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Abstract: The purpose of this paper is to introduced the concept of sequential T-weak commutativity and
generalized T-weak commutativity, which is an extension of T-weak commutativity defined by Kamran for
hybrid pair of mappings. We prove that this concept is equivalent to generalized compatibility of type(N) at
coincidence points recently introduced by us and we have shown that compatibility of type (N) is more
general than (IT)-commutativity introduced by Singh and Mishra. Using generalized T-weak commutativity
we also extend a result of Pathak and Mishra who have indicated that a result of Chang admits a counter
example and presented a corrected version of the result. We have also shown that the corrected version of
the result of Chang is also derivable from our results. We thus extend and generalize many known results in
this way.

Keywords: Coincidence and fixed point, Hausdorff metric, generalized compatibility of type(N),
generalized T-weak commuting mappings.

1. INTRODUCTION

The study of fixed points of non-self multi-valued and single valued contractions (Hybrid
contractions) is a new development in the domain of contractive type multi-valued theory (see, for
instance [1,2, 3, 6, 7, 9, 11, 13, 14, 15, 23-26]). Recently, in an attempt to improve/ generalize
certain results of Sastry, Naidu and Prasad, [18] and Naidu [15], Chang [3] obtained some fixed
point theorems for hybrid of single valued and multi-valued mappings, however as indicated by
Pathak and Mishra [17], his main theorem admits a counter example. Pathak and Mishra[17] have
also suggested modification and presented a corrected version in more general way using
sequential commutativity of hybrid pair of mappings. Our main purpose in this paper is to prove
the concept of sequential T-weak commutativity and generalized T-weak commutativity
introduced by us in this paper is more general than sequential commutativity introduced by Pathak
and Mishra [17]. We also suggest a restriction which must be imposed for defining concept of
sequential commutativity.

(AMS-2000) Sub . Classification No. 54 H 25

2. PRELIMINARIES

We generally follow the definitions and notations used in [1, 2]. Given a metric space (X, d), let
(C(X), H), (CB(X), H), and (CL(X), H) denote respectively the hyperspaces of nonempty
compact, nonempty closed bounded, and nonempty closed subsets of X, where H is the Hausdorff
metric induced by d. The space (CL(X), H) contains the other two spaces. Throughout, d(A, B)
will denote the ordinary distance between nonempty subsets A and B of X while d(x, B) stands
for d(A, B) when A = {x}, the singleton set. For any A — X, 3(A) will denote the boundary of A.
For details of hyperspaces one may refer to [14].
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Following Hadzic and Gajic [4] and pant [16], Singh and Mishra [24] have introduced the notion
of R-weak commutativity of a hybrid pair of single-valued and multivalued maps, as follows,

Definition 1 : Let K be a nonempty subset of a metric space X, T : K —» X and F : K — CL(X).
Then T and F will be called pointwise R-weakly commuting on K if given x ¢ K and Tx € K,
there exists R > 0 such that,

d(Ty, FTx) < Rd(Fx, Tx) for eachy € K" Fx. (1)

Maps T and F will be called R-weakly commuting on K if for each x €K, Tx € K and (1) holds
for some R > 0.

If R = 1, they get the definition of weak commutativity of F and T on K due to Hadzic and Gajic
[4] (see [1,2]). If F: X > X and T : X — X then they get the definition of point-wise R-weak
commutativity and R-weak commutativity of single-valued self-maps due to Pant [16]. He has
observed that the point-wise R-weak commutativity is more general than their compatibility. For
details on compatibility of a hybrid pair, refer to [8, 9].

It appears that Ahmad and Imdad [1] have considered a hybrid pair T, F commuting in the sense
FTx = TFx, and we shall follow the same notion throughout this paper. Following Jungck [8] and
Jungck and Rhoades [9], Singh and Mishra [24] give the following definition.

Definition 2: Maps T : K — X and F : K — CL(X) are weakly compatible if they commute at
their coincidence points, i.e., if TFx = FTx whenever Tx € Fx c K

For an excellent discussion on the role of weak compatibility in fixed point considerations, one
may refer to [9] when T : X — X and F : X — B(X), the set of all nonempty bounded subsets of
X. We remark that

Commutativity = Weak commutativity = Compatibility = Weak compatibility

However, the reverse implications are not true. Nevertheless, all these notions for T and F are
equivalent at a coincidence point z (that is, when Tz € Fz). Further, if T and F both are single-
valued maps then weak compatibility of T and F is equivalent to R-weak commutativity of T and
F at their coincidence points. Example 1 (below) shows that an R-weakly commuting hybrid pair
T, F need not be weakly compatible. Indeed, R-weak commutativity of a hybrid pair of maps at
coincidence points is more general than their weak compatibility. Following Itoh and Takahashi
[7], Singh and Mishra [24] also give the following :

Definition 3: Maps T : K — X and F : K — CL(X) are commuting at a point x € K if TFx « FTx
whenever Tx € Fx « Kand Tx € K. T and F are commuting on K if they are commuting at each
point X € K.

