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Abstract: In the present paper we consider lossy transmission lines terminated by a circuit consisting of 
in series connected CR-loads parallel to L-load. Such a configuration of nonlinear elements is a simplified 
scheme of triode generator circuit. On the base of Kirchhoff’s law boundary conditions are derived. Then a 
mixed problem for lossy transmission line system is formulated. The reducing of the mixed problem leads to 
an initial value problem for a neutral system on the boundary. We are not able to exclude some transitional 
current functions and obtain a system of four equations for four unknown functions. We show that natural 
solutions are oscillatory ones. Further on we prove an existence-uniqueness theorem for oscillatory 
solution vanishing exponentially at infinity by a fixed point method. 
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1. INTRODUCTION 

The main purpose of the present paper is to consider transmission lines terminated by a circuit 
consisting of in series connected CR-loads parallel to L-load. Such a nonlinear circuit corresponds 
to a triode generator of oscillations (cf. [1]). A lot of results and applications of transmission lines 
terminated by various circuits of nonlinear loads can be found in [2]-[20]. 

Basically we follow the procedure from [20] and technique from [21]. The paper consists of eight 
sections. Section 2 contains derivation of boundary conditions using Kirchhoff’s law. Then the 
mixed problem for lossy transmission line system is formulated. It must be emphasized that in this 
case the CR current function cannot be excluded and we need to consider a system of four 
equations instead of the usual two [20]. In Section 3 using Heaviside condition CGLR //    the 
mixed problem to an initial value problem on the boundary is reduced. Finally heuristic reasoning 
is given which justify why one should look for oscillatory and not for periodic solutions. In 
Section 4 we consider the arising nonlinearities and introduce suitable function spaces and 
corresponding families of pseudo-metrics. In Section 5 an operator presentation of the oscillatory 
problem is given. Section 6 contains some elementary Lipschitz estimates of the right-hand sides 
of the system necessary in the next section. Section 7 contains the main result − an existence-
uniqueness of an oscillatory solution by fixed point method [21]. Section 8 contains a numerical 
example that demonstrates the advantages of our method introduced in [20]. 

2. DERIVATION OF BOUNDARY CONDITIONS HEADINGS 

Since we consider lossy transmission lines we proceed from the following system (cf. [20]) 

        2
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t x
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where  ),( txu  and  ),( txi  are the unknown functions (voltage and current), while L, C, R and G are 
prescribed specific parameters of the line. For system (1) we formulate the following mixed 
problem: to find  ),( txu  and  ),( txi  in   with initial conditions 

  ,0),()0,(),()0,( 00 xxixixuxu .                   (2) 

To obtain the mixed problem for (1) we have to derive boundary conditions for 0x  and  x . 

In accordance to Kirchhoff’s law (cf. Fig. 1) we have to sum the voltages of the elements  0C  and 

0R  after that to sum the current of  00 RC  and the current of  0L . We assume that the second end is 
terminated by the same configuration (cf. Fig. 1). If   is the length of the transmission line then 

the time for propagation of the wave along the line is LCLCT  )/1/( , where  LC/1  

is the speed of propagation, L is per unit-length inductance and C – per unit-length capacitance. 

 

Fig. 1. A lossy transmission line terminated by nonlinear triode generator circuit 

Assume pp RC ,  and )1,0( pLp  are nonlinear elements, that is, ),(uCC pp   ,)(iRR pp   

)(iLL pp   are prescribed nonlinear functions (characteristics). Introducing denotations 

)(.)(
~

),(.)(
~

pLppLpLppCppCpCp iLiiLuCuuC   we have 
dt

iLd

dt

d
u pLpp

pL

)(
~




 . In particular 

 
,

)(
)(

)(.

dt

di

di

idL
iiL

dt

iLid
pL

pL

pLp

pLpLp
pLppL














  

),(
pRppR iRu   

 
dt

du

du

udC
uuC

dt

uCud

dt

uCd
i pC

pC

pCp

pCpCp
pCppCpCp

pC 














)(
)(

)(.)(
~

,
 

and .
)(

~

)(
dt

di

di

iLd
iRu pRpC

pRpC

pRpCp

pRppRpC   

Then Kirchhoff’s law yields .),0(
000 LRC iiti   But 

dt

uCd
i

L
L

)(
~

00

0
  and ),0(

0
tuuL  . 

