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Definition and Notation

Let f be periodic with period 2 and Lebesgue integrable on [- 7, 7 ].

Let a—2°+ > (a, coskx+b, sinkx) (1.1)
1

be the Fourier series of f at t=x and let s,(f,X) represents the ny, partial sums of the series (1.1)

Let > (b coskx—a, sinkx) (1.2)
1

be the conjugate Fourier series of f at t=x and let §n(x); represents the nth partial sums of the

series (1.2).

Let W, (f, x) and V~Vn (f,x)be the Norlund or (N, p)mean of s (x)and S (X);where
p, = 0and

P=p,+p +....+p, >o0asn—oo

Then
1 n
Wn(f,x)=32pn,ksk(f,x) (1.3)
n k=0
~ 1 n -
W(f,x):;Z PakSc (%) (1.4)
n k=0

Let &:(iﬁ~ X) be Cesaro or (C, &) mean of order & of S, (f,x) for & >-1.

~5, 1< 4~
G (£.0==5> A 5.(F,%) (15)
k=0
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where the binomial coefficient (Af ) is defined by

ZA1 X" = (1 X)5+1 (|X|<1)

(1.6)

Das and Mohapatra [3] have studied a special (N, p) method which they called generalized

harmonic-Cesaro method (Z, 8, ) and which is generated by the sequence {pn}: P,

determined by the identity.
1-2)” l(log )“ZA?”Z (7[<D)

Where a>2, is a fixed constant.

= Af_l’ﬁ

S5 _
Let Kn ﬂ( f, X) denotes the (2,0, ) transform of the sequence of partial sums {§n(f,x)} of

the Fourier series. Then

0185 (f,X);
k=

Kf’ﬁ(f,X)—

We use the following additional notations
1

p) =y, O =_{T(x+1) - T(x-0}

V () = the total variation of y on [0, ]

~ 1 .

D,(t)= [cos% —cos(n +E)tj/25m %

v, O =——[t-u" pdu, a>0

I'(@) g I

wo(t) =w(t)

w, ) =T(a+)t"¥Y, () a0

h=[«]

70, 1 § 51,0 1N

Ko7 (t) = G V:O/x "D, (1)

i 1 7 o

J(n,u):m j (t—u) “K27 (t)dt
1 7 h

W0 =y T )

M) — 1 & sy cos(v+ )t

" _AfﬁV:oA1 2sin t2
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d\'
- (Ej K27 (t)dt

(17)

(1.8)

(1.9)

(1.10)
(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)
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|—~|(n,u)—r(1 a)ja—u) H 27 (t)dt (L.17)
~ _ 1 f: heo(d ) 5.5

Hl(n,u)_mj(t—u) (E] H 27 (t)dt (1.18)
~ 1 = _d-~

Q(n,U):r(l—_a)IV EH(n,V)dV (119)
Q,(n,u) = ﬁ?v“ %ﬁl(n,v)dv (1.20)
Af(f,x):&f(f,x)—f(x,%) (1.21)
R7(E0=H(F0)-(x7) (122)

INTRODUCTION
It is well known that (See [5] Vol. | p.59)
If feBV[-n,n], then

Ilm( (f.x)- f(x,%)):o (2.1)

Mazhar and AL-Budaiwi[4] obtained a sharper version of this result by showing that n>1

‘( fx—f(xV))‘ nkl (1//) (2.2)

The objective of the paper is to generalize and extend the above results and work with less

stringent condition w,(t)eBV in place of y(t)eBV by using (Z,5,,B) method. It may be noted
that similar work for Fourier series has been investigated by the present authors (See [7]) with
do.€BV, where ¢, is the Rieman Liouville integral mean of

$(t)={f(x+t)+ f(x—t) - f(x+0) - f(x—0)}
In short we prove the theorem as follows
Theorem. 1
Let 0<a<1, BeR. If y,(t)eBV[0,n] and +1>a. then
- 1 n_oo
>P(f,x)=0(@1 k? log” (ak/2)V, '~
A‘l ( X) ( ){(Iog n)ﬂ n(5+1,a kZ:]; Og (a' / ) 0 (l//a)}

oW SVt ) |

Theorem 2
Let o>1. If y,(t)eBV[0,n] and 5>a then
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O 1 C - T
~ TogrT KoK )

o@ " | 5 .
a0

A (1.%)

To prove the Theorems we need the following Lemmas
Lemmal

If 6 >—1 and F(u) is slowly varying, then

n s n5+l

VF (V) = F(n
Z;, (v) il ()
Lemma 2.