From now onward, the above commutativity will be called Itoh-Takahashi commutativity or
simply (IT)-commutativity.

The example 1 of [24] shows that (IT)-commutativity of T and F at a coincidence points is indeed
more general than their weak compatibility at the same point.

Remark 1 : In view of (1), (IT)-commutativity of T, F at a coincidence point z is equivalent to
their R-weak commutativity at z.

On the other hand, we have introduced the notion of compatibility of type(N) in [19] for hybrid
pair (T, F), where T : X — X and F : X — CB(X) and proved that notion of compatibility of
type(N) is more general than weak compatibility of T and F. Further, in [21] we have proved that
compatibility of type (N) is more general than commutativity of T and F at their coincidence
point, while commutativity of T and F at their coincidence point is more general than weak
compatibility of T and F proved by Singh and Mishra in [23]. Recently we have proved in [22]
that compatibility of type (N) and F-weak commutativity introduced by Kamran [10] are
equivalent at coincidence points. In the paper [20] we have extend the notion of compatibility of
type (N) for non-self hybrid pair T and F and show that it is more general than (IT)-commutativity
introduced by Singh and Mishra [24]. We thus have generalized the results of Singh and Mishra
[24] and others.
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Definition 4 : [20] Suppose T : K — X and F : K — CL(X). The pair (T, F) is called generalized
compatible of type (N) iff T(x) € F(x), F(x) c K implies that TT(x) € FT(x).

Note : If we put K = X in definition 5 we get our definition of compatibility of type (N)
introduced in [19].

Lemma 1 : [20] (IT)-commutativity of the hybrid pair, (T, F) implies generalized compatibility of
type (N) but not conversely.

Example 1 of [20] shows that converse is not true in general.

Definition 5 : Mappings S : X — CB(X) and | : X — X are called compatible if Fx € CB(X) for
all x e X and H(SIx,, I1Sx,) — 0, as n — <« whenever (X,) is a seq. X in X such that Sx, > M <
CB(X)and Ix, > 1 € Masn — .

Following Singh and Mishra [24]. Pathak and Mishra [17] have introduced the notion of R-
sequentially commuting mappings for a hybrid pair of single valued and multi-valued maps.

Definition 6 : [17] Let K be a nonempty subset of a metric space X and | : K - X and S:K —
CL(X) be respectively single-valued and multi-valued mappings. Then | and S will be called R-
sequentially commuting on K if for a given sequence (X} K with lim Ix, € K, there exists R > 0
such that

lim, D(ly, SIx,) <R lim, D (IX,, SX,) ™
foreachy e K lim, Sx,

If X, = X(x € K) for all n € N (naturals), Ix € K and (*) holds for some R > 0, then | and S have
been defined to be pointwise R-weakly commuting at x € K (see [Def. 1]). If it holds for all x
K, then I and S are called R-weakly commuting on K. Further, if R =1, they we get the definition
of weak commutativity of I and S on K due to Hadzic and Gajec [4]. If IX S: X — X, then as
mentioned in [17], we recover the definitions of pointwise R-weak conmmutativity and R-
commutativity of single-valued self-maps due to Pant [16] and all the remarks as given in [17]

apply.
Pathak and Mishra [17] have also introduced the following ;

Definition 7: Maps | : K —» X and S : K — CL(X) are to be called sequentially commuting (or s-
commuting) at a point x € K if

I (Ilim, Sx,) < SIx (**)
whenever there exists a sequence {x,} < K such that lim, Ix, = x € lim, Sx, € CL(X).

Definition 8 : [17] If x, = x for all n € N, in Definition 7, then the maps I and S will be said to be
weakly s-commuting at a point X € K.

Remark 2 : We remarked that to form | (lim Sx,),lIx, SIx the restrictions, lim,Sx, < K, Ix € K
must be included in definition 7 and 8.

Remark 3 : With this restrictions weak s-commutativity (particular case of def. 7) defined by
Pathak and Mishra [17] is equivalent to (IT) - commutativity.