Therefore 

.
)),0((

~
)(),0(

)(
~

)(),0( 0
00

00

00 dt

tuCd
titi

dt

uCd
titi RC

L
RC 

 



Lossy Transmission Lines Terminated by Triode Generator Circuit  
 

International Journal of Scientific and Innovative Mathematical Research (IJSIMR)            Page 1001 

On the other hand .),0(
00000 LRCRC utuuuu   
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In view of 
0000 RCRC iii   and 

000
)(),0( LRC ititi   we obtain boundary conditions for (1)  
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and for the right end  
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which jointly with initial conditions (2) form a mixed problem.  

3. REDUCING THE MIXED PROBLEM TO AN INITIAL VALUE PROBLEM ON THE 

BOUNDARY USING THE HEAVISIDE CONDITION CGLR //    

First we present (1) in the form  
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We follow the method from [20]. Transform the matrix 
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and 
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Substituting ZHU 1  in (4) we obtain 
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Taking into account the Heaviside condition CGLR //   we obtain 
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and then (7) becomes: 
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The new initial conditions for   ,0x  become 

)()()()0,()0,()0,( 000 xVxiLxuCxiLxuCxV  ,                                                        (9) 

)()()()0,()0,()0,( 000 xIxiLxuCxiLxuCxI  .                                                     (10) 

We can simplify (8) by the following substitution: 
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Rewrite (8) in the form: 
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and substituting ),( txV  and ),( txI  from (11) into (14) we obtain 
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The mixed problem for (15) can be reduced to an equivalent initial value problem for a neutral 
system on the boundary (cf. [20]).  

Let us put (13) into the boundary conditions (3-1): 
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Choose ),()(),(),0( tJtJtWtW   to be the unknown functions. Then in view of 
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A natural problem is to formulate conditions for existence-uniqueness of a periodic solution of the 
above system. We make arguments, however, which justify why we should look for oscillating 
and not periodic solutions. First we notice that the right-hand sides of the above system are not 

periodic functions. Therefore it is a natural to look for solutions of the type ),(tWe
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4. ESTIMATES OF THE ARISING NONLINEARITIES AND INTRODUCING A FAMILY OF 

PSEUDO-METRICS  
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p
p uu

h

h
c

du

udC
uuC

du

uCd

  2
1

2

2

2

2

/
122)()(

2
)(

~







 




 hpp

h
ppppp uu

h

h

h

c

du

uCd
u

du

udC

du

uCd
.  

If we choose 
h

h

h

h

h

h

211
,

21
minˆ

0 











  it follows 0/)(

~
duuCd p  and 0/)(

~ 22 duuCd p  

for ],[ 00 u . Therefore  

  

 
).1,0(,0

/1)(
~

:
)(

~

min 1

1
1

0

00
0 
























pC
hh

c
du

Cd
u

du

uCd
p

hp

p
h

pp
pp 




  

We need also the estimates 
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 
   10

2
1

0

/122)(
~

p
p
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h
ppp C

h

hhc

du

uCd 














, 

   
 

 
 

.)1,0(
21

2
)(

~
2

21
0

2

0

21
0

2

0
2

2













pC

h

hc

h

huh
c

du

uCd
p

h h
p

p
h

pp

h h
p

p
h

pp
p 








 

Denoting )(),( tJtW


 again by )(),( tJtW  we consider the problem for existence-uniqueness of an 

oscillatory solution of the following system: 

;),,())((
2

)()(

/)(
~

1)(
000000

00000

00 JWiItiR
C

TtJtW

diiLddt

tdi
RCCRC

RCRC

RC 










  

;),,(

/
2

)()(~
2

)()(
)(

2
)()(

00

0

00

JWiU

du
L

TtJtW
Cd

L

TtJtW
ti

C
dt

TtdJ

dt

tdW
RC

RC










 