1 C - rAiv

Let E(n,r,t)= a7 ;Af_}ﬂr e, >0 3.1)
Letr=0,1,2,................ , 0<t<m and n>t™%. Then
for -1<6<1
E(n,r,t)= O(t°(log %)B n"’(logn)*) (3.2)
for 621
E(n,r,t)= Ot "'n") +O(t ™ (log %)’3 n"’(logn)*) (3.3)

Where d is a suitable constant greater than 7.

Note: Chandra and Dikshit have stated case (i) for 0< ¢ <1 but the result still holds for
—1< <1 astheir line of argument also valid for the range —1< 6 <0.

Lemma 3
For a>2,feR,-1<06 <1, we write

. Y b
R=R(t)={'°92£25int/2j+( 2 ”

/A

2log _a )
2sint/2
Then for 0<t<~x
1 o o
RPcos||n+Z+ = [t—-""+
K 2 2) 2 ¢ﬂ}+ 0(@)
na(logn)ﬂ(ZSin%)M n(25in%)2

¢=g(t)=tan"

i) H/(t) =

5#-1-2.. BeR  (3.4)
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e (|Og§)ﬁ 1
i) HY7 (1) =0(@) n‘s*l(logn)ﬁt5*1+n_t’ 5>-1,B¢eR

part (i) is contained in lemma 3 of [6].

n’ (log n)”

S.p
A A= e

5#-1, feR

And R” (t) = O(1)(log az—f)ﬂ part (i) follows from part(i)

Lemma 4
Letr=0,1,2,................ , PeR, 0<t<n ,then

d.. ~.
e I’Kb,ﬂ t :O nl’+1

() K ® =00™)

For —1< & <1 and n>t™x.

d rys.p _ -1-8 B d r-s -p
() Ha”© =0{t™"log’ ()(n"™")(logn) " |

For §>1 and n>t?r.

(170 =0[ 5 J-oft og" By “yiogm)” |

For §>1, §<r+1 and n>t'n.
(D HI @ =0ft* log’ ) )(logn) * |

Proof.

Part (i) is trivial.

We write

C(n,t)- A’ Pcoskt
k=0

S(n,t)- AP sinkt
k=

G d

C"(n,t) (—j C(n,t)
d

ST (n,t) = (i]r S(n,t)
dt

By lemma 3, we have for r=0,1,2,..., S€R, 0<t<zx andn>t'x.
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C(n,t) I R ]
S(r)(n,t)}: O{t IOgﬁ(T)(n )(logn)~” }, -1<6<1
(“) C(l’)(n,t) _ o(t— —1 —l)+o{ -5 Iogﬁ(g)(nr—ﬁ)(log n)—ﬁ } 5>1
S(r)(n,t) t T
Now
d, C 5 1ﬁ' 1 _1
(a) Z:; { cotztcoskt 2sm kt }

o

_dy (1 1
—(a) chotEtJC(n,t)—ES(n,t)}

Writing  w(t) = %cot%t, w (t) =(%) w(t) and applying Leibnitz theorem, we get

(Oli)r H24 (1) = io( ;jd ) (0, W (1) +%S(r)(n,t)

Here we shall consider the cases 6 >1 and —1< ¢ <1 separately.

We first proceed to proved part (iii).

Using (3.12) for C"(n,t)and the fact that W (t) =O(t™>™) ,we get

Zp“( ;j SR (n, t)W(rfp) (t)

r=0

= i{o (t’Pflnfl) +0 {t‘5 Iogﬁ (%)(nrﬁ)(log n)*ﬁ }:|O (t pfr—l)

r=0

>:0(t"n*)+ 30t log’ () *yogn) “(m)*

r=0 r=0

=O(t pt +O(t‘”log (—)(n")(logn)~ J

Since (nt)"" whenever n>t'nr and p<r.

1
7Z'rp

Collecting the results from (3.13) and (3.14) and applying (3.11) for the estimate of

C(n,t), we get

d 1
—)'H2”(t)=0
() H" O (ntm

]+ 0 {r” log” (%)(nfﬁ)(log n” }

And this completes the proof of part (iii).

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

We omit the proof of part (ii) as it can be proved by adopting the above lines of arguments and
applying (3.10) instead of (3.11) for the estimates of S’ (n,t) and C(n,t)at appropriate

stages.

