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Abstract: In this work, the unsteady motion of an incompressible micropolar fluid between two infinite
parallel plates under the effect of slip boundary conditions for both velocity and microrotation is
considered. The motion of the fluid is generated by applying a time dependent pressure gradient between
the two plates. The Laplace transform technique and the state space approach are utilized to obtain the
analytical solution in the Laplace domain. The inverse Laplace transform is evaluated numerically. The
velocity and microrotation functions are represented graphically and the effects of the slip, and
micropolarity parameters on the flow field are discussed.
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1. INTRODUCTION

The motion of the classical viscous fluids is controlled accurately by Navier-Stokes equations.
However, these equations cannot describe adequately the motion of some types of fluids with
microstructure, such as muddy water, chemical suspensions, lubricants, etc. Eringen [1] has
introduced his theory of micropolar fluids to recover the inadequacy of Navier-Stokes equations
describing the correct behavior of such fluids taking the motion of the microelements into
consideration. Physically, micropolar fluids represent fluids consisting of randomly oriented
particles suspended in a viscous medium. In the theory of micropolar fluids, there are two vectors
characterizing the motion of the fluid; the classical velocity vector describes the motion of the
macro-volume element and the microrotation vector represents the motion of the micro-volume
element. The study of micropolar fluids can model many physical applications in the engineering
and biological fields such as animal blood flow, chemical suspensions, liquid crystals and
lubricants [1, 2].

The no-slip boundary condition has been used extensively in fluid dynamics. However, the slip
condition proposed by Navier [3], seems to be more realistic. It assumes the possibility of fluid
slippage along the surface of the boundary. The slip condition assumes that the tangential velocity
of the fluid particles relative to the solid boundary at a point on the boundary is proportional to the
tangential stress acting at the point of contact. The constant of proportionality is named slip
coefficient and is assumed to depend only on the nature of the fluid and solid boundary. The slip
condition has been utilized by several researchers in their works in the classical Newtonian fluids
[4-7] and in the micropolar and microstretch fluids [8-11].

The unsteady unidirectional Poiseuille flow of a micropolar fluid between two parallel plates with
no-slip and no-spin boundary conditions was investigated by Faltas et al [12]. Ashmawy [8]
studied the problem of Couette flow of an incompressible micropolar fluid using slip condition.
The state space approach was employed by Devakar and lyengar [13] to discuss the Stokes’ first
problem of a micropolar fluid with no-slip and no-spin conditions. They also used the same
technique in [14, 15] to discuss the motion of a micropolar fluid between two parallel plates
taking the classical no-slip and no-spin boundary conditions into consideration.
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In this work, we apply the state space approach to investigate the unsteady motion of a micropolar
fluid flow between two parallel plates. The slip conditions are applied and the motion of the fluid
is produced by applying a time dependent pressure gradient.

2. FORMULATION OF THE PROBLEM

The unsteady motion of an isothermal incompressible micropolar fluid flow, in the absence of
body forces and body couples, is governed by the following differential equations;

V.-Gg=0, (2.1)
pi—f=—\7p+}cl7><8—(y+}c)\7><l7><c7, (2.2)
pji—f=—2k8 +kVXqG —yV XV X+ (a+B+y)V(V-0), (2.3)

where the scalar quantities p and j are, respectively, the fluid density and gyration parameters.
The vectors ¢ and ¢ are representing the velocity and microrotation, respectively, and p is the
fluid pressure at any point. The material constants (u, k) represent the viscosity coefficients and
(ag, B,y) represent the gyro-viscosity coefficients.

The stress and couple stress tensors are given by

tiy= (Aqrr — p)8i; + Mq; + (U + Kq;; — Keijicr (2.4)
m;; = ac.,.0;; + Pcij+ v¢i, (2.5)
where §;; and ¢; ;. are, respectively, the Kronecker delta and the alternating tensor.

