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Abstract: This manuscript is a study on Pre-A*-algebra A in view of it is like a partially ordered set.
Using a binary operation in Pre-A*-algebra, an observation is made on Pre A*-Algebra as a partially
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an equivalent condition for a Pre A*-algebra become a Boolean algebra.
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1. INTRODUCTION

In a draft manuscript entitled “The Equational theory of Disjoint Alternatives”, E. G. Manes
(1989) introduced the concept of Ada (Algebra of disjoint alternatives) (A a,v,(-)',(-),.0,1,2)
which is however differs from the definition of the Ada of E. G. Manes (1993) later paper
entitled “Adas and the equational theory of if-then-else”. While the Ada of the earlier draft seems

to be based on extending the If-Then-Else concept more on the basis of Boolean algebras and the
later concept is based on C-algebras A ( A v ¢ ) introduced by Fernando Guzman and
Craig C. Squir (1990). P. Koteswara Rao (1994) first introduced the concept of A*-algebra
(AAv%(-)7(-),,01,2) not only studied the equivalence with Ada, C-algebra, Ada’s connection

with 3-Ring, Stone type representation but also introduced the concept of A*-clone, the If-Then-
Else structure over A*-algebra and Ideal of A*-algebra.

J.Venkateswara Rao (2000) introduced the concept Pre A*-algebra (A,A,V,(_)N) analogous to C-
algebra as a reduct of A*- algebra. Venkateswara Rao.J, Praroopa.Y (2006) made a structural
study on Boolean algebras and Pre A*-Algebras.

Boolean algebra depends on two element logic. C-algebra, Ada, A*- algebra and our Pre A*-
algebra are regular extensions of Boolean logic to 3 truth values, where the third truth value
stands for an undefined truth value. The Pre A*- algebra structure is denoted by (A, /\,v,(—)”)

where A is non-empty set, A,V are binary operations and (=)~ is a unary operation.

In this paper we define a relation < on Pre A*-algebra with respect to the binary operation A, we
discuss the properties of a Pre A*-algebra like a poset. We find the necessary conditions for a
poset to become a lattice. We also present a equivalent condition for a Pre A*-algebra become a

Boolean algebra. For any ac A define A, ={xe A/arx=x}and x*=ana xthen (A, A,v, %)
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is a Pre A*-algebra. We also define a mapping «, ,, from A, toA, by ayp (X) =aAxforall

xe A, isahomomorphism of Pre A*-algebras.

PRELIMINARIES

1.1. Definition: The relation R on a set A is called a partial order on A when R(<) is reflexive,
anti-symmetric, and transitive. Under these conditions, the set A is called a partially ordered set or
a poset. Frequently we write (A, R) or (A, <) to denote that A is partially ordered by the relation
R(<). Since the relation < on the set of real numbers is the prototype of a partial order it is
common to write < to represent an arbitrary partial order can be described as follows:

1. Forallae A a<a (reflexive)
2. Foralla,be A,a<b,b<athena=b (anti symmetry)
3. Foralla,b,ce Aja<bandb<c,thena<c (transitivity)

Two elements a and b in A are said to be comparable under < if either
a < b or b < a; otherwise they are incomparable. If every pair of elements of A are comparable,
then we say that the partially ordered set is totally ordered.

1.2. Definition: An algebra (A, A,v, (=) ) where A is a non-empty set with 1, A, v/ are binary

operations and (=) ~ is a unary operation satisfying
(@ x "=x vxeA

(b) XAX=X, VxeA

() XAYy=YAX, VX,yeA

(d) (XAy) =x"vy VXx,yeA
E@XA(YAD)=(XAY)AZ, VX VY,Z€A

) xA(yv2)=(XAy)v(XAZ), XYy, zeA

(@ XAYy=XA(X"VvYy), VXVYeA iscalledaPre A*-algebra.