For part (iv ),we have
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t—r—Zn—l — t*&*lnr*é‘ (nt)é—r—l
<t 25 (since t> 2 and & < r+1)
n
And hence estimates given in part (iii) takes the following form:

HI (0 = 0( )+ Oft *“log? () *)(logn) * }

oft*log’ (" )logn) * }
Lemma 5.

T
Foru>—,05a<l,0+1>«
n

log” (az/2u) om_L

H(n,u)=0(Q) n®-“u°(log n)” +0(1) e

V4
Foru>—,a>1,0>«a
n

log” (d/u) log” (d/u)
S+l-ay 5+l B +O(L d-a B
n°~“u’"(logn) n°~“u(log n)

For 0<a<ld+1>«

H,(n,u) =0(1)

log” (arr/2u) 1
Q(n U) O(l) §+1 a O+l a(l )/5’ + OCDW
Fora=l0>«a
log” (d/u) log” (d/u)
QI (n U) O(l) 5+1 a O+1— a(l ) O(l) nﬁfauéfa (|Og n)ﬂ

Proof.

See lemma 3(i)

s 1,0y ™
R cosKn+2+2jt ¢/3} o)

S84 —
K n’ (log n)ﬁ(ZSinA)ﬁ+l n(23|n/)

-1,-2... , (3.15)
it follows that

T(1-a).H (n,u) = ["(t-u)“ H’ (t)dt :U‘“L ° J(t—u)_“Hfﬁ(t)dt

u U+—
n

=1+, (say) (3.16)
where
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_O(log” (a/2u) ru'} o0
1 () b+1(log n)ﬂ J.u ( dt+ J.

s
~ O§13_Iog§ 1(azr/2u) . E)_(l)2 (3.17)
n>*“u’*(logn)’ n*“u

By lemma 3(i) and application of mean value theorem, we get

R (t) cos{(n +;+ gjt -~ QJ,B}
v q

— l n _
JZ N Af:ﬁ Iu+i(t U) (Zsin%)b‘—l t
O(l)J- dt
u+f (Zsin %)2

i(lja (“*nj}ﬁj icos{(n+%+gjt__ dbﬂ}

A7 \n { . 1( 1)
2sin=|u+~—
2 n
+O(1)1(1j Iunld—zt (U+£<U’,U"Sﬂ'j
n\n ut-t n
| 2
00" (ar/2u) o 1 (3.18)

_O( ) é+l—a é+l(|0g n)/i’ O(l)ﬁ

Collecting the above results (3.17),(3.18)and (3.16) and using the fact that u > z , We have
n

- ~ log” (arr/2u) 1
H (n,U) - O(l) n5+1—au5+l(|0g n)ﬂ +O(l) nl—au (U 2 %)

Hence the Lemma 5(i).
Proof of Lemma 5(ii)
We have

=K+ K,  (say) (3.19)

Now
by lemma 4(iv)
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__o@ J~u+i (t-u)"™ Iogﬁ(d/t)dt
né‘—h(logn)ﬂ u t(5+1

_ O@  log’(d/u)
n&—hu6+l(|0g n)ﬂ n1+h—a

_ 0@ log” (d/u)

3.20
n5+1 o 5+1(|og n)ﬁ ( )
and
z h-a d " 5.5
K, = [ 1 (t=u)""| — | H2” (t)dt
"o dt by lemma 4(iv)
o) = (t—u)"“log” (d/t)
T #0-h I 5+1 dt
(logn)? Ju+> t
o) 1 ¢ log”(d/t)dt 1,
=57 (logn)? ™ J‘LHi (ot dt (u +H <¢&'< )
B
_O(l) log” (d/u) G

n’~“u’ (logn)”
Collecting (3.20),(3.21),and (3.19) we have the result.
Proof of Lemma 5(iii)

By integrating by parts

Q(n,u):jv“iﬁ (n,v)dv

dv

——u*H (n,v)—ajv“’lﬁ (n,v)dv

ow v tlog” (az/2v) av

=—u“H(n,v)+
( ) n5+l—oc (|Og n)ﬂ . V5+1

Ve

e Iogﬁ (a7z/2u) o)
na‘+l—a (|Og n)ﬁ u5+1—a nl—aul—a

O@Mlog” (az/2u)  0OQ)
n5+lfa (|Og n)ﬂu5+lfa nl aul a

_0m log” (arr/2u) N o®)
( )5+1 a (IOg n)ﬂ (nu)lfa
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Hence the proof of Lemma 5(iii)
Proof of Lemma 5(iv)
By integrating by parts