                        (18) 

;),,())((
2

)()(

/)(
~

1)(

111111

11111

11 JiWItiR
C

tJTtW

diiLddt

tdi
RCCRC

RCRC

RC












    

),,(

/
2

)()(~

)(
2

)()(
)()(

11

1

11

JiWI

du
C

tJTtW
Cd

ti
C

tJTtW

dt

TtdW

dt

tdJ
RC

RC










 







   

for ),[  Tt  with initial conditions  

].,0[),(
~

)(,0)(),(
~

)(,0)( 0
)0(

11110
)0(

0000
TttJtJiTitWtWiTi RCRCRCRC 

 
We look for a solution of (18) with advanced prescribed zeroes on 00 ),,[ tTt  , where 

],0[),(
~

),(
~

000 tttJtW   are prescribed initial oscillatory functions on the interval ],0[ 0 Tt  .  

Let NnS n
kkT   ,}{ 0  be the set of zeroes of the initial function, that is, ,0)(

~
0 kW   

0)(
~

0 kJ  , such that ,00   0tTn  . Besides 01 },...,1,0:max{ Tnkkk   . 

Let 
 0}{ kktS  be a strictly increasing sequence of real numbers satisfying the following 

conditions (C):  

(C1) 
 k

k
tlim ; (C2) for every k there is ks   such that sk tTt   where SSt Ts  .  

It follows  

(C3)   ,...}2,1,0:inf{0 1 ktt kk  01 ,...}2,1,0:sup{ Tktt kk  and kk tT  . 

Introduce the set ),[ 0
1 tC  consisting of all continuous differentiable bounded functions with 

bounded derivatives on every interval ],[ 1kk tt . 

Assumption (IN-1): The initial functions (.)
~

,(.)
~

00 JW ],0[1
0

TCT  are prescribed oscillatory ones 

on ],0[ 0t  with zero points .}{ 0
n
kkTS    
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Remark 4.1. Let us note the left and right derivatives at kt  of (.),W  ),[(.) 0
1  tCJ  may not 

coincide. That is why we introduce a suitable topology for continuous functions with piecewise 
continuous derivatives.  

In view of the above calculations we make the following 

Assumption (L): ).1,0(0ˆ)(
~

1  pL
di

iLd
p

p  

Assumption (IN-2): The initial functions (.)
~

,(.)
~

00 JW ],0[1
0

TCT  satisfy the inequalities 

  ;
~ )(

00

Tt
L

R

eeWtW
     ,

~ )(

00

Tt
L

R

eeJtJ
  ],0[ Tt . 

It follows )(
00

)(
00 )(

~
,)(

~ ktkt eJtJeWtW     for ],[ 1 kkt   )1,...,2,1,0(  nk . 

Let us put ]2,[),(
~

)(),(
~

)( 0000 TTtTtJtJTtWtW 


. Then 

,)(
~

)( )(
0

)(
000

kttkTt eWeWTtWtW   
)(

000 )(
~

)( ktteJTtJtJ  
 for ],[ 1 kk ttt  

).1,...,2,1,0(  nk  

Assumption (C):   000
0 2/   CJWe T . 

It follows 

.
222

)()(

2

)()(
),(

;
222

)()(

2

)()(
),0(

0
00000)(0

0
00000)(0









































C

JW
e

C

JW
e

C

tJtW

C

tJTtW
tu

C

JW
e

C

JW
e

C

tJtW

C

TtJtW
tu

Tktt

Tktt





 

For the resistors we use V-I characteristics with polynomial type nonlinearities: 

Assumption (R): )1,0(,)()(
1

)(  


piriR
m

n

n
pRpC

p
npRpCp . 