The example 1 of [17] shows that s-commutativity of | and S is indeed more general than their R-
sequential commutativity (and hence their pointwise R-commutativity and compatibility).

Definition 9: ([3]) Let R" denote the set of all non-negative real numbers, and let A < R*. A
function ¢ : A — R" is upper semi continuous from the right if lim,_,.. sup ¢ (x) < ¢ (u) for all u
e A

A function ¢ : R — R" is said to satisfy (¢)-conditions if :
(i) o is upper semi-continuous from the right on (0, o) with ¢(t) <t for all t > 0, and

(ii) There exists a real number s > 0 such that ¢ is non-decreasing on (0, s] and
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f ¢"(t) < o for all t € (0, s], where ¢" denotes the composition of ¢
n=1 with itself n
Times and ¢°(t) = t.
Let I" denote the set of all functions which satisfy the (¢)-condition.
The following lemmas will be useful in proving our main results.
Lemma 2 : [17] Let (X, d) be a metric space and I, J : X — X and S, T : X — CL(X) be such that
S(X) < J(X) and T(X) < I(X) and for all X,y € X,
where a € [0, 1], ¢ : R* — R" is upper semi-continuous from the right on (0, ») with  o(t) <t
forallt>0, and
L(x, y) = max {d(Ix, Jy), D(Ix, Sx), DQy, Ty), 2 [D (Ix, Ty) + D (Jy, Sx)I},

N(x, y) = [max {d*(Ix, Jy), D (Ix, Sx) D(Jy, Ty), D(Ix, Ty) D(Jy, Sx),
Y2 D(Ix, Sx) D(Jy, Sx), ¥2 D(Jy, Ty) D(Ix, Ty)}]l/2

Then inf ,.x D (Ix, SxX) = 0 = infy.x D (JX, TX)
Lemma 3 [17] : Let X, I, J, S, T and ¢ be as defined Lemma 2 such that the inequality (2) holds.
If IXx € Sx for some x € X, then there existsay € X suchthat Ix=Jyand Jy e Ty.
Lemma 4 ([18]) : Let ¢ : R® — R" be a non-decreasing functions such that
(i) o (tH)<tforallt>0and %”(t)«»ofor all t>0,
n=1
Then there exists a strictly increasing fungtion y : R" — R” such that
(i) o(t) < y(t) forallt>0and E(p”(t) <o forall t > 0.
n=1

Lemma 5 ([3]) : If ¢ e T, then there exists a function y : R* — R such that.

(1)  is upper semi-continuous from the right with ¢(t) < y(t) <t forall t > 0.

(i)  is strictly increasing with ¢(t) < y(t) fort (0, s], s > 0 and io Y(t) <o
for te (0, s]. _

The following theorem is the main result of Chang [3, Theorem 1].

n=1

Theorem A : Let (X, d) be a complete metric space, let I, J be two functions from X into X, and
let S, T : X — CB(X) be two set-valued functions with SX < JX and TX < IX. If there exists ¢ €
I" such that for all x, y in X,

H (Sx, Ty) < ¢ (max {d(Ix, Jy), D(Ix, Sx), D(Jy, Ty), ¥2D[(Ix, Ty) + D(Jy, SX)]}), (C)
then there exists a sequence {X,} in X such that IX,, — z and JX,,; — z for some z in X and
D(IX2n, SX2n) = 0, D(IX2n.1, TX2n.1) — 0 @s n — oo. Moreover, if Iz =z and T and J are compatible,

then z € Sz and Jz € Tz. That is, z is a common fixed point of | and S, and z is a coincidence
point of Jand T.

The example 2 of [17] shows that Theorem A in its present form is incorrect.

Example 3 [17] : Let X = [0, 1] with absolute value metric d and let ¢ : R* — R" be defined by ¢
(t) =t*fort [0, 1) and ¢ () = ¥ for t > 1. Define I =J : X — X and

S=T:X—>CB(X)byIx=1-x,xe Xand Sx = {0, 1/3, 2/3, 1} for all x € X. Then for each x,
y e Xand ¢ € I', we have

1(Sx, Ty) =0 <y (max {d(Ix, Jy), D(Ix, Sx), D(Jy, Ty), ¥2D[(Ix, Ty) + DJy, SX)1}),
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and for all sequence {x,}= X defined by x, = 1/n for all n € N, we have Sx,, Tx, > {0, 1/3,
2/3,1} =M, IX,, X, =1-1In > 1 € M c X, D(IXzn, SXzn) = 0 and D(IXzn-1, TX2n.1) > 0 @S N —
0. Also, z = 1/2 € Xis such that 1z = z and for {x,} as defined above we have lim, H(TJx,, JTx,)
=0, that is, T and J are compatible. Thus, all the conditions of Theorem A are satisfied. Evidently
z ¢ Sz,Jz ¢ Tz, thatis, z = 1/2 is neither a common fixed point of | and S nor it is a coincidence
point of Jand T.