We now consider the flow of a micropolar liquid between two infinite parallel plates separated by
a distance b. The two plates are stationary and the fluid starts due to a sudden pressure gradient.
Working with the Cartesian coordinates (x, y,z), with x-axis along the lower plate, y-axis
perpendicular to the plates, and z-axis is perpendicular to the plane of motion. The flow is along
x-axis then the velocity and microrotation vectors take the forms

qd = (u(y,t),0,0)and ¢ = (0,0,c(y,t)).
The equation of continuity (2.1) is satisfied automatically and equations (2.2)-(2.3) reduce to

(H+K)ZZTZ+KZ—;—;)Z—I:—Z—§=O, (2.6)
y%—}cg—;—ch—pj%za 2.7)
The initial and slip boundary conditions applied to the problem at hand are assumed to be

u(y,0) =0, ¢(y,0)= 0 forall 0 <y <b, (2.8)
p1u(0,t) = 7,,(0,t), &¢c(0,t) = my,(0,0), (2.9
pau(b,t) = —1y,(b,t), &c(b,t) = —my,(b,t), (2.10)

where 0 < B4, B, < oo are the velocity slip parameters of the two plates. Also, 0 < &;,¢&, < o are
representing the microrotation slip parameters of the two plates. These parameters depend only on
the fluid and the material of the plates. The no-slip case can be recovered when the slip
parameters ;, B, — oo and the no-spin case is obtained when &;, &, — oo,

Using (2.4) and (2.5), the non-vanishing stress and couple stress components are found to be

ou oc(y.t)
Ty = (U+ K)$+Kc(y, t), my, = Yoy (2.11)
The following non-dimensional variables will be used
« _ Pb « _ _pKb? R N (5.0,
u —M+ku, c —(MK)ZC, Xt=2 Y=, t* = b2 t, (2.12)

* pb? * pb? i prb3 (213)

P = ooz P b = Gz i M T e ™
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In terms of these variables, after dropping the asterisks for convenience, the differential equations
(2.6) and (2.7) can be rewritten in the forms
0°u  o0c ou Odp

TupX Ry, (2.14)

0%c ou dc
ﬁ—fa—gC—hE—O, (215)
k?b? 2Kkb? (u+k) . . 2y
Wh r = ) = y h = , an = )
ere f Y (u+K) 14 14 Jj,and; 2u+r)

In view of (2.12)-(2.13), the non-dimensional boundary conditions (2.9) and (2.10) become

_ K __0c(0,t)

au(0,6) = (1+ u) (0,6, Mic(0,6) =222, (2.16)
_ K _ dc(1,t)

wu(l,0) == (1+5) 6. (1,0, noc(1,0) = =252, (2.17)

b b b b

Where 0(1 =%, az =%, 771 =€17, nz =€27

3. SOLUTION OF THE PROBLEM

Applying the Laplace transform defined by

L{F(y,0}=F(y,s) = [ e ' F(y, 0)dt, (3.1)

The differential equations (2.14) and (2.15) reduce to

d%u | dé — 0P _

d—y2+a—su—5—0, (32)

d?e du _

W—fa—a(:— , (33)

where a = g + hs.

To obtain the solution of the coupled differential equations (3.2)-(3.3) subject to the boundary
conditions (2.16)-(2.17), in the Laplace domain, we employ the technique of state space approach.
To do this, the two equations (3.1)-(3.2) are written in the matrix form

=V (,5) = AV (,5) +b(s), (34)
where
001 o0 u(y,s) 0
00 0 1 _ c(y,s) - 0
A(S) - S O 0 _1 ’ V(y; S) - a’(y’ S) ’ b(S) - _6(5) ' (35)
0 af O c(,s) 0
g =3 Z_4 Gey_ _0P
U= =g B(s) = " (3.6)
The solution of the matrix differential equation (3.4) can be easily found to be
V(y,s) = exp[A()y]{V(0,5) + [._ exp(—A(s)z) b (s)dz}. (3.7)
The characteristic equation of the matrix A(s) is
k*— (s +a—fk?+sa=0. (3.8)
This characteristic equation has the roots +k; and + k,, where
e = J(s+a—f)+m o = \/(s+a—f)—\/m (3.9)
1 — 2 ’ 2 — 2 . .