Introduce the sets 

 ,],[,)(0)(:),[(.) 1000000
1

000 


 kk

t
L

R

CRCkRCRC ttteItititCiM

 ],[,)(0)(:),[(.) 100
1




 kk

t
L

R

kW ttteWtWtWtCWM ,

  ,],[,)(0)(:),[(.) 1111110
1

111 


 kk

t
L

R

CRCkRCRC ttteItititCiM

  .],[,)(0)(:),[(.) 100
1




 kk

t
L

R

kJ ttteJtJtJtCJM  

Remark 4.2. It follows that the functions from 0M , WM , 1M  and JM  satisfy the inequalities  

],[,)(,)(,)(,)( 1
)(

0
)(

111

)(
0

)(

000 
  kk

kttktt
CRC

kttktt
CRC ttteJtJeItieWtWeIti   

),...2,1,0( k  where 000100
,,,,,  TJIWI CC  are positive constants. 

Introduce the following family of pseudo-metrics 
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  );1,0(,],[:)()(max),( 1
)(   pttttitiii kkpRpCpRpCpRpCpRpC

k

   ;],[:)()(max),(,],[:)()(max),( 1
)(

1
)(

  kk
k

kk
k ttttJtJJJttttWtWWW 

  );1,0(,],[:)()(max),(ˆ 10
)(   pttttitiii kpRpCpRpCpRpCpRpC

k

 ],[:)()(max),(ˆ 10
)(

 k
k ttttWtWWW ; 

 ],[:)()(max),(ˆ 10
)(

 k
k ttttJtJJJ ;

  );1,0(,],[:)()(max),( 10
)(   pttttitiii kpRpCpRpCpRpCpRpC

k


  ;],[:)()(max),( 1
)()(


  kk

kttk ttttWtWeWW 


  ;],[:)()(max),( 1
)()(


  kk

kttk ttttJtJeJJ 


  ;)1,0(,),(),...,,(),,(max),(ˆ )()1()0()(  piiiiiiii
pRpCpRpC

k
pRpCpRpCpRpCpRpCpRpCpRpC

k
 

 ),(),...,,(max),(ˆ )()0()( WWWWWW kk
   ; 

 ),(),...,,(max),(ˆ )()0()( JJJJJJ kk
   ;

  );1,0(,],[:)()(max),( 1
)()(  

 pttttitieii kkpRpCpRpC
ktt

pRpCpRpC
k  


 ],[:)()(max),( 1
)()(


  kk

kttk ttttWtWeWW  
 ;

 ],[:)()(max),( 1
)()(


  kk

kttk ttttJtJeJJ  
 ;

  ;),(),...,,(max),(ˆ )()0(
0000

)(
pRpCpRpC

k
pRpCpRpCLRLR

k iiiiii 
    

 ),(),...,,(max),(ˆ )()0()( WWWWWW kk 
   ;  ),(),...,,(max),(ˆ )()0()( JJJJJJ kk 

   . 

The following inequalities imply the equivalence of the families of pseudo-metrics 

.),...2,1,0(),(),(),(),,(),(),(

),,(),(),(

)(0)()()(0)()(

)(0)()(





kJJeJJJJWWeWWWW

iieiiii

kTkkkTkk

pRpCpRpC
kT

pRpCpRpC
k

pRpCpRpC
k

















 

It is easy to verify that 

  ),(),...,,(max),(ˆ )()0()(
pRpCpRpC

k
pRpCpRpCpRpCpRpC

k iiiiii 

  ;)1,0(,),(ˆ),(),...,,(max )(0)()0(0  piieiiiie
pRpCpRpC

k
pRpCpRpC

k
pRpCpRpC

T





   

 
  ;),(ˆ),(),...,,(),,(max

),(),...,,(),,(max),(ˆ
)(0)()1()0(0

)()1()0()(

WWeWWWWWWe

WWWWWWWW
kkT

kk





 






 

 
  ).,(ˆ),(),...,,(),,(max

),(),...,,(),,(max),(ˆ
)(0)()1()0(0

)()1()0()(

JJeJJJJJJe

JJJJJJJJ
kkT

kk





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




 

The set JW MMMM  10  turns out into a complete uniform space with respect to the family 

of pseudo-metrics (cf. [21]): 
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 ),,,,,,,(),,,,,,,,(ˆ
1100110011001100