Following theorem will be useful for the proof our main theorem [17].

Theorem 1: Let (X, d) be a complete metric space, and let I, J: X — X, S, T : X = CL(X). Let
A be a nonempty subset of X such that I(A) and J(A) are closed subsets of X, and Tx < I(A) and
Sx < J(A) for all x € A and there exists a ¢ € I" such that for all x, y € X, (2) holds, Then

(M F={Ix:xe XandIx € Sx} # ¢,

(i) G={Ix:xe XandJx € Tx} # ¢,

@ii) F=GifA=X.andF =G isclosed.

Theorem 2: Let (X, d) be a complete metric space, and let I, J : X - X, S, T : X — CL(X) be
such that S(X) < J(X) and T(X) < I(X). If there exists a @ € T such that for all x, y € X, (2)

holds, then there is a sequence {X,}in X such that Ix,, — z and JX,,, — z for some z € X and
D(IXzn, SXon) = 0, D(IXon.1, TXon1) — 0 as n — oo. Moreover,

(1 if 1z € Sz and d(lz, z) < D(z, Sx) for all x € X, then z € Sz, and if d(Iz, z) < D(z, Tx) for
all x € X, Jand T are weakly s-commuting, then Jz € Tz.

(i) if 1z € Tz and d(Jz, z) < D(z, Tx) for all x € X. then z € Tz; and if d(Jz, z) < D(z, Sx) for
all x € X, I and S are weakly s-commuting, then 1z € Sz.

(iii) if Iz=zand Jand T are weakly s-commuting, thenz € Sz and Jz € Tz.

(iv) ifJz=zand | and S are weakly s-commuting, thenz € Tz and Iz € Sz.

Remark 4 : Theorem 1 of Naidu [15] and Theorem 9 of Sastry, Naidu and Prasad [18] follow as
direct corollaries of Theorem 1.

Remark 5 : For a = 1, Example 10 of Sastry, Naidu and Prasad [18] shows that Theorem 1 fails if
%[D(Ix, Ty) + DQJy, Sx)] is replaced by max {D(Ix, Ty), DQy, Sx)} even if S=T, | =J = i4 (the
identity mapping on X) and ¢ is continuous on R".

Remark 6 : If (1) is assumed to be valid only for those x, y € X for which Ix = Jy,

IX ¢ Sx and Jy ¢ Ty instead of all x, y € X, then we conclude from Theorem | that: either F = {Ix
ixeXandIx e Sx}#¢oorG={Ix:x e XandJx € Tx} # ¢.

3. MAIN RESULTS

We introduce:

Let (X, d) be a metric space, K< X, I : K— X. T: K— CB(X) or CL(X) as the case may be.
Definition: Mapping | : K — X is said to be sequentially T-weak commuting at x € K. if

I lim Ix, € TIx whenever there exists a sequence {x,} < K such that

limIx,=x e K, and lim Tx, < K.

If x, = x for all n € N, then we have,

Definition: | : K — X is said to be generalized T-weakly commuting at x € K if

IIx € TIx whenever Ix e K , Tx c K.
If K = X, we have following def. due to Kamran [10]
Definition : I : X — X is said to T-weak commuting at x if 1Ix € TIx.
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Lemma : Sequential commutativity implies sequential T-weak commutativity but not conversely.
Proof : Suppose | and T are sequentially commuting mapping, then we have,

I(lim Tx,) < TIx and there exists a sequence {X,} < K such that

lim, IX, = x e lim, Tx,, and lim, Tx, < K.