1.1. Example: 3 = {0, 1, 2} with operations A,v, (=) ~ defined below is a Pre A*-algebra.

A |0 1 2 v |0 1 2 X |y~
0o [0 o0 2 0o [0 1 2 0 |1
1 |0 1 2 1 /1 1 2 1 |0
2 |2 2 2 2 |2 2 2 2 |2

1.1. Note: The elements 0, 1, 2 in the above example satisfy the following laws:
@2 =2 ()1 Ax=xforallx € 3

(c)0vx=xforallx €3 d2Aax=2vx=2forall x € 3.

1.2. Example: 2 = {0, 1} with operationsa,v (-) ~ defined below is a Pre A*-algebra.
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A ‘O 1 V‘O 1 x | x
0 0 0 00 1 0 |1
1 0 1 1|1 1 110

1.2. Note :(i) (2, VA, (—5) is a Boolean algebra. So every Boolean algebra is a Pre A* algebra.

(i) The identities 1.2(a) and 1.2(d) imply that the varieties of Pre A*-algebras satisfies all the
dual statements of 1.2(b) to 1.2(g).

1.3. Definition: Let A be a Pre A*-algebra. An element x €A is called a central element of A if
XV X"=1 and the set {x € A/ X X"=1} of all central elements of A is called the centre of A and
it is denoted by B (A).

1.1. Theorem: [Satyanarayana.A, (2012)] Let A be a Pre A*-algebra with 1, then B (A) is a
Boolean algebra with the induced operations A, v, (<)~

1.1. Lemma: [Satyanarayana.A, (2012)] Every Pre A*-algebra with 1 satisfies the following laws
(@ Xvl=xvx (b) XAO=XAX

1.2. Lemma: [Satyanarayana.A, (2012)] Every Pre A*-algebra with 1 satisfies the following
laws.

@ XAKXTVvX)=XVv(X"AX) =X

(0) (XVX)AYy=(XAY)V (X AY)
C©)(XvY)AZ=(XAZ) V(X AYAZ)

1. 4. Definition: Let (A,V,A,(=)7) and (A,,Vv,A,(=)") be a two Pre A*- algebras. A mapping
f: A — A, iscalled a Pre A*-homomorphism if

(i) f(anb)y=f@)Af(b) (i) f(avb)y=~f(a)vf(b) (i) f(@)=(Ff@)
The homomorphism f : A — A, is onto, then f is called epimorphism.
The homomorphism f : A — A, is one-one then f is called monomorphism

The homomorphism f : A — A, is one-one and onto then f is called an isomorphism, and
A, A, are isomorphic, denoted in symbol A = A, .

2. PRE A*- ALGEBRA AS A POSET WITH RESPECT TO BINARY OPERATION A

2. 1 Definition: Let A be a Pre A*-algebra. Define a relation < on A by x <y ifand only if y A X
=IXAY =X

2.1 Lemma: If A'is a Pre A*-algebra, then (A, <) is a poset.
Proof: Sincex Ax=x,x<xforallx e A

Therefore < is reflexive.

Suppose that X, y,z € A, x<yandy < z.

Thenwe havey AX=XAy=XandzAYy=yAz=Yy.
NOWX=XAY=XAYAZEXAZ SXAZZZAXEX
Therefore, x < z. This shows that < is transitive.

Suppose that X,y e A, Xx<yandy<X=YAX=XAYy=XandyAX=XAYy=Y.
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This shows that x = y. Therefore < is anti-symmetric. Hence (A, <) is poset.

2. 1 Note: If Ais a Pre A*-algebra with 1, 0, 2 then x < 1(xAl = 1ax = x), for all xe A and 2 <x
(X A 2 =2 A X =2). This shows that 1 is the greatest element and 2 is the least element of the
poset. The Hasse diagram of the poset (A, <) is given by

1

2
Diagram 2.1

We have A < A = {a, = (1,1), a = (1,0), a = (1,2, a = (0,1), as = (0,0),
as=(0,2), a;=(2,1), ag=(2,0), ag =(2,2)} is a Pre A*-algebra under point wise operation and A
* A'is having four central elements and remaining are non central elements, among that ag = (2,2)

is satisfying the property that as” = a,. The Hasse diagram is of the poset (A = A, <) given below

Diagram 2.2

Observe that, x <a;, X Aa; =a; A X=X and ag < X(XAdg = a9 A X = ag) for all x e A = A. This
shows that a; is the greatest element and ay is the least element of A = A.