The Maclaurin’s series expansion of exp[A(s)y] is given by

exp[A(s)y] = Yo A2, (3.10)

r!
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Using Cayley-Hamilton theorem, the infinite series (3.10) can be written in the form
exp[A(s)y] = L(y,s) = agl + a1A + a,A? + azA3, (3.11)

where [ is the fourth order unit matrix and a,, a,, a, and a5 are parameters depending on y and s.
Then, the characteristic roots +k, and xk, satisfy equation (3.11) and hence we abtain the
following system of linear equations after replacing the matrix A by its characteristic roots

exp[tk;y]l = ag + ark; + ak? + a3k}, i=1,2. (3.12)
Solving this system of algebraic equations, we get ay,a, a, and a3 in the forms
2 2
ay = %[k% cosh(k,y) — k3 cosh(k,y)], a; = %[i—: sinh(k,y) — Z—isinh(kly)], (3.13)
a, = %[cosh(kly) —cosh(k,y)], az= %[ki sinh(k,y) — kisinh(kzy)] : (3.14)
1 2
where F = k? — k2.

The elements (L;;;i,j = 1,2,3,4) of the matrix L(y, s) can be obtained after substituting 4, 42,
A3 into equation (3.11) to be

L1y =ag+ ays, Li; =—asza, Li3 =aq+azs—asf, Ly = —ay, (3.15)
Lo1 = asfs, Lyy =ag+aza, Ly =ayf, Ly =aq+ aza— asf, (3.16)
L3y1 = ay5 + azs® — asfs, Ly, = —aay, Lyg = Lyg —Lag, Laz = —fLaa, (3.17)
L3y = —ay —agza —azs+ fas, Ly = axfs, Loz = alys, Lyg = Loz — Las, (3.18)

Using (3.11), the solution (3.7) can be rewritten in the form

V(y,s) = L(y,s){V(0,s) + f:;o exp(—A(s)T) b (s)dt}, (3.19)
H;(y,s)
_ v Hy(y,s)
=L(y,s)V(0,s) + L(y,s) Hy (y, 5) (3.20)
H4 (.Vf S)

The explicit solution of H;(y,s),i = 1,2,3,4, can be determined by using the Maclaurin series
expansion.

exp[—A(9)y] = Xz, L (3.21)

By using Cayley-Hamilton theorem, the infinite series (3.21) can be written as

exp[—A(s)y] = agl — a1 A + a,A? — a3z A3 (3.22)
Therefore
Hy(y,s) Ly —Liz —Liz Ly 0
o |~ el T T gt o o2
H,(y,s) Lyr  —Laz —Liaz Ly 0
Hence, equation (3.20) can be written in the form
u(y,s) = L111(0,5) + L1,¢(0,s) + Ly3% (0,5) + L14€'(0,s) + M, (y, s), (3.24)
c(y,s) = Lp11(0,5) + L,¢(0,8) + L% (0,5) + Lpuc (0,5) + My(y, s), (3.25)
u'(y,s) = L3;u(0,s) + L3,¢(0,5) + Lssﬁ"(O, s) + L345"(0, s) + Ms(y,s), (3.26)
c'(y,s) = L41u(0,5) + Lypc(0,5) + Lyzti (0,5) + Lyyc (0,5) + My (y, s), (3.27)
where
My (y,s) = L11H,(y,8) + Li2H2(y,5) + Li3H3(y,5) + L1 Ha(y, 5), (3.28)
M;(y,5) = LpyHi(y,8) + Lapa Hy (¥, 5) + LagH(y, 5) + LaaHa(y, 5), (3.29)
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M;3(y,s) = L3 Hy(y,8) + L3z Hy (v, ) + L3z H3(y, ) + L3aHa(y, 5), (3.30)

My (y,s) = Ly Hi(y,8) + LyaHy(y,8) + LagH3(y,s) + Ly Hy(y, ). (3.31)
Applying the two boundary conditions (2.16), after taking the Laplace transform, we get

_ _ K 7'(0,s)  ¢(0,) _ ¢ (0 s)

a(0,5) = (1+ u) [—al +222] e0,9) = 02 (3.32)

