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1. INTRODUCTION

After Booles axiomatization of two valued propositional calculus as a Boolean algebra, a number
of generalizations both ring theoretically and lattice theoretically have come into being. The
concept of an Almost Distributive Lattice (ADL) was introduced by Swamy and Rao [6] as a
common abstraction of many existing ring theoretic generalizations of a Boolean algebra on one
hand and the class of distributive lattices on the other. In that paper, the concept of an ideal in an
ADL was introduced analogous to that in a distributive lattice and it was observed that the set
PI(L) of all principal ideals of L forms a distributive lattice. This enables us to extend many
existing concepts from the class of distributive lattices to the class of ADLs. Swamy, G.C. Rao
and G.N. Rao introduced the concept of Stone ADL and characterized it in terms of its ideals. In
[5], Sambasiva Rao introduced @ -ideal in a lattices and proved their properties. In this paper, the
conceptof @ -filters is introduced in an ADL and then characterized in terms of ADL
congruences. A set of equivalent conditions are derived for every ideal of an ADL to become a &
-filter. The concept of & -prime filters is also introduced and established a set of equivalent
conditions for every @ -filter which becomes a @ -prime filter. Some properties of & -filters and
& -prime filter are studied. The class of all & -filters of an ADL can be made into a bounded
distributive lattice. Finally, the prime ideal theorem is generalized in the case of & -prime filter in
an ADL.

2. PRELIMINARIES

Definition 2.1.[6] An Almost Distributive Lattice with zero or simply ADL is an algebra (L, Vv,
A, 0) of type (2, 2, 0) satisfying

LXVY)YAZ=(XAZ)V(YAZ)
2.XA(YVZ)=(XAY)V(XAZ)
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3.(xvy)ay=y

4. (XVY)AX=X
5.XV(XAY)=X

6.0Ax=0
7.xv0=x,foranyx,y,z € L.

Every non-empty set X can be regarded as an ADL as follows. Let xo €X. Define the binary
operations v, A on X by

{x if X=X, {y if XX,
Xvy= . XAY= :
y if x=x, X, 1f X=X,

Then (X, V, A, Xp) is an ADL (where X is the zero) and is called a discrete ADL. If (L, Vv, A, 0) is
an ADL, forany a, b € L, define a <b if and only if a =a A b (or equivalently, a v b = b), then <
is a partial ordering on L.

Theorem 2.2: ([6]) If (L, V; A, 0) is an ADL, for any a, b, ¢ €L, we have the following:

(avb =aeaab =D

Qavb =beanb =a

(3) 2 is associative in L

@danbac=baanc

B)(@vb)ac=( va)ac

6)anb =0=baa=0
(Mavpac)y=(avb)a(avc)

(8)an(avb)=a, (@sab)vb =bandav(bra)=a
9a<avb andaabd <b
(10)asa=aandava=a

(11)0 va=aandaA0=0

(12) Ifa<c¢, b<cthenanb =bnaandavb =b va
(13)a vb =(a vb) va.

It can be observed that an ADL L satisfies almost all the properties of a distributive lattice except
the right distributivity of v over A, commutativity of v, commutativity of A. Any one of these
properties make an ADL L a distributive lattice.

Theorem 2.3. ([6]) Let (L, V; A, 0) be an ADL with 0. Then the following are equivalent:

(1) (L, v, A, 0) is adistributive lattice

(2) avb =bva,foralla,b €L

(3) anb =baa,foralla,b el

4) @ab)yvec=(@vc)a(b ve),foralla, b, c L.

As usual, an element m € L is called maximal if it is a maximal element in the partially ordered
set (L, <). Thatis, foranyae L, m<a=m=a.

Theorem 2.4: ([6]) Let L be an ADL and m € L. Then the following are equivalent:

(1) mis maximal with respectto <
(2) mva=m, foralla €L

(3) maa=a,foralla L

(4) a vmis maximal, foralla €L.

As in distributive lattices [[1], [2]], a non-empty sub set | of an ADL L is called an ideal of L if a
vb elanda Ax €l foranya, b € I and x € L. Also, a hon-empty subset F of L is said to be a
filterof Rifa Ab €Fandx va €Ffora, b €Fand x €L. The set I(L) of all ideals of L is a
bounded distributive lattice with least element {0} and greatest element L under set inclusion in
which, for any I, J e I(L), I Jis the infimum of | and J while the supremum is given by IvJ :=
{avb|a €l,b € J}. Aproperideal P of L is called a prime ideal if, forany x,y € L, xAy € P
= X € Pory € P. A proper ideal M of L is said to be maximal if it is not properly contained in
any proper ideal of L. It can be observed that every maximal ideal of L is a prime ideal. Every
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proper ideal of L is contained in a maximal ideal. For any subset S of L the smallest ideal

n
containing S is given by (S] := {(-Ylsi)/\ X|S§ €S ,xeLandn € N} If S = {s}, we write (]

n
instead of (S]. Similarly, forany S c L, [S) ::{Xv(_/\lsi)| §,€ S,x € Landn € N}.
1=

If S = {s}, we write [s) instead of [S).

