL 1, -
{2\/_“ Coczj

2Jcc, ‘

/1 Zoco

— aH(t-1) ~(K) T - &
eﬂ X K ( ((ICOR()’W IClRla‘]’ICOROaW IClRla‘]) (IC()R()’ I lRl"]’ICORO’W’ICIRl"]) .

It follows

b(k)(BW (icyry-W,J), By (i_CORO W, J_))S

120 A(k)( . . B . - — - - = — =
<eK p,u (IC()RO 9W ’ IC]R] ’ J ’ IC()R() 7W ’ IC]R] ’ J )3 (IC()RO ’W ’ IC]R] ’ J > IC()RO 9W ’ IC]R] ’ J ))

For the third component we have

B W icyg, - )0 = B W gy, DO| < |1, W icye, - 3)(S) = I, Wi T)(S)]ds +
t

ksl

+
t

e, W g, 9)(S) = le, (W, ig g, T)(S)|ds = Py + P

Since

m
W, +J.e? C I
< 2\/_ . 0 0 ~ n ['C _

x H|ClRl(s) |ClRl(s)}ds+ \/_ — j|J(s) J(s)ds <

-B
2\/6'“ In_l WO+‘]Oe

< +

2J_ _”W(s) —W(s)]ds+ Cr e+ (Ell)z = L2

n .
(k S _
@ _,|e"p, )(|C1R1’IC1R1) e# o

=R c 2\/E(|:11)2n_1 1 p p

1 K (J Ty ault-t)
L& J,d)e 1_

2,11\/6 I:l1 i B

W, +J,e”” |
r(l) In—l + n=1 L 2

LN PN/
,lel:ll n=1 ) “ 2\/E|:11 :

eMt—tk)e#o

k . Kl S . - —_— — = — =
X pﬁz )((ICORO aWa IClRl s ‘] ’ ICORO aWa IC]R] ’ ‘] )7(ICOR0 7W ’ IClRl s ‘] ’ ICORO 9W 9 IClRl ’ ‘] ))
and

k1
2_2J_ - H\N(s) W (s)|ds +
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m
W, +J,e” cYrdfl
»/Ca 0+ 3 clv -
== >l n-1 chlRl(s) |C1Rl(s)‘ds+

Ly nal ot 2JC (I:ll )Z

W, +J,e” &
— HJ(S) J(s)lds < {1_ ST :

T AL Y

{ k
% p® (i g e )kfﬂe"(s’tk)dSJrL [ e Wds<
1n1 171 e 2\/6

1 Tk

W, +J,e7” K -
2\/6 UL Infl 0 0 2 e/‘Op( )(ICIRI’IClRl) e#TO -1 +

< == nrNIg! + -1
=R N (W u u

e p®(3,3) gm0 _1 3

2;1\/6 I:l1 U -

W0 +Je”

- 1
__n-l L2+ X
/el ' 2Jc J

e#(t tk)eﬂo [
,u

A(k)(. . . - Lo — - - Jrayy
x py (ICORO 5W > ICIRI s ‘] > ICORO >Wa ICIRI s ‘] )’(ICORO aW s IC]R] s ‘] s ICORO ,W > IClRl s ‘] )

we obtain

BF Wi IO ~ B W, igyg,, D)D) <

W0 +Je7 c
n=l : L+ ! x

2JcL;! N

x py ((ICORO 9W IC1R1 ’ J ° IC()R() 9W ICIRI > ‘J) (IC()RO ’W IC]RI ’ ‘J IC()R() ’W IClRl ’ J ))

= e’uoKlﬁ;(zk)((ICORO ’W IC]R] ’ ‘J’ICORO ’W IClRl"]) (ICORO ’W IClRl’ ‘J IC()R() ’W IC1R19‘]))