Substituting from (3.32) into equations (3.24)-(3.27), we get the solution in terms of the two
unknowns % '(0,s) and ¢'(0, s)as

u(y,s) =Ly (1 + E) (M +< © S)) + L, d (0 ) + L13%(0,5) + L14€'(0,8) + M;(y,s) (3.33)

aq ainy
_ 7'(0, c'(0, 0
c(y,s) =Ly (1 + E) (%ls) + Ca(msl)) + Ly, £ ( :5) + L3t (0,5) + Ls€'(0,5) + My(v,s) (3.34)

(y,s) = Ly, (1+ E) (M G £E9) + L,

ag a1y

c(Os)

+ Last (0,5) + L34€'(0,5) + M3 (v, 5),(3.35)

& (,s) = Ly (1+5) (Fo2 | o

aq aqMq

c(Os)

) + Ly, + Lyai'(0,5) + Lyy€'(0,5) + My(, s) (3.36)

The unknowns functions #'(0,s) and ¢'(0,s) can be determined by satisfying the boundary
conditions (2.17), after applying the Laplace transform, to be

€'(0,s) = (a2021H1 (1, 8)—12011Ho (1, 8) + 5521(1‘12 (1,s) + H3(1,s)) — {11Ha(1,5) +

(21 (Hz(1,5) + H3(1,5))/($12821 — $11$22) (3.37)
u'(0,s) = (@2022H1(1,5)—n2012H2(1,5) + E(zz(Hz (1,8) + H3(1,5)) — ¢12Ha(1,5) +
(22(Hz(1,5) + H3(1,5))/($11822 — $12821) (3.38)
2 1 1
i =—(1+5) (Z—j@i + 13+ 14;) - (1+5) (% + %) —aylly, (3.39)

_ R\ ( @ ;1 L2, y1 Ld2  j1 o %1 )_ 2L, Lh 1
(12 N (1 + H) (“1771 Lll + M + L24 + M + L34 + M le) (1 + H) (Ufl’h + 0‘1771) azLM',

(3.40)
oy = —(1 + )lel —nalhs — (1 +§)%1— (1+ 5) I, — Ly, (3.41)
(22 = (1 + )lel - n_lezz — 2Ly — (1 + u) :14,;1 - %_LM , (3.42)

where L1 are the values of L;; evaluated at y = 1.

4. THE NUMERICAL INVERSION OF LAPLACE TRANSFORM

To get the inverse Laplace transform of the velocity and microrotation components, we employ a
numerical inversion technique developed by Honig and Hirdes [16]. In this method, the inverse
Laplace transform of a function g(s) is approximated by

g(®) = —[ g+ T Re{ g (n+2E)exp (K2}, 0<t<2T, (4.1)

where N is sufficiently large integer chosen such that,

e"Re {g (h + LN—”) exp (iNTm)} <e, (4.2)

where ¢ is a small positive number that corresponds to the degree of accuracy required. The
parameter h is a positive free parameter that must be greater than real parts of all singularities of

g(s)-
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5. NUMERICAL RESULTS

Now we represent the obtained results graphically. Two different cases are considered; flow due
to a constant pressure gradient and flow due to an oscillatory pressure gradient. In the numerical
calculations, we have takena; = a, = aandn, =n, = 1.

CAsSE 1

In this case, we assume that the dimensionless pressure gradient is given by

-0
a_: = @(t) = H(D), (5.1)
where the Heaviside unit step function H(t) is defined by
(1 t=>0
H() = {0 t<0
CASE 2

Here, the pressure gradient is assumed to be dependent of the time and is given by