)( JiWiJiWiJiWiJiWi RCRCRCRCRCRCRCRC
k 



 ,...).2,1,0(),(ˆ),,(ˆ),,(ˆ),,(ˆ

),,(ˆ),,(ˆ),,(ˆ),,(ˆmax

)(
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)()(

0000
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)(
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



kJJiiWWii
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k

k
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kk
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k


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
  

5. OPERATOR PRESENTATION OF THE OSCILLATORY PROBLEM  

Replacing 0tt   in (18) we obtain conformity condition: 

.
/)),((

~
)(2)()0()0()(

;
/)),0((

~
)(2)0()()0()(

010

01100

000

00000

dutuCdZ

tiLtJW

dt
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dt

tdJ

dutuCdZ

tiLJtW

dt
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dt

tWd
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







                                                              (CC) 

We choose 0tt   and 0t  to be zero points of the initial functions and then 

0)()(,0)()()0()0(,0
)()()0()0(

01100000
00  tititJtWJW

dt

tdJ

dt

tdW

dt

dJ

dt

dW
RCRC  

imply (CC). 

Define the operator 

 ),,,(),,,,(),,,,(),,,,(
110011001110011000 JiWiBJiWiBJiWiBJiWiBB RCRCJRCRCRCRCWRCRC           (19) 

by the formulas 
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for ),...2,1,0(],,[ 1   kttt kk , where 
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 
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Lemma 5.1. Problem (18) has a solution JWRCRC MMMMJiWi  101100
),,,(  iff the operator 

B  has a fixed point in JW MMMM  10 , that is,  

 .),,,(),,,,(),,,,(),,,,(),,,(
1100110011100110001100

JiWiBJiWiBJiWiBJiWiBJiWi RCRCJRCRCRCRCWRCRCRCRC   

Proof: Let JW MMJW ),(  be a solution of (18). Then integrating every equation of (18) on 

every interval )...2,1,0(],[],[ 1   ktttt kkk  we obtain 
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Conversely, let ),,,(
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JiWi RCRC  be a fixed point of B, that is, ),,,(
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JiWi RCRC  satisfies (20). 
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Differentiating the last integral equations we obtain (18). 

Lemma 5.1 is thus proved.  
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For the fourth component we obtain 
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7. EXISTENCE-UNIQUENESS OF AN OSCILLATORY SOLUTION  

The main result of the paper is: 
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It follows 
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The operator B has a unique fixed point. It is an oscillatory solution of the above problem on the 
interval ]2,[ TT . 
Theorem 7.1 is thus proved.  

Remark 7.1. The obtained solution on the interval ]2,[ TT  might be taken as an initial function 

and by the same way to obtain a unique solution on ]3,2[ TT  and so on.  

8. NUMERICAL EXAMPLE  
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Consider a transmission line with length m100  and cross-section area 24 mmS  . Specific 

resistance for the cuprum is 0175,0c , the resistance per-unit length is    44,0/ SR c . 
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Let us take 2h . Then for ,50pFcp   )1,0(5,0  pVp  and 16,00   we have 
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The successive approximations could be obtained similarly as in [20].  

9. CONCLUSION  

For the applications one needs only to verify a system of inequalities (cf. 8. Numerical example) 
to make sure that there exists a unique oscillatory solution vanishing exponentially at infinity. The 
solution obtained ),(),,( txJtxW  might be approximated by an advance prescribed accuracy. In 
fact we find actual voltage and current by the formulas 
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One can obtain successive approximations to the solution beginning with simple trigonometric 
functions. It must be noted that  

REFERENCES 

[1]. L. A. Weinstein and W. A. Solntzev, Lectures on RF Electronics, Sovetskoe Radio, 
Moscow, 1973 (in Russian). 

[2]. C. A. Desoer and E. S. Kuh, Basic Circuit Theory, McGraw Hill Book Company, New York, 
1969. 