< ettt e’ [
1L

Further on we have

[BY (W icyp, )0 = B Wi, D) | < [[1W i, 3)(8) = 1OW i gy, I)(5)]ds +
tk

t—t tk+1
[ 1W i, 3)(S) = 1 W T g I)(S)ds = 3, + 3,
tk+l tk tk
Since

J, <

J ey, (8)Tcyg, (s +

Oltk

dt dt

I(dW(t T) dW(-T)

tk
1 We”+3,+24JL1
+
C1

7, e 'fz

! CIZJHJ () J(s)ds +
i
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1 We”+J3,+2JLI
+
ZO

_ °1(§12t ~T)-W(s—T)ds <
¢\ akzlelf 1{[\/\/(8 )W

H Z,C/! u

&'z, ayele Yz,

t=t) A (K) . B . .- __ - S
<ep, ((ICORO Woigr > Jaicgrg s W lgyr > 9):(Icgrg s W 1 1R1"]’|C0R0’W3ICIR1:‘]))X

AT o1s Woe*ﬂ+\]0t2\/flcléz
2 /cc; :

,U ZOCI
and

2\/_ i1

1
0~ tk

AW (t-T) dW (t-T)
JZSJ{ a a7

tk

Woe™ +J Jrzx/_lclvzt
2ClE,' [z,

(t=ty) ~ (k) - - : - - = T - - = =
< e# k ,D ((ICORO >W ’ IC]R] ’ ‘] s ICORO aW ’ IClRl ’ ‘] )’(ICORO aW s |C1R1 s ‘] b ICORO ,W s |C1R1 s ‘] ))X

Ho Woe” +J, +24/L 1. _
><(e”°—1)e—ﬁ1 2L +14+ 2 o+ 2L ©cz2
u'z,C

< T

M(s T)-W(s-T)[ds <

then

B W, igyg, )0~ B (W i g, (D] <
<etWj (k)((lcoRO W, 'clRlzJ,lcoRo W, 'CIRI»J) (icory W, |_1R1,J_,|_ ORO:VV, i_clRlaj))X
We” +J,+2JL 1, -
24 +1+— - 9cr <
2Jc(c,'f z,

k) . . .. L _ - . .
SeﬂOKJ'O/(J ((ICORO’W’ICIRI’J’ICORO’W’ICIRI’J)’(ICORO’W 1R1"]’I ORO’W’ICIRI’J))'

/U Z()Cl

It follows

ﬁ(k)(B (icgry > W 3), B, (icyr, W, j))S

~ (k . B O s - _— - = :
<e"K, P, >((|COR0 Wigr, > 3 icgrg Wiy » 9)xicgrg W s ey, » 3 »icgrg - W > icyry - 9 )).

For the derivative of the first component we have

B (icyry W )0 = BEY (i W, (0| <, (icymg W IO = Iy (Tcyry W, (O] +

1 k1 . - o L.
+ j(lco(lcoRO,W,J)(S)—ICO(ICORO,W,J)(S))dS =l +1,.
1:k+1 Ttk
But
2/ m W, +J,e” &
‘ICORO - ICORO (t)‘[ P |£ol + Lo +

n=1
refl 2\/6(|:01)2
2\/_A1’\N() W(t)‘+ \J(t T)-J(t- T)\
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| <

_ 1 kit _
iz, (8)~ o, (s)\ols+F [ [3(s)-3(s)ds+
o~1
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m
W, +J,e7”7 +24C Y r )12 ®
i_ ) 2\/Em r(0)|n—l+ 0 0 n=1 " IC +e#(“k)pﬂ (\NW)_
CoRo > CoRo Lol = G 5 \/E(I:(;)z 0 ) \/_L

< gHt= tk)p(k) (i

W, +J |n (k)
pu (ICORO’ICORO) 2\/_ r(0)|n -1 0 n=1 <0 ‘2 (W W)