2p @(t) =sint. (5.2)

ox

Figs. 1 and 2 show the distribution of the velocity and microrotation versus the distance between
the two plates for different times when the constant pressure gradient is assumed. It can be
concluded that the values of the velocity and microrotation increase with the increase of the time
and the steady state case is recovered when the time approaches infinity. The velocity and
microrotation distributions for different values of the velocity slip parameter « are shown in Figs.
3 and 4, respectively. It can be observed that the velocity values decrease with the increase of this
parameter while the microrotation increases. Also, the case of no-slip is obtained as the slip
parameter goes to infinity as shown in the figures. The velocity and microrotation profiles for
different microrotation slip parameter n, keeping « fixed, are represented in Figs. 5 and 6. It is
noticed from Fig.5 that this parameter does not affect on the velocity while Fig.6 shows that this
parameter has a considerable effect on the microrotation. Finally, the distributions of the velocity
and microrotation for different values of the micropolarity parameter are represented in Figs. 7
and 8. It is observed that the increase in this parameter results in an increase of the values of both
velocity and microrotation. If the micropolarity ratio x/u becomes zero, we return to the classical
case of viscous fluid. The variation of the velocity and microrotation for the case of sine
oscillation are represented in Figs. 9 and 10, respectively.

M(}’JI) —_——— [==]

0255

0.20

0.15+

0.10+

005"

b

Fig.1. Velocity variation versus distance at « =1 = 10 and x/u = 1 for case 1
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c.1)

0.006 -
0.004

0.002

-0.002—

-0.004—

-0.006 T T T T T T T | T 1

P

—_ . — . a=0.5

—_—— =1
u(y,1) —_— a =10
N B o = oo
IZI.4"-------'"'"_'__'__ —-_-'_""""---..._
034
D_Q-///—\

o

Fig. 3. Velocity variation versus distance att = 0.5,k/u = 1 and n = 10 for case 1

c(v,1)

0. 006

0.004+

0.002

Fig. 4. Microrotation variation versus distance att = 0.5,x/u = 1 andn = 10 for case 1
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u.t)

.25+
0.2+

0. 15

0.1

0.05+

] a1 nz 03 04 05 0B 07 08 09 1

Fig. 5. Velocity variation versus distance att = 0.5,x/u = 1 and « = 10 for case 1

(v, 1)

0.015

.............. n = 1000
0.010+

0.003—

-0.005+

-0.010+

0015 T T T T T T T T T ]

Fig. 6. Microrotation variation versus distance at t = 0.5,x/u = 1 and a = 10 for case 1

— = xS u=3
— — —  kfu=2

u(v. 1) —_— x/u=1
................ .I.f__.l'r.ll_[:D

0.304

0. 254

0. 20+

0.15+

010+

0.054

D T T T 1

T T T T T T
] o1 02 03 04 05 0B 075 048 09 1
¥

J
o

Fig.7. Velocity variation versus distance at a=n=10 and t = 0.5 for case 1
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c(v, 1)
0020 | —--—- /=3
nolsd | ——— w/u=2 =
0.010n i «’:.'_[il /,_.—"".--._H::‘
0.0057 | o w/u=0 g
0 J
-0.005 -7
apoN, T ———" .~
ooms] =T
-0.020 . . : . - . . . ; |
0 01 02 03 04 05 0B 0O7 08 09 1
v

Fig.8. Microrotation variation versus distance at « = n = 10 and t = 0.5 for case 1

u(y,t)
0.257

0.20

0.15+

0.10

0.05- -

Fig.9. Velocity variation versus distance at « = n = 10 and k/u = 1 for case 2

c(.1)
0.006 1

0.004

0.002

0

-0.002+

-0.004

-0.006 T T T T T T T T T 1
0 01 02 03 04 05 06

}.-

Fig.10. Microrotation variation versus distance at « = n = 10 and x/u = 1 for case 2
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6. CONCLUSION

The State Space approach is utilized to study the unsteady micropolar fluid flow between two
parallel plates. The slip boundary condition is applied for both velocity and microrotation. It is
concluded that the slip for velocity has a considerable effect on the flow field. Also, it is observed
that the microrotation slip has no effect on the velocity vector while it has a remarkable effect on
the microrotation. The no-slip case is recovered when the slip parameters approaches infinity. It is
also concluded that the time has a considerable influence on the flow field especially at small
times and that the steady state is obtained at large time when the constant pressure gradient is
considered. Finally, it is noticed that the micropolarity parameter increases the values of the
velocity and microrotation.
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