Theorem 2.5 ([6]). For any x, y in L the following are equivalent:
1. (x] < (vl

2.y A X=X

3.y VXx=y
4).Iy) c 0.

Forany x, y € L, it can be verified that (x] v (y] = (xVvy]and (X] A (y] = (X A y]. Hence the
set PI(L) of all principal ideals of L is a sublattice of the distributive lattice I(L) of ideals of L.

Definition 2.7 ([3]). An equivalence relation @ on an ADL L is called a congruence relation on L
if @nc,bad), (@ave bvd) € @, forall (a, b), (c,d) € 6.

Definition 2.8 ([3]). For any congruence relation & onan ADL L and a € L, we define [a], =
{b € L|(a,b) € B} anditis called the congruence class containing a.

Theorem 2.9 ([3]). An equivalence relation @ on an ADL L is a congruence relation if and only
ifforany (a,b) e @,x e L,(@aVv x,b v x),(xVaxvh),@ax,bAXx),(XxAaxA b)are
allin 4.

3. O-FILTERS IN ADLS

In this section we define a @ -filter in an ADL, analogously. Though many results look similar,
the proofs are not similar because of the lack of the properties like commutativity of Vv,
commutativity of A and the right distributivity of v over A inan ADL. Through out this paper
L represents an ADL with 0.

Now we have the following definition of a & -filter.

Definition 3.1: Let & be a congruence relation on an ADL L. A filter F of L is called a @ -filter
of L, if foranyae F =[a], cF.

Example 3.2: Let D={0‘,a'} be a discrete ADL and A={0,a,b,c,1}is a distributive lattice as
shown in the following figure:

0

Then L=Dx Ais an ADL. Define [(0',2)], ={(0'D}, [(0'b)], ={(0',b)}, [(0',c)], ={(0',c)},
[(0a)], =[(0,0)], ={(0',@),(0",0)}, [(a'. D], ={(a"1)}, [(a',b)], ={(a".0)}, [(a".c)], ={(a".c)}.
[(a',a)], =[(a'0)], ={(a',a),(a',0)}. Clearly, & is a congruence relation on L. Consider a filter
F={(a',c),(a"1)}.Clearly & -filter of L. Now consider a filter F, ={(a‘,a),(a',b),(a',c),(a')}.
Then (a',0)¢ F, and (a',0) €[(a',a)],. Therefore [(a',a)], z K. Hence Fisnota & -filter of L.
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Now we prove the following lemma.

Lemma 3.3: Let L be an ADL with a maximal elementm and & a congruence relation on L.
For any filter F of L, the following hold:

1. {m}isa @ filter if and only if [m], {m}

2. If Fisa @ -filter, then [m], c F

3. If Fis aproper @ -filter, then F "[0], =¢.

Proof: 1. It is obvious.

2. Suppose Fisa @ -filter of L. We have always me F.Then [m], c F.

3. Let F be a proper @ -filter of L. Suppose F n[0], #¢. Choose xeF n[0],. Then XxeF and
(x,00€0 and hence Oe [x]g c F.This implies 0eF,which is a contradiction. Therefore
FN[0], =¢.

Theorem3.4: Let & be a congruence relation on an ADL L. Then for any filter F of L, the
following conditions are equivalent:

1.Fisa @ -filter
2.Forany X,yelL, (x,y)ef@and xeF=yeF
xeF
Proof: (1)=(2): Assume that F is a & -filter of an ADL. Let (x,y)e@ and XeF . Then
y €[x], and[X], < F. This implies that y < F.

(2)=(3): Assume that(2). Clearly, we have Fc|]J[x],. Let ae|J[x],- Then ae[y],, for

xeF xeF

some YeF.This implies (a,y)€6. By our assumption we get aeF. Hence F :U[x]g.

xeF

(3)=(1): Assume that(3). Let acF. Then ael[y],,for some YyeF.We have to prove that
[a]l, = F. Let te[a],. Then (a,t)e@and hence (t,y)<ed. That implies te[y], < F.Therefore
[a]l, = F.Hence Fis O -filter of an ADL L.

The following result is verified easily.

Theorem 3.5: If @ is the smallest congruence relation on an ADL L, then every filter of L isa &
-filter.