Vasil G. Angelov 
 

International Journal of Scientific and Innovative Mathematical Research (IJSIMR)            Page 1030 

[3]. D. Pozar, Microwave Engineering, J. Wiley & Sons Inc., New York, 1998. 

[4]. C. R. Paul, Analysis of Multi-Conductor Transmission Lines, J. Wiley & Sons Inc., New 
York, 1994. 

[5]. S. J. Ramo, R. Whinnery and T. van Duzer, Fields and Waves in Communication 
Electronics, J. Wiley & Sons, Inc. New York, 1994. 

[6]. S. Rosenstark, Transmission Lines in Computer Engineering, Mc Grow-Hill, New York, 
1994. 

[7]. P. Vizmuller, RF Design Guide Systems, Circuits and Equations, Artech House, Inc., Boston 
London, 1995. 

[8]. P. C. Magnusson, G. C. Alexander and V. K. Tripathi, Transmission Lines and Wave 
Propagation, 3rd ed. CRC Press. Boka Raton, 1992. 

[9]. J. Dunlop and D. G. Smith, Telecommunications Engineering, Chapman & Hall, London, 
1994. 

[10]. S. A. Maas, Nonlinear Microwave and RF Circuits, 2nd ed. Artech House Boston London, 
2003. 

[11]. D. K. Misra, Radio-Frequency and Microwave Communication Circuits, Analysis and 
Design. 2nd ed. University of Wisconsin – Milwaukee, J. Wiley & Sons, Inc., 2004. 

[12]. G. Miano and A. Maffucci, Transmission Lines and Lumped Circuits, 2nd ed. Academic 
Press, New York, 2010. 

[13]. Angelov V. G. and Hristov M., Distortionless lossy transmission lines terminated by in series 
connected RCL-loads, Circuits and Systems, 2 (Oct. 2011), 297-310 (2011). 

[14]. Angelov V. G., Periodic regimes for distortionless lossy transmission lines terminated by 
parallel connected RCL-loads. In “Transmission Lines: Theory, Types and Applications”, 
Nova Science Publishers, Inc., 259-293 (2011). 

[15]. Angelov V. G., Oscillations in lossy transmission lines terminated by in series connected 
nonlinear RCL-loads, Int. J. Theoretical and Mathematical Physics, 2 (5), 143-16 (2012). 

[16]. Angelov V. G., Various applications of fixed point theorems in uniform spaces, Conference 
Proceedings, 10th Int. Conference on Fixed Point Theory and its Applications, Cluj-Napoca, 
(2012). 

[17]. Angelov V. G., Lossless transmission lines terminated by in series connected RL-loads 
parallel to C-load, Int. J. Theoretical and Mathematical Physics. 3 (1), 10-25 (2013). 

[18]. Angelov V. G. and Zahariev A., Lossy transmission lines terminated by parallel connected 
RC-loads and in series connected L-load (I). Int. J. of Modern Eng. Res. 3 (May-June, 2013), 
1410-1418 (2013). 

[19]. Angelov V. G., Lossless transmission lines terminated by L-load in series connected to 
parallel connected GL-loads. British J. of Mathematics & Computer Science, 3 (3), 352-389, 
(2013). 

[20]. V. G. Angelov, A Method for Analysis of Transmission Lines Terminated by Nonlinear 
Loads. Nova Science, New York, 2014. 

[21]. V. G. Angelov, Fixed Points in Uniform Spaces and Applications. Cluj University Press 
“Babes-Bolyia University”, Romania, 2009.  

AUTHOR’S BIOGRAPHY 

Born - 1950, Bulgaria. PhD in Mathematics - 1981; Assoc. Professor - 1985; 
Doctor of Technical Sciences - 2004; Professor - 2007. Head of Department of 
Mathematics. Research subjects:  Delay differential equations, Fixed point 
theory, Classical electrodynamics, Electrodynamics and radio technical devices, 
Transmission line theory and nonlinear circuit theory. Awards: Who’s Who in 
the World - since 1992; Gold Medal of the American Biographical Institute - 
2010; International Peace Prize, United Cultural Convention, USA - 2012. 