Now lim, IX, € lim Tx, gives I(lim Ix,) e I(lim Tx,) and since I(lim, Tx,) < TIx, we have I(lim,
IX,) € TIx, and Hence | is sequentially T-weak commuting.
To prove the converse we provide following example.
Example 4 : Let X = [0, ), K=[0, 1] Let T : K — X be defined by
TX)=1-xifx € [0, 1] and
1,11 if xe [0, 1]
2 2
F(x) = . .
0, = if xe [=, 1
L] (L, 1]

Take any sequence X, in in K = [0, 1]. We consider two cases,

() {x} = [0, %2] (ii) {xn} € (2, 1]

Case | : First suppose

Xn € [0, ¥%]. Then Ix, =1 —X, € [¥, 1] and lim, IX,

= X (say) € [%, 1] = lim, Fx,. Now T(lim, Fx,) =T [*2, 1]

= [0, ¥2] and FTx = F(1-x) = [%, 1] since X € [%, 1] then 1 —x € [0, ¥]. Clearly

T (lim, Fx,) = [0, ¥2] ¢ FTx = [¥, 1] for all x,, € [0, ¥2], X € [%, 1]

Case Il : Suppose {x,} < (%, 1]. Then Tx, € [0, %] and also lim, Tx, = x € [0, 1/2].

Now Fx, = [0, 4] and lim, Fx, = [0, ¥4] therefore lim, Tx, € lim, FX,.

But T(lim, Fx,) = T[0, ¥2] = [%, 1] and

FTx=F(1-x) = [0, %] since 1-x € (¥, 1]. Obviously T (lim, Fx,) & FTx for any sequence X, € [Y2,
1].

Therefore T and F are not s-commuting. However, taking the sequence x, = % + 1/ ,™**,

n e N, We have lim Tx, = %2 and T (lim Tx,) = %. Further, FTx =FT(*2) = F(*2) = [%,1] and
Hence T(lim Tx,) =% € FT(*2) = [%, 1].

Therefore T and F are sequentially T-weakly and generalized T-weakly commuting at x =% € [0,
1]

Theorem 3 : Let (X, d) be a complete metric space and K be a subset of X. Let I, J: K— X. S,

T:X— CL(X) be such that S(K) < J(K) and T(K) < I(K). If there exists a $ =D such that for all
x,yekK,

H(Sx, Ty) < ¢ (aL(x, y) + (1 — a)N(x, y), where a € [0, 1] ¢ : R" — R" is upper semi-continuous
from the right on (0, «) with ¢(t) <t for all t > 0 and
L(x, y) = max {d (Tx, Jy), D(Ix, Sx), D(Jy, Ty), %2[D(Ix, Ty) + D(Jy, Sx)]}
N(x, y) = [max {d*(Ix, Jy), D(Ix, Sx) Dy, Ty), D(Ix, Ty), D@y, Sx),
1D(Ix, Sx) Dy, Sx), ¥:D(Jy, Ty) D(Ix, ly)}]*? (3)
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Holds, then there is a sequence {x,} in X such that Ix, — z, JX;n.1 — z for same z € X and D(IXzy,
Sxan) = 0, D(IX2n.1, TXon1) = 0 @s N — o« Moreover,

(i)

(ii)

(iii)

(iv)

Proof

If 1z € Sz and d(lz, z) < D(z, Sx) for all x € K, then z € Sz, and if d(Iz, z) < d(z, Tx) for
all x e K. Jand T are generalized T-weak commuting on G = {x : Jx € Tx}, thenJz € Tz.

If Jz e Tzand d(Jz, 2) < D(z, Tx) for all x € K. then z € Tz; and If d(Jz, z) < D(z, Sx) for
all x e K. and I and S are generalized T-weak commutingon F = {X : Ix € Sx}, then Iz
Sz.

If Iz=zand Jand T are generalized T-weak commutingon G = {x : Jx € Tx}, thenz ¢
SzandJz € Tz.

If Jz=zand | and S are generalized T-weak commuting on F = {x : IX € Sx}, then ze Tz
and lzeSz.

: Although the first part of the proof is same as given by Pathak and Mishra [17], Yet we
provide it for completeness.

We can construct a sequence {Xn} n=0= K such that JXon+1 € SXon, 1Xone2 € TXone1 (N =0,
1, 2 .....) and the sequence {IXz.}, {IX2n1} are Cauchy sequences which converge to the
same limit z € X and D(IX2,, SX2,) = 0, D(IXon.1, TXon.1) = 0 @S N — oo, It then follows
that D(z, SX,,) — 0 and D(z, TXzy.1) = 0as n — .

(i) Suppose Iz € Sz, d(lz, 2) < D(z, Sz) and J and T are generalized T-weak commuting on {x : Jx

e Tx}.