We have 2 % 3 ={a; =(1,1), a, = (0,0), a3 = (1,0), a4 = (0,1), a5 = (2,2),
as = (1,2)} is a Pre A*-algebra under point wise operation having four central elements, two non-
central elements and no element is satisfying the property that a™ = a.

The Hasse diagram for (2 x 3, <) as given below

Diagram 2.3
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Observe that, x < ay, that is, XxAa; =a; AX=xand as< X (XAas = as A X = ag) forall x € 2 % 3.
This shows that a; is the greatest element and as is the least element of 2 = 3.

2. 1. Theorem: In the partially ordered set (A, <), for any x € A, supremum of {X, X'} =X v X_
and infimum {x, X } =x A X.

Proof: We have (X v X))Ax = x and X A(xXvX") =X~

Therefore x <x v X and X" < x v X~

Hence x v X™ is an upper bound of {x,x"}

Suppose n is an upper bound of {x, X}
Thatis,x<n, X <n=>nax=x,andn A X =X
NownA(XvX)=(nNAX)v(NAX)=XvX

This shows that X v X" <n

Therefore x v X is a least upper bound of {x, X"}

This shows that supremum of {x, X'} =x v X

Again we have X AX)AX=XAX and X AX)AX =XAX
Therefore X AX" <xand X AX < X

Hence x A X™ is a lower bound of {x, X}

Suppose m is a lower bound of {x, x'}

That is, m<x, m<X™ = max=m, and mAX =m

NOWmMA (XAX)=(MAX)AX =MAX =m

This shows that m <X A X~

Therefore x A X™ is a greatest lower bound of {x, X"}

This shows that infimum of {x, X} =x A X~

2. 2. Theorem: In a poset (A, <) with 1, forany x,y € A, Inf{x,y} =x A.
Proof: We have (XxAy) AX=XAyand (X AY) AY=XAY
Therefore x Ay <xand X Ay <.

Hence X A y is a lower bound of {x, y}

Suppose m is a lower bound of {x, y}

Thatis m<x,m<y=max=mandmay=m

NowmA (XAY)=(MAX)AY=mAay=m.

This shows thatm <x Ay

Therefore x Ay is a greatest lower bound of {x,y}

This shows that infimum of {x, y} =x A Y.

In general for a Pre A*-algebra with 1, xvy need not be the l.u.b of {x, y} in (A, <). For example
2vX=2AX=2,Vx e Aisnota least upper bound. However we have the following theorem.

2. 3. Theorem: In a poset (A, <) with 1, for any x, y € B (A), sup{X, y} =x v V.
Proof: If x, y € B (A), then we have, XxA(Xvy) = x and yA(Xvy) =y
This showsthatx <xvyandy<xvy

Hence x v vy is an upper bound of {x,y}
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Suppose z is an upper bound of {x,y}, thenzAx=X,zAy =Yy
NowzA(XVvY)=(ZAX)Vv(ZAY)=XVY
Therefore, x vy <z

Hence sup {x, y} =xvy.

2.4 Theorem: In the poset (A, <), if X,y eB(A), thenx vy <xv X
Proof: (X vX) A(XVvY) ={XAXVY)IVIXAXVY)}
=X Vv (XAY)
=XVYy

Therefore x vy <xv X~

2.5. Theorem: In the poset (A, <), if x <y, thenforany z € A,

@zAax<LzAy

(b)yzvx<zvy

Proof: Ifx <y, thenx Ay =X

@EAXNAEZAY)={ZAX)AZIAY=ZAX)AY=ZAX.

Therefore zAX<z Ay

B)y(zvx)a(zvy)=zv(XAY)=ZVvX

Thereforezvx<zvy

Now we are giving the following equivalent conditions for x <\.