Now, the concept of & -Prime filters is introduced in an ADL.

Definition 3.6: Let @ be a congruence relation on an ADL L with any maximal elementm . A
proper @ -filter P of an ADL L is called a & -prime filter of L if for any a,beL with

avhbe[m], = either acPor beP.
We prove the following lemma.

Lemma3.7: If @ is the smallest congruence relation on an ADL L with maximal elements, then
every prime filter of an ADL L is a & -prime filter of an ADL L.

Proof: Let L be an ADL with maximal elements. Let & be the smallest congruence relation on L.

Suppose that P is a prime filter of an ADL L. Then by the above result, we get P is a @ -filter of
L. Let a,beLwith avbe[m],,where mis any maximal element of L. Then [avb], =[m],.

Since @ is the smallest congruence relation on an ADL L, we get avb=m. since P is a prime
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filter of L, we haveavb=meP. This implies that either ac€Por beP. Therefore P is 0 -
prime filter of an ADL L.

Lemma 3.8: Let & be a congruence relation on an ADL L with maximal elements. Then every
prime @ -filter of L is a € -prime filter of L.

Proof: Let P be a prime @ -filter of an ADL L. Let X,yeL with xvye[m],,where mis any
maximal element of L. Since mePand P is & -filter of L, we get [m], cP and hence
XV Yy e P.This implies either Xe P or yeP. ThusP isa & -prime filter of L.

Theorem 3.9: Let & be a congruence relation on an ADL L with maximal element 'm* and P, a

0 filter of L. If [a], =[m], = (@]<[m],, for all aeL. Then the following conditions are
equivalent:

1.Pisa @ -prime filter of L

2. For any filters 1,J of L with | ") c[m], =1 <cPor JcP
3.Forany a,bel, [a], v[b], =[m], =either acPor beP.

Proof: (1)=(2): Assume that P is a @ -prime filter of L. Let | and J be any filters of L with
I NJc[m],. Let aeland bel. Then avbel nJ <[m],. Thisimplies that avbe[m],.

By our assumption, we have eithera e P or b € P. Therefore either | cPor J = P.

(2)=(3): Assume that for any filters 1,J of L with 1 nJ<[m],=1<cPor J<P. Let
a,beL,with [a], v[b], =[m],. Then[avb], =[a], v[b], =[m],. This implies that[a\ b) =[m],
and hence[a) n[b) =[m],. By our assumption we get either[a) = P or[b) < P. Therefore either
aePorbeP.

(3)= (1) : Assume that condition (3). Let avbe[m],. Then [a], v[b], =[avb], =[m],. By our
assumption, we have [a], = P or [b], < P. This implies that ac Por be P. Hence P isa & -
prime filter of an ADL L.

Lemma 3.10: Let € be a congruence relation on an ADL L. Then every minimal prime filter
disjoint from [0], is a € -filter of an ADL L.

Proof: Let M be a minimal prime filter of L such that M N[0], #¢. Let X,y €L with (X,y) €6
and Xxe M. We prove that Y€ M. Suppose Y& M. Then M v[y)=L. This implies aAny=0,
for some aeM. Since (X,y)€68, we get that (aAx,0)€6 and hence anxe[0],. So that
aAXxeM. Therefore M N[0], #¢, which is a contradiction. Hence yeM. Thus M isa @ -
filter of an ADL L.

Corollary 3.11: Let & be a congruence relation on an ADL L. If [0], ={0}, then every minimal
prime filter of L is a @ -filter of L.

Definition 3.12: Let € be a congruence relation on an ADL L. For any filter F of L, define the
set F%as given by F? ={x e L:(x,a) €6, for somea e F}.

Lemma 3.13: Let @ be a congruence relation on an ADL L. For any filter F of L, the set F? isa
filter of L.

Proof: Clearly F?=¢, since F#¢. Let x,yeF’ Then (x,a)ed and (y,b)e8, for some

a,beF. This implies that (XAYy,anb)e® and aabeF. Therefore xAyeF’. Let xeF’
and rel. Then(x,a)ed,for some acF. Then (rvx,rva)efand rvaeF. Hence

rvxeF? Thus F? is a filter of L.
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Lemma 3.14: Let @ be a congruence relation on an ADL L. For any two filters I, J of L, we
have the following:

1. 1cl’

2. 1f 1 cJthen 193’
3 (NI =17nJ°

4. (19 =1°.

Proof: 1. It is obvious.

2. Suppose that | = J . Let xel’ . Then (x,a)ed, forsome ael. Since | € J, we get

(x,a)e@ andaeJ . Therefore xe J’. Hence 17 < J°.

