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Abstract: In this paper, we have defined a new graph called S(n, m)-graph for evenn > 2m + 2 and for
odd m > 1 and found the lower and upper bound for the total chromatic number of S(n, m)-graphs. We
have also found the total chromatic number ofS(n, 2) for alln = 6 and S(n, 3) forodd n > 7.
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1. INTRODUCTION

For the past three decades many researchers have worked on total coloring of graphs. Borodin [1]
has discussed the total coloring of graphs. Sudha and K.Manikandan [3] have discussed the total
coloring and (k, d)-total coloring of prisms Y,,. Prisms Y, with 2n nodes are characterized as
generalized Peteresen graphs P(n,1). H.P.Yap [4] also has defined and discussed the total
coloring of graphs. We have defined a new graph S(n, m),n = 2m + 2, m = 3and the definition
follows:

The graph S(n,m) consists of n vertices denoted as v, v,, s, ..., U,. The edges are defined as
follows:

(i) v;is adjacent to v;,,and v,is adjacent to v,
(i) v;is adjacent to v; . ,ifi + m < n
(iii) v; is adjacent to vy If i + m = 0.

This graph is a quartic graph and it is both Eulerian and Hamiltonian. The concept of this type of
a new graph was introduced by S.Sudha.

Definition 1: A total coloring is a coloring on the vertices and edges of a graph such that
(i) no two adjacent vertices have the same color

(ii) no two adjacent edges have the same color

(iii) no edge and its end vertices are assigned with the same color.

In this paper, we have considered the graph S(n, m) and obtained the upper and lower bound for
the total chromatic number.

2. TOTAL COLORING OF S(n, m)-GRAPHS

Theorem 1: The total-chromatic number y, (S(n, m)) is 6 for n = 2m + 2and odd m > 3.
Proof: Let vy, vy, ....., vin—_1}, v, be the vertices of the graph S(n, m)and its edges are defined as
(i) v; is adjacent to v;,., and v, is adjacent to v,

(ii) v;is adjacent to vi py if i+ m < n

(iii) v; is adjacent to v;, ., iIfi + m > n.

©ARC Page | 16


mailto:ssudha50@sify.com
mailto:kmanimaths1987@gmail.com

Dr.S. Sudha & K. Manikandan

Let the coloring set of S(n, m)be the set {1,2,3,...}.

We define the function f; from V(S(n, m)) to the set {1,2,3,...} as follows:
(1, i-—odd,1<i<n

fi(vi) = {2, i—even,1<i<n

We define the function f,from E(S(n, m)) to the set {1, 2, 3, . . .} as follows:

£, (viv; )_{3, i—o0dd,1<i<n-1

2VTTIHLS T g, i—even,1<i<n-1

fo(vpvy) = 4

£, (Vivien) = 5, i—odd,1<i<n—-m
2WViViem) = Q¢ i—even,1<i<n—-m

5, i—even,1<i<m
fZ(ViVi+n—m) = 6 i—odd1<i<m

By using the above pattern of coloring, the graph S(n,m) admit total coloring. The total-chromatic
number for S(n,m), ytc(S(n,m)) = 6.

Ilustration 1:

Figure 1. S(12,5)

The graph S(12,5) consists of 12 vertices vy,V,, Vs, V4, Vs, Vg, Vo, Vg, Vg, V10, V11, V12 Which are
assigned with the colors 1,2,1,2,1,2,1,2,1,2,1,2  respectively. The outer
edges  VyVy,V,V3,V3Vy, V4Vs, VsVe, VeV7, V7Vg, VgVe, VoV, V1oV, V11V12  and  vipvyp

V11V4, V4 Vo, VoVy, Vo Vo, VoV o, V12Vs, Vs Vg, V1o V3, are assigned with
colors3,4,3,4,3,4,3,4,3,4,3,4 and theinner edgesv,vg, VgV1q,V3Vg, V3Vg are assigned with colors
5,6,5,6,5,6,5,6,5,6,5,6 respectively. The total-chromatic number

ofS(12,5),%,.(5(12,5)) = 6.
Theorem 2: The total-chromatic numbery, .(S(n, 2))(n = 6) is 5 for n = 0(mod 6) andis 6 for
n Z 0(mod 6).

Proof: Letv,, vy, ....., Vin—-1}, Vpbe the vertices of the graph S(n, 2) and its edges be denoted by
(Vivi+1), (Vivie2), (ViVign—2) fori =1,2,3,..and (v, vy).