2.2.Lemma: InaPre A*-algebra (i) X<y & XA (X vy)= (X VY) AX=X
(IX<yoyayy v) = vX)=( v)ay=x

Proof: (i) If x<y SXAY=X

SXAXVY) =X VY)AX=X

(i Ifx<yeyax=x

SYAY vX)=(Y VX)AY=X
Now we prove modular type results in the following lemma.
2.3 Lemma: In the poset (A, <), ifX<y=Xxv(YyAZ)=yA XV 2).
Proof: Suppose x <y theny A X =X
NoWYyA(XvZ)=(YAX)V(YAZ) =XV (YAZ)

If X, y € B(A) then by theorem 2. 3, sup {X, y}= x v V. In general x v y need not be an upper
bound of {x,y} in poset (A, <). If x v y is an upper bound of {x,y} in poset (A, <), then A
becomes Boolean algebra. Now we have the following theorem.

2.6. Theorem: If A'is a Pre A*-algebraand x A (x vy) =x for all X, y € A then (A, <) is a lattice.

Proof: By Theorem 2.2, we have every pair of elements have g.lb and if
XA(Xvy)=xforall X,y € A, then by theorem 2.3 we have every pair of elements have l.u.b.
Hence (A, <) is a lattice.

Now we present an equivalent condition for a Pre A*-algebra become a Boolean algebra.
2.7. Theorem: The following conditions are equivalent for any Pre A*-algebra (A,A,v, (-) ).

(1) Aisa Boolean Algebra
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(2) x<xvyforallx,yeA

(3) y<xvyforallx,yeA

(4) xwvyisanupper bound of {x, y}in (A, <)forallx,yeA
(5) xwvyisansupremum of {x, y}in (A, <) forall x,ye A
(6) xwvx isthe greatest element in (A, <) for every xe A

Proof: (1) = (2) Suppose A be a Boolean algebra
Now XA (XVv y)=x (by absorption law)
Hence x< xvy.

(2) = (3) suppose x< xvythen XA (XVv y) =X

Now Yy A (XV y) =y .Therefore y< xvy.

(3) = (4) Suppose thaty < Xxvy=y A (XVvYy)=y

Since y< x vy then x vy is upper bound of y

Now XA (XV y) =x (by supposition)

Therefore x< xvy = X vy is upper bound of x

Hence x vy is an upper bound of {Xx, y}.

(4) = (5) suppose x Vv y is an upper bound of {x, y}

Suppose z is an upper bound of {x, y}, then x<z,y<zthatisxAz=X, YyAz=y
Now z A (XVvYy)=(ZAX) V(ZAY) =XVY

Therefore X v 'y < Z.Hencesup{X, y} =Xxv Y.

(5) = (6) suppose sup{X , y}=xv ythen X,y € B(A)

Now sup{xXv X", y} =XVvX vy=xvXx

= y<XvXx

Therefore x v x™ is the greatest element in (A, <).

(6) = (1) suppose x v X" is the greatest element in A then y < xv x~
= (xvx) A y=y

Now yv (xAY) = [(xv X A Y] v (xAY) =[(xvX) vX] Ay
=(XvX) Ay=Yy (by supposition)

Therefore absorption law holds hence A is a Boolean algebra.

2.8. Theorem: Let A be a pre A*-algebra if X A X" is the least element in
(A, <) for every xe A, then A is a Boolean algebra.

Proof: Suppose x A X is the least element in (A, <) then X AX <y
= (XAX) AY=XAX

Now XA (XVv y) = [XV(XTAX)] A (XVy)

=XV [(XAX)AY]
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=XV (XAX) (by supposition)

=X

Therefore X A (X y) = x, absorption law holds.
Therefore A is a Boolean algebra.

2.9. Theorem: Let Abe aPre A*-algebraandacA. Let

A = {xeA ] anx =x }.Then A, is closed under the operations A and v. Also for any
xe A, define, x*=an x". Then (A,, A,v,?*) is a Pre A*-algebra with 1(here a is itself is the
identity for A in A ;thatislin A)).