Iz = 2/elt, f 2\/_ Cul,

A(k) - T - -
((IC()R() ’W IC]R] H ‘] IC()R() ’W IC]R] H J) (IC()RO ’W H IC]R] ] ‘] s IC()RO 7W ) IC]R] s ‘J ))X

e”(t tio) ( C W n-1 WO +J0e_ﬁ n=l1 Igo 2 1 j
X ——— n o+ —= L, +
il o e 2L, N
and
L R PP - 24C &1 o) =
, < [ e Wligp (5) —Topr, (9)ds =N I8 " + — L0 +
b~ 4 ‘CORO R ‘ |-01 =h “ 2«/E(L0)Z
tk+1 d +1 _ d
(s)—-W (s) s+ — J(S—T —J(s=T)ds |<
W, +J
pHtr—k) _q 0 - 2\/6 m 0 . - 1 ‘ _
< P9 gl m ) == O -l L |[+———p P W,W)|<
/l(tk+1 _tk) # \'CoRy>"CoRp Lol = Co 2\/6([01)2 2\/EL01 1z
W, +J,e7” cS o -
L0 PP ey legy ) \/72 M pﬂ”(\NW) <
Hot = el f 2jeLy

~ (k T - — -
P, )((lcoR(]sW e 3Ry W, ICIRI"]) (icory - W, IC]Rlﬂ‘]’ICORO’W ’ICIRls‘]))X
W0 +J,e”

n=1 Co |:2+ 1 J
2JcL, " 2JC

ﬂoﬂl— (

then
B (icypy W (O = B (i W, (D) <

(t=t) AR (i ; H YE N Y - & il =
<0 ((lcORO,W,|CIR1,J,|CORO,W,|CIR1,J),(|CORO,W,|C1R1,J e Woic 30

rn<°>

o0 _1) 1 " W, +J,e7 +24JC B 1
x| 1+ _w( CYni g + |_§+ =
JZ n=l

IUO 2\/6E01
WK, A<k>((.COP0 Wi sl Waicg - ) legp, Wil ,J‘ W i ) ))

It follows
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PP(BE (g, W, ), B (i W, ) <

K B .- - — . . =
< Kop (iggpg Wiy » - iegrg Wy 9)-egrg W ooy » o iegrg Wiy -3

For the derivative of the second component on we have
o o ke _ L
B iy, W, 9)(0) = B (i) W, DO < U O -T)+ [ [U()-U(s)]ds =W, +Vi.
t

Since

dit-T) di-T) 2JL | )
= dt - dt | + Zoéol ‘ICORO (t) - ICORO (t)‘ +

W, +Je? +4\/E| < V2
o —L b ———0-C,” W () -W ()] +
ZoCo 220\/6((:01)2
1 Wo+‘]oeiﬂ+4\/t|
+ = + ~ 12
z,C, 22,JC(C,!)
< e#(t tk)p(k)((ICORO ,W , iClRl , J , i'CORO ,W , i.ClRl 5 \] )’(i_CORO 3Vv

-p
[2\/_ Wo+ Je +4JE|C0602J

= 602J|J(t—T)—5(t—T)|s

JAerys s legry Wil > J ))X

ﬂzo 0 22,4c ¢,
and
. tk+1 _ J(c _
W, < 1 .[ dJ(s T)_dJ(S T) o+
2\/_ i1 _ 1 ke _ 1 ket _
= ic e (8)—lcr (S)dS+ —— (S)-W()ds+ —— | [J(s=T)—-J(s-T)ds<
Zocol i CoRo CoRo ‘ ZoCol t{ [W | Zocol t.l[ | |

w(t=tg) AK) i ; ; i\ (T W 77 Wi 7
se Pu ((ICORO’W’ICIRI’J’ICORO’W’ICIRI’J)’(ICORO’W IRI’J’I ORO’W’ICIRI’J))X

(ﬂo_) W o+Je?+4dL 1.
(el Al(zx/f+1+ 0“0 C°C02J

Mo pZ,Cy 220\/6601
we have

‘B\f\}()( iCoRO 9W’ J )(t) - B\/(Vk)(i_CORO ,V\_/, ‘T)(t)‘ <
Ho _ W, +Je”+4dl 1. _
g[1+e IJ% 241420 S ¢, |x
LG,

Ho 27 \/661

At 500 Wi )=
x € (('CoRo’W IClRl"]’ICORo’W IClRl"])(ICoRo’W ICIRI’J’ICORO’W’ICIRI’J))=

_ au(t=tx) A(k) - =
=e K ((ICORO Wigr > dsicor, W, i J), ('CORO:W iRy > J, ICORO Wieg > ))
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It follows

5 By iy W )0 — By (g W 3)) <
S KW p,flk) ((ICORO aW s ICIRI ) ‘] ) ICORO aW s ICIRI ’ ‘] )’(ICORO 9W9 i_clRl ’ ‘Ta i_CORO 5\/\_/5 i_ClRl s ‘]_)) .