Let f; be a function that maps V(S(n,2)) to the set {1,2,3,...} and f, be a function that maps
E(S(n, 2)) to the set {1,2,3, ... } in such a way that f; and f, satisfy the condition of total coloring.

There are six cases:
(i) n = 0(mod 6)
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(i) n = 2(mod 6)
(iii) n = 4(mod 6)
(iv)n = 1(mod 6)
(v) n = 3(mod 6)
(vi)n = 5(mod 6)
Case (i): Let n = 0(mod 6)

1, foralli= 1(mod3),1<i<n
fi(v;)) =<2, foralli = 2(mod 3),1 <i<n
3, foralli= 0(mod3),1<i<n

. y—{% i-oddisi<n-1
2WiVier) =15 j_even,1<i<n-—1

f(vh_1vp) = 2

f,(Vivizz) = f1(vi41), 1 <i<n-2

f,(Vn_1v1) = f1(Vp)

By using the above pattern, the graph S(n, 2) for n = 0(mod 6) admit total coloring.

The total-chromatic number of S(n, 2), %,.(S(n,2)) = 5.
Case (ii):Letn = 2(mod 6)

1, foralli= 1(mod3),1<i<n-2
f1(vi) = 12, foralli = 2(mod 3),1 <i<n-2
3, foralli= 0(mod3),1<i<n-2

fy (Vn—l) =4

fl(Vn):S
f )= {6 i—0dd1<i<n-3
2WViVit1) =) g i—even1<i<n-3

f(vh_avn-1) =1

fZ(Vn—lvn) =2
f,(vovy) =3

f(Vivig) = £1(vig1),1<i<n-—-2

f,(Vn_1v1) = f1(Vn)

By using the above pattern, the graph S(n, 2) admit total coloring.
The total-chromatic number of S(n, 2), Xtc(S(n, 2)) =6.

Case(iii): Let n = 4(mod 6)

1, foralli= 1(mod3),1<i<n-1
f,(v;) =<2, foralli= 2(mod3),1<i<n-1
3, foralli= 0(mod3),1<i<n-—-1

fl(Vn):4

f _ (5, i—odd,1<i<n-1
2(Vivie) =1g) i _eveml<i<n-—1
fo(vyvy) = 6

f(Vivizz) = f1(vi41), 1 <i<n-2

f,(vh_1v1) = f1 (V)
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By using the above pattern, the graph S(n, 2) admit total coloring.
The total-chromatic number of S(n, 2), %,.(S(n,2)) = 6.
Case (iv): Letn = 1(mod 6)

1, foralli =1(mod3),1<i<n-1
fi(v)) =<2, foralli =2(mod3),1<i<n-1
3, foralli =0(mod3),1<i<n-1

fl(Vn):4

£ (viv; )_{5: i—odd,3<i<n-2
R V) i—even,4<i<n-1
f,(vivy) =6

f2(vov3) = 4

fZ(vnv1)=5

f(Vivig2) = f1(Vi41), 1 Si<n-—-2

f5(Va-1v1) = f1(vn)

By using the above pattern, the graph S(n, 2) admit total coloring.
The total-chromatic number of S(n, 2), %,.(S(n,2)) = 6.
Case(v): Let n = 3(mod 6)

1, foralli =1(mod3),1<i<n-1
fi(vi) = 12, foralli =2(mod3),1<i<n-1
3, foralli =0(mod3),1<i<n-1

fl(Vn):6
. y—{% i-oddisi<n-1
2WiVie) =15 j_even,1<i<n-—1
f(vpve) = 6

£, (Vivit2) = f1(vi41), 1 Si<n-2

f5(Vn-1v1) = f1(Vy)

By using the above pattern, the graph S(n, 2) admit total coloring.
The total-chromatic number of S(n, 2), %,.(S(n,2)) = 6.
Case(vi): Let n = 5(mod 6)

1, foralli =1(mod3),1<i<n-2
fi(v;) = {2, foralli =2(mod3),1<i<n-2
3, foralli =0(mod3),1<i<n-2

fi(vh-1) = 4

fl(Vn) =5
f _ (6, i—odd,1<i<n-2
2(Vivigr) = 5, i—even,1<i<n-2

fZ(Vn—lvn) =2
f,(vovy) =3

f,(vivizz) = f1(vi41), 1 <i<n-2

f,(Vp—1vy) = f1(vy)
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By using the above pattern, the graph S(n, 2) admit total coloring.
The total-chromatic number of S(n, 2), %,.(S(n,2)) = 6.