Proof: Letx,y € A, .Thenaanx=xandaAy=y.
NowaA (XA Y)=(@AX)A Y=XA Y = XA YE A
Alsoan(XVv y)=(aAXx) v(@aay)=xv y= xvye A
Therefore A, is closed under the operation A and v .
an X*=an(an X)=aA X =xX"=> X" e A
Thus A, is closed under °,
Now for any x,y, ze A,
D x¥=(@n x)P=an(@an xX) =an@v X)=aAax=x
) xAx=(@AxX)A(@AX)=aAX =X
@) xAy=(@ax) A (@ary) =(@ry) A @AX)=yAx
@) (xnAy)y=an(xay) =an(x"vy)
=@ax)v (@ry’)
= vyP
G)xn(yrz)=@rx)a{lary)n(@nz)}
=an{xa(yrz}
zan{(xAy)Az}(sinceXx,y,zeA)
=(xAy)Az
@) xn(yvz) =@rx)a{lany) v(@nz}
={@rx)n@ary)rv{@arx)r(@anz)}
={an(xay)}v{@n(xaz}
=(xAy)v(xaz)
(M xA(X*vy)=xa{(ar X)vy}
={xA@nx)}v(xay)
=(XA X)V(XAY) (sinceanx =Xx)
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=XA(XVY)
=XAY

Finally xe A, implies that aAx = x = xAa. Thus (A,, A,v ") is a Pre A*-algebra with a as
identity for A.

2.10. Theorem: Let a, b be elements in a Pre A*-algebra A such that a <b .Then the following
hold.

(1)anb=a

(2) The map a,y,: A, > A, defined by o, (X) =asxforall xe A, is a homomorphism of
Pre A*-algebras.

() aap (B(AL)) = B(A,)
(Aifa<b<cthen o, 0 o =y
(5) @, 4 istheidentitymapon A,

Proof: Suppose that a<b
(1) Wehave a<b = anb =a
(2) Letx,y € A,.Then a,, (XAY) =an(XAY)
=(@nx) A(@ny)
= agp X) A agp ()
and a, p, (Xvy)=an(xvy)
=(anx) v (any)
= ayp (X) vV agp (Y)
Also a,p (X)) =an x°
=an(bA X))
=(@Ab)A X
=an x
zan(@v x)
zan(@n x)”
= (an x)*
= (g (9)°
Therefore «, y, is a homomorphism of Pre A*-algebras.
(3) LetxeB(A,).
Then xv x° =b (since b is identity in A p ) and therefore b = x v (b A X")
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Nowb=bAb=bA(Xxv(bAX))
=(bAx) v(bAX)

=hA(XVX) =mmmmmmmmmmoneee (i)
Now ap, )V agp (0]°= (@AX)V(@AX)*
=(@nx)vian(@ax)]
=(@anx)van(@ vx]
=an[xv (@ vx)]
=an[a v (xvx)]
ZaA(XvX)
=(@Ab) A (xvX)
=an [b A (xvXx)]
=anb (by (i)
=a,whichislin A,
Therefore a,, (X)eB(A,)
Thus o, (B(A,)) < B(A,)
(4)Leta<b<c
[tap 0 ap1¥) = aqp [, (X)]
= ayp [bAX]
=an b AX
=a AX
= e (X)
Therefore o, p, 0 ap =ty ¢

(5) aya X)=a Ax=xforallxe A,

Then a, , is identity mapon A, .

3. CONCLUSION

This manuscript illustrates the nature of the Pre-A*-algebra like a partially ordered set. With
respect to binary operation A, defined a relation < on a Pre-A*-algebra and observed that such a
Pre-A*-algebra as a partially ordered set with respect to the relation < and derived corresponding
results. It has been observed a necessary condition for a Pre-A*-algebra to become a lattice with

respect to binary operation A. For any ac A defined aset A, ={xeA/aax=x}and x*=an X
, Observed that (A,, A,v, ") is a Pre A*-algebra. Also by defining a mapping ¢, p, from

A toA, by ayp (X)=aAxforall xe A, confirmed a homomorphism of Pre A*-algebras.
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