For the derivative of the third component we obtain

BOW gy ()~ BOW, igq T )(t)\ <

k41

I

+1 k tk

<l Wiy ) =1, W O]+

C (\Na iclRl ) ‘] )(S) - ICl (Wa i_ClRl s j)(S)|ds = F)l + pZ‘
We have

1 J—
—W(E-T)-W@-T
INELIIW( )-W(t-T)+

W, +J,e”
2Jc o :
e Wy (] P L ligym O —Tcm (t>\+ AI\J(t) )<
e
W, +J 12 .
< 2\/6an(1) In 1+ 0 n=1 G I‘_’ \] (k)(IC1R1’|C1R1)+py)(‘],‘]) <
<| = - A <
L' e " 2\/E(L11)Z J H 2/1‘/E L,

W, +J,e”

m Cr _

—_—

C [P

n=l L2+ ! X
L, =R 2 L) ' 2Jc

<

w0 500 (i i ; RN TE WL
<€ Pu (('CoRo ’W’ICIRI’J’ICORO’W’ICIRI’J)’(ICORO W, ClRl"]’ICORo W ’|C1R1"]))

and

1

. 41
B, < zf : jM(s) W (s)|ds +

tk+1

W, +J.e”
2 C m B 0 0
- RO +

n=1 I
I:l n=l1 2\/6(|:11 )Z ty

g1

NELIII

iC]Rl (S) - i_ClRl (S) ds +

J(s)-J (s)|ds}<

2\/6 m - - _, . _ k41 ~
< |:l I’.n(l) Igll ~ 1 2n ! Ll p(k)(ICIRI’ICIRl) _[ e,u(S tk)ds+
= 2JClC) tk
(k)(J J)

+
p N[N
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W, +J.e” +24C>rP|I.
< e'u(tkﬂ_tk) _1 2\/6 in r(]) I n-1 0 0 n=1 4 “ [ 2 p,uk)(ICIRl s IC1R1 ) py (‘] ‘])
Htes —t) |:1l o 2/C (I:ll)2 1 H 2,u\/_ L
i WO +J,e” &
< e/—l(t = 0 — n=1 |: 2 +
Ho ,uL 2JcL)! ' 2Jc

A~ (k - - & L] . - —_— - = —_ =
x pL >((ICOR0 Wicr > 35 lcgry s Wl r s 9)(Icgry s W s lgyr s 35 Icgrg s W s IR, » 9 )),
Thus

BV Wicg,» () = B W, icq,, (V)| <

W, +J,.e”
H(t-ty) e/‘O -1 1 u n-1 0 0
<e 1+—— — C n IC] +
Hoy ,UL1 n=1

n=l1
2JcL)

Cy _, 1

K . . .. . - - — = LI =~
X pL )((ICORO 7W ) IC1R1 B ‘] ) ICORO ’W B ICIRI B ‘] )9(|C0R0 9W ) ICIRI ) ‘] B ICORO 9W ) IC1R1 B ‘] ))E
t-t A (K . : T e — - - = - =
= "R 5O (i Wiy 3o g W ey s Tegrg s W s Ty 3o g Wy -3
Finally for the derivative of the fourth component we obtain
S v . - .
‘Bg )(ICORO ’W IC1R19‘])(t) B( )(ICORO 7W9|C1R1"])(t)‘S Il + |2'
But

_|dwe-T) dwit- T)|
1‘| dt i |

(t=te) A (k) . - : = = - - =
< e# k ,D ((ICORO >W,|CIR1,‘]aICORO aW>|ClR1>‘])>(ICOR0 aW >|C1R1a‘] ’ICORO ,W 5|C1R1"]))X