Choose m € N such that

sup{d(IXzn, 2), d(IXan-1, Z), D(Z, SXan), D(z, TX2n1) : N> M} <.
Then for n > m we have

D(z, S2) < d(z, IXsn) + D(IX2n, S2)

IA

d(z, IXan) + H(SZ, TXzn.1)

= d(z, IX2n) + 0(aL(z, Xzn1) + (1 —2) N (Z, X2n1)),  (4)
where
L(z, X2n1) =max {d(1z, IXan1), DIz, Sz), D(IXon.1, TXon1),

Y5[D(1z, TXz-1) + D(IXzn.1, SZ)]}

<max {d(1z, IXon.1), 0, d(X2n1, TXon1)

Y%[d(Jz, z) + D(z, TXan1), d(IXon1, Z) D(z, TX2n1)]}

— max {d(lz, z), 0, 0, ¥2d(lz, z)} asn —
i.e.

lim,L(z, Xan1) < D(z, S2) ;

and

i.e.

N(z, Xon-1) < [max{d*(Iz, z), 0, 0, 0, 0}]*?*asn —
lim,N(z, X2n-1) < D(z, Sz)

Hence making n — o in (4), we obtain,

D(z, Sz) <0 + ¢(aD(z, Sz) + (1 —a) D(z, Sz)),

that is, D(z, Sz) = 0 and so z € Sz. Choose z' € X such that Jz' = z, then

D(z, TZ') < H(Sz, TZ) ®)

<o(aL(z, ') + (1 —a) N(z, z')) where

L(z, ') = max {d(lz, Jz'), D(lz, Sz), Dz, TZ"), Y[D(lz, Tz") + D(Jz, Sz)]}
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<max{d(lz, z), D(lz, Sz), D(z, Tz'), %2[d(lz, z) + D(z, TZ') + D(z, Sz)]}

=maz{d(lz, z), D(z, Tz)} < D(z, TZ)

And N(z, 2) < [max{d*(Iz, 2), 0, 0, 0, %:D(z, TZ') [d(Iz, 2) + d(z, TZ)]}]"* < D(z, TZ)
Hence by (5) D(z, TZ) <o (D(z, TZ")),and so D(z, Tz')=0;i.e.,Jz2 =z TZ
Since Jand T are generalized T-weak commuting at z’, Jz' € TZ', we have

JJz' €TJz' which implies that Jz € Tz.

(if) The proof is analogous to the proof of (i) due to symmetry.

(iii) Suppose Iz =z and J and T are generalized T-weak commuting on {x: Jx € Tx}. Choose m
asin (i), then foralln >m

D(z, Sz) < d(z, IX,n) + D(IX2n, S2) (6)
< d(z, IX2n) + H(Sz, TXzn1)
< d(z, IX2n) + o(al(z, Xan1) + (1 —a) N(z, Xon.1), Where

L(z, X2n1) > max{0, D(z, Sz), 0, %:D(z, Sz)} as n — <o,

i.e. lim, L(z, Xzn-1) = D(z, Sz)

and N(z, Xon-1) = [max {0, 0, 0, %:D¥(z, Sz), 0}]¥*as n — o,

i.e. lim, N(z, Xon.1) = D(z, S2).

Making n — o« in (6), we obtain

D(z, Sz) <0 + ¢(aD(z, Sz) + [(1 — 1) / V2]D(z, Sz) < D(z, Sz),

which implies D(z, Sz) = 0 and so z € Sz. Choose z' € X such that Jz' = z, then

D(z, TZ)) <H(Sz, TZ") <o (aL(z,z") + (1 -a)N(z, z)) where

L(z, ') = max{d(lz, JZ'), D(lz, Sz), D(Jz', TZ'), ¥2[D(lz, TZ) + D(Jz, Sz)]} = D(z, TZ')

and

N(z, z) = [max{d®(lz, Jz), D(lz, Sz) D(Jz, Tz), D(lz, Tz)) D@z, Sz), ¥:D(lz, Sz) D)z, Sz),
v.D(IzZ', TZ') D(Iz, TZ)}Y? = (1N2)D(z, TZ)

Hence
D(z, TZ) < ¢ (aD(z, TZ) + [(1 —a) /IN2] D(z, TZ) < D(z, TZ)

It follows that D(z, Tz') = 0and so Jz'=z e TZ'. Since Jand T are generalized T-weak commuting
atz’,Jz' € Tz', we have JJz' € JTZ'. Hence Jz € Tz.

(iv)Due to symmetry, the proof is analogous to the proof of (iii).