- . od o~
Ql(n,u)zL v EHl(n,v)dv

O(1)log” (d/u) O(1)log” (d/u) o) ot
- n5+17au5+l—a (Iog n)ﬂ + n(sfau(sfa (Iog n)ﬂ + n5+1 “(Iog n)ﬂ I 5-1 Iog (d/v)

o  Fv+!
o [t

_ 0(@)log” (d/u) +O(1)Iog”(d/u)
~ (logn)” (nu)”™  (logn)” (nu)"™*

using Lemma 5(ii) Lemma 5(iv) follows.
Lemma 6.
For 0<o<1, 6+1>a

o@)
5+l a IOg

N VS (w,)= — kalog( N ()

(i)  Vo(w,)= 0(1)§n: k*™ log” (ak/2)V,™ (v, )

1 (I ldw, (u)] 0(1) 5ma 7(,)
(III) n5+l—a (|Og n)/} ;Iog (aﬂ'/ZU) u5+1—a dU §+1 a(lo n)ﬂ Zk Iog (ak/Z)V
(|V) ::Llia T | dl//iigu)l O(l) Zk aviz/k Wa)

n % u n*

Proof.

Lemma 6(i) follows from

n S+l-a

o+l-«a

> log” (ak/2)k* V" (w, ) =V, (v, ) D_log” (ak/2)k* ™ =V, (v,
o =)

Proof of Lemma 6(ii) is trivial
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Proof of Lemma 6(iii)
Integrating by parts

f tog? (ar/20) 22

7

: ldy, (u)] _ ¢ dvy' (v,
s_[%Iogﬂ(an/Zu)T(a)sj%logﬂ(aﬁ/Zu)%

— log” (E)Voﬂ (v.) _Vo% (v, )log” (an/2)

T S+l-a P S+l-a
n

” ( ﬂlogﬂ‘l(Z)u‘lu5+l‘“ — (5 +1-a)u”“ log” (Zjvou (y/a)Jdu

+ J.% u2((§'+1—a)
_log?| & Vo' (w.) _log” (an/2)Vy" (v, )n"™
=109 E Sl-a 7Z_§+l—a

00 [ log? (a/2upy (i)Yo V)18 (302
% (u)

Putting u=n/t in the last integral we get

- log” g 0 7
J. log” (az/2u)V, (l//a)du _ i_aj'tsfa |Ogﬂ(at/2)\/04 (v, )dt
T 1

% u§+2—a
1 n-1 ok k+1 P Seu
< DV ()] log” (at/2)t’dt
k=1

—0WY KN (v, )

k=1
Hence
1 s log” (az/2u)|dy, (u)]
(|Og n)ﬁ’n5+1—a a % u5+l—a
0@

_ W; k®~ log” (ak/2)Vy"™ (v, )

Similarly Lemma 6(iv) follows
Lemma 7.

For a>1, o>a

) 2/n o N s z
M Vv (WQ)ZW;W log” kVy"™ (w,,)
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i)y Vy(w,)= 0(1)Zn: k™ log” kv (w,,)
k=1

1 ~ log” (d/u)|dy, (u)] _ o@) 5 |og P Ky ¥
(”I) b+1 a(log n)ﬂ I ué‘+l—a a+1 a(log n)ﬂ Zk |Og kV (l//a)
. 1 = log” (d/u)|dy, (u)| _ Ol) ot 1o 7
(IV) (|Og n)ﬂ néla J‘% ué'fa n Zk Iog kV (l//a)

Proof.
Similar to Lemma 6, Lemma 7 could be verified.

Lemma 8 with h=[a],

h d k-1 o t=%
(i) > (-1 (aj K;"ﬁ(t)} =0V, (vw,)

k:l =0

0 é(—l)kwk(t)(%jkleﬁmr=o<1>v:/“<m

==
n

Proof of Lemma 8 (i)
Using Lemma 4(i) and (5.1.11)

servols]

M h =7
=0(1) Ztk lw, (t)|n"}

t=0

=0(1) Ztkv(;(wk)nk}

t=0

_ 0(1)2[’;7%‘ (z,yk)n"j
=0V, (w,) + OV (w, ) +...+ OV, ()

=0V, (v,,)

Proof of Lemma 8 (ii)
Using Lemma 4(iii) and (5.1.11), we have
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h 1 t=1
= 0(1)[Ztk lw (1)1 m}
k=1 n t t=