3. Let xe(InJ)’. Then (x,a)e0, for someael nJ.That implies(x,a)ef andael, aeJ.
Thereforexe 1’ nJ%. Hence (I nJ)’ <19 ~J°. Letxe I’ nJ°. This implies(x,a),(x,b) €8, for
someael and beJ.So that(x,avb)efandavbel nJ.Implies thatxe (1 nJ)’. Therefore
17n3°c(1nA)?. (1) c1?~I% Hence (1 nJ) =171 J°.

4. Letxe(19)’. Then(x,a)e@,for someae 1’ Sinceae|?, we have(a,b) €@, for somebel.
This implies (x,b) €@ andb e | and hence x € 1. Therefore (17)? = 1. Let X € 1°. Then (x,a) € 8,
for someael.Sinceael,we haveae1’. That implies(x,a)ed,for someae 1. Therefore
xe(1?)?and hence 1 = (19)?. Thus (1?)? =17,

Proposition 3.15: Let @ be congruence relation on an ADL L. For any filter F of L, F?is the
smallest @ -filter of L such that F c F?. x e (I nJ)".

Proof: Clearly, F?is a filter of L and F c F?. LetX € F?. Then(x,a) € 8, for some a € F. We have
prove that[x], = F’.Lett[x],.Then(t,x) €. Since(x,a)efandacF we get(t,a)efand

hence teF’ Therefore F’is a6 a-filter of L containingF.LetK be any @ -filter of L
containing F.Now we prove thatF’ cK.LetxeF’. Then(x,a)e#, for someaeF.Since
F c K,we haveaeK.Since K is a@ filter of L, we get X € K. Therefore F?is the smallest & -
filter of L such that F — F?.

Theorem 3.16: Let @ be a congruence relation on an ADL L with maximal elements. For any
proper @ filter F of L we have F =P |P is a@ -prime filter and F < P}.

Proof: Take F, =P |P is a& -prime filter and F — P}. Clearly F e F,. Leta¢ F.Consider§ =
{J|Jis a@ -filter, FcJandagF}. ClearlyF e 3. Let{J } . be a chain of @ filters in 3.
Clearly, U J_is a® -filter of L such that F < U J_ andag U J_. Hence by the Zorn’s lemma,

aeA aeA aeA

& has a maximal element M, say. That is M is a@ -filter, FcM anda¢ M.LetX,yeL with
Xv 'y e[m],, wheremis any maximal element of an ADL L. Suppose X¢M andy ¢ M.Then
McMvX)c(Mvx)?and M =M v[y)< (M v[y))’. By the maximality of M, we get that
ae(Mv[x)’ (M v[y)’=(Mv[xvy)).”Since xvye[m],we get thatag M, which is a
contradiction. Hence M is & -prime filter of L. Therefore for any a ¢ F, there exists a & -prime
filter M of an ADL L such that FcMand a¢M. ThusagF,. HenceF, cF. Therefore
F =F.
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Corollary 3.17: Let L be an ADL with maximal elementm.Then [m], =({P|Pis a € -prime
filter of L }.

Corollary 3.18: Let L be an ADL with maximal elementmand & be a congruence relation on L.
If a & [m], then there exists a & -prime filter P of L such thata & P.

Theorem 3.19: Let L be an ADL with maximal element mand & be a congruence on L. Suppose
F isa @ filter and 1is an ideal of L such that F ~ I = ¢. Then there exists a & -prime filter P of

L such that FcPand | nP=4¢.

Proof: Let Fbea @ -filter and 1, an ideal of L with F ~ 1 =¢. Consider §={J|Jisa & -filter,
FcJandJ Nl =g} ClearlyF e F.Let {J_},., beachainof & -filtersin F. Clearly, U J_ is

aeA

a o filter of L such that F< U J_and (U J_ )1 =g¢. Hence by the Zorn’s lemma §F has a
aeA

aeA

maximal element M, say. Let X,y € L withxv y e[m],. We prove thatxe M ory € M. Suppose
thatxgM andyeM. Then M cMv[x)c(M v[x))’and M M v[y)<= (M v[y))’.By the
maximality of M,we get that (Mv[x))’nF=zgand (M v[y))’ "F =g Choose
ae(M VX))’ nFandbe (M v[x)’ nF.Thenavbe (M v[x)’ n(M v[y))? =(M v[xvy))’

andavbeF. Sincexvye[m],, we get thatXv y e M. Since XvyeF,we have XxvyeMnF,
which is a contradiction. Therefore M isa & -prime filter of an ADL L.

4, CONCLUSIONS

Some remarkable results have been established on @ -filters by using congruence in an Almost
Distributive Lattice(ADL).The change of & -filter into a & -Prime filter is achieved with the help
of a set of equivalent conditions.
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