Remark 7: As it has been shown in [22] that the concepts compatibility of type (N) and T-weak
commutativity are equivalent at coincidence points, the phrase “I and S (resp. J and T) are
generalized T-weak commuting on {X :Ix € Sx}, (resp. {x : Jx €Tx})” in every part of the
theorem 3 may be elegantly replaced by the phrase “T and S(resp. J and T) are compatible of type
N)”.

4. CONCLUSION
Taking K= X and replacing the condition of generalized T-weak

commutativity by weak s-commutativity from theorem 3, we get theorem 2. It is also notable
that generalized T-weak commutativity is required only on coincidence points of the mappings
while in result of Pathak and Mishra [17] weak s-commutativity is required on all of X. Further,
in remark 2 we have suggested two essential restrictions
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To impose for defining weakly s-commuting mappings i.e. to define weakly s-commuting
mappings we have to form I(lim,Sx,), SIx & I(I1x) and therefore the restrictions lim,Sx, ¢ K &
Ix € K must be included in the definitions 7 and definition 8,with these restrictions, weak s-
commutativity defined by Pathak and Mishra [16] is nothing but (IT)-commutativity defined by
Singh and Mishra[24].Finally we claim following obvious lemma,

Lemma7: The assumption of generalized T-weak commutativity at coincidence points
(generalized compatibility of type (N)) in case of hybrid pair (I, S) (resp. (J, T) ) is the minimal
condition for existence of common fixed point of the hybrid pairs.

ACKNOWLEDGEMENT

First author thanks the U.G.C. Regional Office, Bhopal (M.P.) for financial support under minor
research project F No. 45-46/2006-07/(MRP/C

REFERENCES

[1] Ahmad and Imdad, M., Some common fixed point theorems for mappings and multi-valued
mappings, J. Math. Anal. Appl., 218 (1998), 546-560.

[2] Abhmed and Khan, A.R., Some common fixed point theorems for nonself hybrid
contractions, J. Math. Anal., 213 (1997), 275-286.

[3] Chang, T.H. : Common fixed point theorems for multivalued mappings, Math. Japon. 41,
31-320(1995)

[4] Hadzic, O. and Gajic, Lj., Coincidence points for set-valued mappings in convex metric
spaces, Univ. Novom Sadu Zb. Rad. Priord-Mat. Fak., Ser.16 (1986), 13-25.

[5] Hicks, T. and Rhoades, B.E., Fixed points and continuity for multi-valued mappings,
Internat. J.Math. Math. Sci. 15 (1992), 15-30.

[6] Itoh, S., Multi-valued generalized contractions and fixed point theorems, Comment, Math.
Univ. Carolin. 18 (1977), 247-258.

[7] Ithoh, S. and Takahashi, W., Single-valued mappings, multi-valued mappings and fixed
point theorems, J. Math. Anal. Appl., 59 (1977), 514-521.

[8] Jungck, G., Common fixed points for noncontinuous nonself maps on nonmetric spaces, Far
East J. Math. Sci., 4 (1996), 199-215.

[9] Jungck, G. and Rhoades, B.E., Fixed points for set valued functions without continuity,
Indian J. Pure Appl. math., 29(1998), 227-238.

[10] Kamran, T., Coincidence and fixed points for hybrid contractions, J. Math. and Appl., 299
(2004) 235-241.

[11] Kaneko, H. and Sessa, S., Fixed point theorems for compatible multi-valued and single-
valued mappings, Internat. J. Math. Math. Sci., 12 (1989), 257-262.

[12] Khan, M.S., Common fixed point theorems for multi-valued mappings, Pacific. J. Math., 95
(1981), 337-347.

[13] Nadlar, Jr. S.B., multi-valued contraction mappings. Pacific J. Math. 30, 475-488 (1969)

[14] Nadler, S.B. Jr., "Hyperspaces of Sets," Dekker, New York, 1978.

[15] Naidu, S.V.R. : Coincidence points for multi-maps on a metric space. Math. Japon. 37, 179-
187(1992)

[16] Pant, R.P., Common fixed point theorems for contractive maps, J. Math. Anal. Appl. 226
(1998), 251-258.

[17] Pathak, H.K. and Mishra Swami S.N., Coincidence points for hybrid mappings, Rostock.
Math. Kollog, 58, 67-85 (2004).