_ : 1 z/n 1 5+1
=0MY Ve " (i) 5
k= N n

= OV (wy)
Hence the Lemma.
4. Proof of the Theorem 1

Following the line of arguments given in (See [5], Vol.1 p.95 ),we have

N DY/ I z
Anﬂ(f,x):72 [ v (0K (t)dt+§;y/(t)Hfﬁ (t) (4.1)

Now using the inversion formula (See [1])

1
r(l-a)

w(t)= j(t—u)_“dTa(u), 0<a<l (4.2)

in (5.4.1) we get

A, ﬁ(f,x):_;zﬁf(r(ll_a)i.(t—u)“ d‘Pa(u)JKfﬁ (t)dt

(F(1l_a)i(t—u)‘“ d¥, (U)]Hfﬁ (t)dt

7
- ﬁ/n[r(f_a) !(t‘“)a Ko’ (t)dt}i‘l’a(u)

==l +=1, (say) (4.3)
T
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Now on integration by parts, I, reduces to

1= [T (nupw, ()

z/n

= [j(n,u)‘)”a (u):lu:O

j”/n uy,” (n,u)du
o I'(a+1) du

- _;)r/nu“wa (u)c;j_u J(n,u)du

F(a+1 0

-%(7) (?l-l;j) o (ke
Hence
F(l—a)%(j(n,u))z—(%—uja R2# (x/n)

Using the formula (4.5) in I; we have
1=lp+l,  (say)
By using [y.(t)<V, (v, ) , we have

z/n

=00 [ Z-u ] Vi )0 (K2 (/o)

z/n -a
=0(@)nV,"" (%)I (% —u} u“du

0

International Journal of Scientific and Innovative Mathematical Research (IJSIMR)
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—a+1 M
T
~—u
n” (n j

=0V, (v,) 5|~

(ﬂ_joﬁl
— O(l) VO”/” (Wa ) 0 n

n“t | —a+l -—-a+1

=0 (1) Voﬂr/]n (l//a ) i

a-1 n—a+1
= O(WVs"(w,)
In order to evaluate 1, we note that

Tty (%j(ﬁ:ﬂ (1))t

u

z/n

=0(n) [(t—u)“dt

=O(n2)(%—uj h

1
n l-a

=0(n?%)

— O(nl+a)
by Lemma 4 (i).

Hence

z/n

I, =0@Q)n* I u”|y, |du
0

z/n

=O()n* j uVy' (v, )du
0

=0MVy" (v,)

From (4.6) and (4.8) we have
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L, =0V, (v.,)

By integration by parts

I, [ ];/n Ln a du( (n, u))du
_ H(n,z/n)y, (z/n)z* 1 Jvr u“z//a(u)i(ﬁ(n,u))du

F(a + 1)n“ F(a + 1) du

=0(1) TAGL] ! v, (u)(u“ :—u(ﬁ(n,u))jdu

n“n®  D(a+1)%n

T

m ﬁ/ny/a(u)jé(n,u)du

=0V (v, )+

by Lemma 5(i)

Now integration by parts

AR
~l. RO, -] av. (o
=, (=/)Q(n=/n)-[" dv, (WR(nu)
=0V (v, )~ |, dv., (R(n.u)

v, (%J <y () and Q(n, %/ ) =0@)

By Lemma 5(iii) and Lemma 6

Since

a0 ol w2
I/ndv/“ (u)Q(n,U) = noiia (log n)ﬁ Ln ute

0(1) I Id wa

o ao(ﬁ;)g n)ﬂ Z avﬂ/k l//a IOg (ak/2)

From (4.10) (4.11) and (4.12)

International Journal of Scientific and Innovative Mathematical Research (IJSIMR)
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#/n 1
|2 :O(l)vo/ (l//a,)+0(l) S+l-a

WZ V™ (y, )log” (ak/2)

O(l) zk avﬁ/k (4.13)

Now collecting the result from (4.9), (4.13) and using in (4.3) we have

Afﬁ(f”,x)zoa)ﬁ

n)”

3KV (p, )log” (ak/2) + :()Zk Ve ()

Proof of the Theorem 2

Following the line of arguments given in (See [5], Vol. 1 p.95 ) ,we have

AL (F.x)-= ‘7[2 M ()R (t)dt

For h=[a] and a>1

Now repeated integration by parts h=[c] times yields

{i(—lf v o5] ke “)Tn

k=1 =0

A7 (Fx)==2
T

0w &) R0 2w o &) W)

— oV, (v, )+ oV, (v.)
. d Y
(=)™ | ‘Ph(t)(aj Ko7 (t)dt

1)’ ;‘Ph (t)[%)h H27 (t)dt

3 |

2 2

— OV, (v, )+ (DK (K, (s (4.14)
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by Lemma 8(i) and (ii).