We?+J +24JL 1. _
x—lﬁl[2ﬁ+1+ 0 0 CICZJ

= 1
.Ci 2,/cc/

= ﬁl\\/_ icyr, (0 =i O] +[3®) - T+ [\N(t—T)—W(t—T)\)s

and

icym, (5) — foye, (S)ds +

P! tkjﬂ dW(s) dW(s) N‘ ti
27 tk+1 _tk dS dS Zoéll tk

tk
+J +24L 1~ =
2L 4140 \/_Clcl
ZOI \/_Cl

t
u(t=t) Ak) (i ; : VI e — = T s =
<etk Pu ((ICORO ’W’IclRl"]"CoRo’W’IclRl"])’(ICORO’W"ClRl"] ' ORO’W ' 1R1"]))><

4] +2\/_'cl }
1

|J(s) J(s)|ds+ i H\N(s) W(s)‘ds

0 1

23/cc!

Ho /UZC

Ho
X e” -1 (2\/_ Woe
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then

‘B“)U W, icp s 9)() = BSOU (W, g, J_)(t)‘ s

(t-tg) ~(K) . - . = _— = = — = =
<ep, ((ICORO’W’ICIRI"]’ICORO Wolgyry s J)s Uggry s W s ey > I egry - W s Iy » ))X

o _ We”+J, +24JL1
x{l-l—e 1] 2L 1+ LYoy, =
#Zocl

Hy 2\/EC !

— pH(t-t) A(k) e
=€ K ((IC0R09W IC1R17‘]9|C0R07W IClRlv‘]) (ICOR()vW IClRla‘] ICOROvW 9|C1R19‘]))'

It follows

P (B Cicyry W, 3), B, (T, W, 3)) <
S KJ ka) ((ICORO ,W > IClRl B ‘] > ICORO aW B i'ClRl B ‘] )’ (i_CORO ’Wz i_ClRl B ‘]_’ i_CORO 9V\_Ia i_CIRl ) ‘]_)) .

Let us denote by
K =max{e”° K,,e“0K,,,e"0K,,e" K, K,, Ky K, K, }<l.

Then

5% ((B,.By.B,.B,,B,.By.B,.B,).(B,.By.B.B,,B,. By BB

(k) i i i P T W3
< Kp ((ICORO 7W ’ IC1R1 ° J ’ IC()R() ’W > IC1R1 ° ‘] )9 (ICORO ’W ’ IClRl > J ’ IC()R() ’W > IClRl > J )) .

The operator B has a unique fixed point. It is an oscillatory solution of the above problem on the

interval [T,2T].
Theorem 7.1 is thus proved.

Remark 7.1. The obtained solution on the interval [T,2T] might be taken as an initial function

and by the same way to obtain a unique solution on [2T,3T ] and so on.

8. NUMERICAL EXAMPLE

We collect all inequalities guaranteeing an existence-uniqueness of an oscillatory solution:

W, +1J
2./C
2L

TN

4L, + 3,67 +4JE|C0) _RT,

— =" <y

RT [W +J,e”

n

Joe " + — sinh—=<W,;
Z,Cy R L
2L RT( 5 nj<| .
RLI\/_ -G

Wee” +3, +4JLI
» AL “ sinhRTOSJO;
R z,C, L

W,e
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WO +J,e”