Hlustration2:
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Figure 2. 5(8.2)

The graph S(8,2) consists of 8 vertices v,,V,, Vs, Vy, Vs, Vg, V7, Vg Which are assigned with the
colors 1,2,3,1,2,3,4,5 respectively. The outer edges viV,, VaVs,V3Vy, VaVs, VsVe, VgVy, VoVg and
VgVi are assigned with colors 6,5,6,56,1,2,3 and the inner edges
V1V3,V3Vs, VsV, Vo Vq, Vo Vs, V4 Ve, Vg Vg, Vg Vo are assigned with colors 2,1,3,5,3,2,4,1 respectively.
The total-chromatic number of 5(8,2), x,.(5(8,2)) = 6.

Theorem 3: The total-chromatic number (y,.(S(n,3)) is 7 for n = 0(mod 6) and is 6 for
n #Z 0(mod 6).

Proof: Let vq,v,,.....,v,_1,V, be the vertices of the graph S(n,3) and its edges be denoted
by(ViUH_l), (UL'UH_z), (Ul.'UH_n_z) fori =1,2,3,..and (vnvl).

Let f; be a function that maps V(S(n, 3)) to the set {1,2,3, ...} and f, be a function that maps
E(S(n, 3)) to the set {1,2,3, ... } in such a way that f; and f, satisfy the condition of total coloring.

Case(i): Forodd n = 7 and n # 0(mod 3)
1, forall 1 <i<n-—4,i—odd
f(v;) = {2, forall 1 <i<n-3,i—even

3, foralli=n-2,n
fl(Vn—1)=4
£, (viv; )_{B,foralllgign_4’i_odd
2V 7 4, foralll <i<n—3,i—even

fZ(Vn—ZVn—]) =2
fZ(Vn—an) =1
fy(vavi) =2

The edges of the form f,(v;vi43) for i =1,23,...,(n —3). Takes the coloring pattern as
5,6,5,6, ...,5,6.

The last three of the edges are colored given below.

f,(Vn—gVn-35) =5

fy(Vn—sVp—2) = 1

f(Vn—2v1) = 6

By using the above pattern, the graph S(n, 3)admit total coloring.
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The total-chromatic number of S(n, 3), %,.(S(n,3)) = 6.
Case(ii): For odd n = 9 andn = 0(mod 3)

£i(v) = { 4,forall 1 S.iS n—4,.i—0dd
5, foralll1 <i<n-—3,i—even

fi(vp-2) =3

fi(vp-1) =4

fi(va) =3

£ (v;v; )_{3,f0ralllSiSn—4,i—0dd,1§iSn_3
2V T s foralll <i<n—3,i—even, 1 <i<n-—3

fZ(Vn—ZVn—l) =2
£ (Vp—1vn) = 1
f(vpvy) =2

£ (vivies) = 5, i—odd, 1 <i<n-3
2WViVie3) = g i—even,1 <i<n-—3

fZ(ViVi+n—3) =71< 1<3.
Now with this type of coloring, the graph S(n, 3)is total coloring.
The total-chromatic number of S(n, 3), 7,.(S(n,3)) = 6.

Illustration 3:
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Figure3. S(11,3)

The graph S(11,3) consists of 11 vertices vy, v, v3, V4, Vs, Vs, V7, Vg, Vg, V1o, V1] Which are assigned
with the colors 1,2,1,2,1,2,1,2,3,43 respectively. The outer edges
V1V3, VaV3, V3Vy, V4Vs, VsV, VeV7, V7Vg, Vg Vo, VoV, V1oV and vy;vy are assigned with colors
3,4,3,4,3,4,3,42,1,2 and the inner edges
V1V4,V4V7,V7V10, V10V2, V2 Vs, V5Vg, VgV, V11V3, V3V, Vg Vg, VoV are aSSiQHEd with colors
5,6,5,6,5,6,5,6,5,1,6respectively. The total-chromatic number of S(11,3), x,.("/(11,3)) = 6.

3. CONCLUSION

We have found that the lower and upper bound for the total chromatic number of S(n, m), in
general, satisfies 5 <y, (S(n,m)) < 7. The total-chromatic number for S(n, m) when m takes the
value 2 and 3 are also discussed.
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