% 4y
Where K, = [, (t)(aj K2 (t)dt
0

Now using the inversion formula (See [1])

‘Ph(t):mi(t—u)h_“d‘{’a(u) 01

in (5.4.15) we get

K, - ?[mi(t—u)h“ aw, (U)J(%jh Ko (1)t

0

. 7 4 h-1 )
B L+h—a) I (t—u)" (aj K/ (t)dt

u

(e

(I+h-a)

International Journal of Scientific and Innovative Mathematical Research (IJSIMR)

(4.15)

(4.16)

(4.17)

Page 909



Degree of Approximation of Conjugate Fourier Series of Fractional Mean of Function of Bounded

Variation by (Z,é,ﬂ) Method

1
_(1+h—a)

—3
Y
~+

d h+1
_ u)1+h—a (aj K:ﬁ (t)dt

u

r(1+ h—a)j—u( T (nu)) = _(%_ujm [[%)h W (t)l,y

h+1

+7? (t—u)"™ [ij K27 (t)dt
. dt "

Using the formula (4.18) in (4.17) we obtain

Ki =Ky +Kyp

By using ‘(//a (t)‘ <V, (v,)

z/ . h-a
Ky, :O(l)n“*l_[ u”‘|wa(u)|(——uj du
—0(1)nh+lju“v v, (” j
n
7

_O(l)nh+1 Jﬂ[%_ujha

I+h-a %

u

1

ahl

V/(l//

o

=0(1)

=00 4V () iz

ahl

=0V, (v,)

For estimate of K;, we note that

fiu (&) ke wa

7
- O(n“*z)f (t—u)h_“ dt
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_o(n™?) (% ~ u)1+h—a

1

r]l+h—oz

— O(nh+2)

— O (nl+a )

Thus
7

K, = O(n“”)j u“ |y, (u)|du
0

7
=0(n“™") [ uVy (v, )du

ua+l :|%

a+l 0

— o=V, {

=0V, (v,)
From (4.19) & (4.20)

K, =K, +K, = O(l)vo% (V/a)

ju h
=[5 ) e e

. dt

7
Now using the inversion formula (See (1))

v, (t)zmi(t—u)h_“d‘l’a(u) 021
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~ x TUuw, (u)d -~
Lo, @], 1 v Jfl))E(Hl(n,u))du
U7 U AT R TS
T I'(a+1)n” _F(a+1),£u Ve (u)aHl(n’u)du

WA x
=0(1)n” Yo (f“)— ! Iwa(u)(u“iﬂl(n,u)jdu
n 7 du

I(l+a);
=0 ” 1 T >
=0()V, (y/a)+1_(1+a)iz//a(u)dQl(n,u)du (4.24)
by Lemma 5

Now integrating by parts

VA

I w,, (u)dQ,(n,u)du
%

n

[ (GO ] - [ d, (@) 00y
7

~.(7)80.7)- [ dv, (.00
7

— oV, (v,)- j dy, (u)3,(n,u)du (4.25)
%

Since ‘l//a (%)‘ gVO% (v, ) and Ql(n,%) =0(1)

By Lemma 5(iv).

Further by Lemma 5(iv) and Lemma 7(iii) & 8(iv)

[ dv, (uRi(n,u) =
7

o)) © log” (d/u)|d¥,, (u)| .\ o@w) F log”(d/u)ld¥,(u)
(log n)ﬁ' no e 7 uoHe (log n)ﬁ'né‘—a 7 U

O(l) Y, 6—ay g 7/k B
“lognyne Y Ve
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O(l) A 5 (Z*l\/l[/k | B k
—(Iog N "‘1 (w,)log (4.26)

From (4.24) (4.25) and (4.26)

o1
K, =0V, (,/,a) + T “((Io)g 0y & Z a\/n/k IOgﬂ k
1 b —a— V.4
= O%E); % Z Vo (v, ) log”k (4.27)

Now collecting the results from (4.21) (4.27) and using in (4.14) we get

A (F.x)=0@Vy" (v, )+-+ O ___s-oy (4 )log” k

I n°"“(log n)ﬂ

Further using Lemma 7(i)

Af’ﬂ(f,x)—LZkb Vi ( )Iog”k+

S5-a- 7r/k B
o+l a(log n Zk Iog k

Iog n)
Hence the proof of the Theorem 2
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