1
e0K, = __n=l + <l (VD)
2L, [ /e, 2/C ]
3t W, +Je” + 4L 1g, -
e 0Ky, = [ 2L+l TN E R e (VID)
wZ,C, 2\/Eco
20 K e3yo ( C m E ) WO + \]Oeiﬂ . Cy 1 (VIII)
e = — n h T+ — n= + <1,
bt = a 24/cL/! 2JC
+J +2\/_I
e K, = 2/L+1+C. 9 <1 (IX)
s 0C1 2‘/_(:
g0 — j ( 0)] y n- 1 WO i Joeiﬂ 1 j
K,=|1+ e — = + <l X)
’ Ho ) iy 2/CL! 2JC
" _ w +3e7” +4lL1g,
K, = 1+5 1 WL +1+C C <1 (XI)
Lo ﬂz c, 2JCC,
. e -1] 1 ( O] 1 vzWOe_ﬁJrJO =R ]
K, =1+ — | 2JCY nr,” 157 +L = + <1; (XII)
1 po )t e /et 2/C
. 00 _1 Woe” +3, +24/L 1,
K, =|1+ 2WL+1+C/ — <l. (XIII)
Hy ﬂzocl 2\/601

Consider a transmission line with length A=100m and cross-section area S =4 mm?. Specific
resistance for the cuprum is p, =0,0175, the resistance per-unit length is R =(pCA)/ S~0,44Q.
LetL =0,454H /m, C =80 pF /m, v=1/+LC =1/(6.10°)=1,66.10°; Z, =4/L/C =75Q . Then
T =AJLC =6.107, R/L=~10°, RT/L=RA/Z,~0,59; " ~1,8. For waves with length
ﬂozﬁm we have f; = ! =10 Hz :>T0=i=10_12, ﬂ=106.We choose 1=10".
6 AL f

Then uT,=pu,=1. Consequently z—(R/L)~10";sinhRT,/L~RT,/L=10°. For resistive
elements with V-l characteristics R,(i)=R,(i)=0,028i—0,125i" and inductive elements with

characteristics L, (i) =L, (i) =107 tanh(10%i) (cf. [2]) for [i
0 | oRp

< |cp <i,=0,01 we have:

L (i -5 -5 -
d p(l)_ 10 S 107 10 Cls0m 1 S;—2’38'

di  cosh®(10%i)) cosh®’1 238 ° di ()/di L' 1077

RET inh(10°F
—.’Z( ) _10° (—2)cosh ™ (10%)sinh(10%i).10> = -2.10~ % ?
T cosh”(1071)
e . 2
d Lp(l)‘:2.103 smhq10 I‘)

— 1 <210 sinh(10%i, )= 0,002 = L >
cosh’(10%) ( ") P

di’
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Let us take h=2. Then for ¢, =50pF, ®,=0,5V (p=0,1) and ¢, =0,16 we have

L 20,/ P, @, —2.5. 2.50.107"2,/0,5 0.5-2.5.
C, =C/l=—"1 0 0 =250y _ » 0,5 2’50’16z1,45.10*“;

J@,+4,) 2 J(0.5+0,16) 2

T 4@, -4 4(05-016]

Finally for W, =J,=10"; I, =l¢, =0,001; 5> 0 sufficiently large we obtain

G vz_200\/30(?.GI>O+¢O):2.5010*12\/@(“0,16)~3m10

W, 107
2JC  2430.107"2

< 0,16 .We have to check only (II), (III) and (X), (XI):

—12
%13_5 [102+2 80.1012(0,028+0,125.106)}s1; ()
—12
0408 )., an
. 238 - 10’72,38+4,76\/80.10’12(0,028.10’3+(),125.10’9) 1
Ky =221 0,056/80.107 + — + ~0,17<1
10 1044/80 2¢/80.10™"
(X)
7 1/ 3
K, =25.102 13410° +1+3.107°10* 04510°.107 | ) oet (XT)
2V8010'%1,4510™"

K =max{K0, Ky, K, K, }=0,17.

The successive approximations could be obtained similarly as in [20].
9. CONCLUSION

For the applications one needs only to verify a system of inequalities (cf. 8. Numerical example)
to make sure that there exists a unique oscillatory solution vanishing exponentially at infinity. The
solution obtained W (x,t),J(X,t) might be approximated by an advance prescribed accuracy. In

fact we find actual voltage and current by the formulas

R R R R
e “W(xb) e LIt e LtW(x,t)+e LIt

2JC 2JC 1D = 24/L 2L

One can obtain successive approximations to the solution beginning with simple trigonometric
functions. It must be noted that

u(x,t)=
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