[18] Sastry, K.P.R., Naidu, S.V.R., and Prasad, J.R. : Common fixed points for multimaps in a
metric space. Nonlinear Anal. TMA 13(3), 221-229(1989)

[19] Shrivastava, Praveen Kumar, Bawa, N.P.S. and Singh, Pankaj, Coincidence Theorems for
hybrid contraction-11, Soochow Jour. Math., Vol. 26, No. 4, (October 2000), 411-421.

[20] Shrivastava, Praveen Kumar, Bawa, N.P.S. Coincidence and fixed point of nonself hybrid
constractions using Generalized compatibility of type(N). International J. of Math. Sci. &
Engg. Appls. (IMSEA) Vol.2 No.1 (2008) PP 157-165.

[21] Shrivastava, Praveen Kumar, Bawa, N.P.S. and Raich, Vivek, Fixed Point theorems of
General Hybrid contractions, (To be submitted) Abstract appears in proceedings of 70th

International Journal of Scientific and Innovative Mathematical Research (IJSIMR) Page | 76



Praveen Kumar Shrivastava et al.

[22]
[23]
[24]
[25]
[26]

[27]

annual conference of Indian Mathematical Society in 2004 in Jodhpur (R.S.) and paper was
presented by first author.

Shrivastava, Praveen Kumar, Bawa, N.P.S., Fixed Point Theorem for Hybrid Strict
Contraction under compatibility of Type(N) (Submitted).

Singh, S.L. and Mishra, S.N., On general hybrid contractions, J.Austral. Math. Soc., (Series
A) 66 (1999) 244-254.

Singh, S.L., Mishra, S.N., Coincidence and fixed points of nonself hybrid contractions. J.
Math. Anal. Appl., 256 (2001) 486-497.

Singh, S.L., Ha, K.S. and Cho, Y.J., Coincidence and fixed points of nonlinear hybrid
contractions, Internat. J. Math. Math. Sci., 12 (1989), 247-256.

Singh, S.L. and Mishra, S.N., Nonlinear hybrid contractions, J.Natur. Phys. Sci.,, 5-8
(1991-1994), 191-206.

Yanagi, K., A common fixed point theorem for a sequence of multi-valued mappings, Publ.
Res. Inst. Math. Sci. 15 (1979), 47-52.

International Journal of Scientific and Innovative Mathematical Research (1JSIMR) Page | 77



Coincidence and Fixed Points of Nonself Maps using Generalized T-Weak Commutativity

Authors’ Biography

Dr.Praveen kumar shrivastava:He is working as a Professor& Head,Department of
mathematics,Govt.J.S.T.P.G.College Balaghat (m.p.).He has obtained his Master Degree
securing IV" position in Merit list of Sagar University Sagar in 1983 He has Obtained
Ph.D. in 2002, from A.P.S.University Rewa (m. p.),under the able-guidance of  Dr.
N.P.S.BAWA, Professor & Head in Department of mathematics ,Govt. Science college
Rewa (m. p.).He has also published about 25 research papers in popular national and
international Journals. His total teaching experience is 30 years. His field of interest is
functional analysis and Abstract Algebra.

Dr.Ravindra Kumar Sonwane: He is working as a Asst.Prof. in Department of
mathematics, Govt.J.S.T.P.G.College Balaghat (m.p.).He has obtained his Master Degree
securing 1™ position in Merit list of Sagar University Sagar in 1978 from
U.T.D.Sagar(m.p.).He has Obtained Ph.D. in 2004, from Dr.HariSingh Gour University
Sagar (m. p.),under the able-guidance of Prof. R. PRASAD, Professor & Head in
Department of mathematics, Dr.HariSingh Gour University Sagar (m. p.)He has also
published about 4 research papers in popular national and international Journals. His total
teaching experience is 36 years. His field of interest is functional analysis and Topology.

He has written a research monograph on a new generalization of metric space namely
"METRON” with Co-authorship of Prof. R. Prasad.

Dr.Yogesh Kumar Vijaywar:He is working as a Asst. Professor in Department of
mathematics, Govt. J. S. T. P. G. College Balaghat (m.p.).He has obtained his Master
Degree securing I Division from Sagar University Sagar in 1988 He has Obtained Ph.D.
in 2012, from A.P.S.University Rewa (m. p.),under the able-guidance of Dr.
N.P.S.BAWA, Professor & Head ,Govt. Science college Rewa (m. p.).He has also
published about 9 research papers in popular national and international Journals. His total
teaching experience is 20 years. His field of interest is Topology and Abstract Algebra.

International Journal of Scientific and Innovative Mathematical Research (IJSIMR)

—
A

Page | 78



