International Journal of Scientific and Innovative Mathematical Research (1JSIMR)
Volume 1, Issue 2, October - 2013, PP 95-102

ISSN 2347-307X (Print) & ISSN 2347-3142 (Online)

www.arcjournals.org

Characterization of Quasigroups and Loops

V.B.V.N.Prasad J.Venkateswara Rao,
Associate professor of Mathematics, Professor of Mathematics,
Vignan Degree College, Mekelle University,
(Affiliated to Acharya Nagarjuna University) Mekelle, Ethiopia.
Guntur-522005, AP, India. venkatjonnalagadda@yahoo.co.in

bhanuvarikuti@yahoo.co.in

Received: 7-08-2013 Revised: 02-09-2013 Accepted: 06-09-2013

Abstract: This manuscript illustrates the significance of quasigroups when compared to general groups
and subgroups. It also distinguishes the relations between groups, quasigroups, loops and equasigroups.
Further various properties are verified on loops, quasigroups, equasigroups when they are compared to
groups and subgroups. Various characteristics of quasigroups, loops and equasigroups were obtained in
additive notation also.
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1. INTRODUCTION

Garrett Birkhoff (1942) firstly initiated the notion of lattice ordered groups. Then Bruck (1944)
contributed various results in the theory of quasigroups. Zelinski (1948) described about ordered
loops. The concept of non associative number theory was thoroughly studied by Evans (1957).
Bruck (1963) explained about what is a loop? Various crucial properties of lattice ordered groups
were established by Garrett Birkhoff in 1964 and 1967. Evans (1970) described about lattice
ordered loops and quasigroups. Richard Hubert Bruck (1971) made a survey of binary systems. In
the recent past Hala (1990) made a description on quasigroups and loops.

A quasigroup is a generalization of a group without associative law or identity element. Groups
can be reached in another way from groupoids, namely through quasi groups. Quasigroups are
simple algebraic structures whose operation has to satisfy only a single axiom the Latin square
property. Hence a quasigroup is a groupoid satisfying the law a + b = ¢, for any two of a, b, ¢
uniquely determines the third.

A quasigroup is a groupoid (S, +) with the property for x, y € S, there are unique elements w, z
€ Ssuchthat x +w=yand z +x=y. Aloop is a quasigroup which has an identity element what
distinguishes a loop from a group is that the former need not satisfy the associative law.

The concept of equasigroups seems more natural than that of quasigroup for two reasons. First, a
non void sub set of a quasigroup Q is itself a quasi group ( a ““ sub quasi group” ) if and only if it

is a sub algebra of the equasi group (Q, +, \, /). And second, if & is a congruence relation on Q,
Q/€ is a quasigroup if and only if € is a congruence relation on Q regarded as an equasigroup.
That is if and only if & has the substitution property for \ and / as well as +.
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We have already the existing quasigroups and loops in multiplicative notation and here in this
manuscript we make an effort to establish various properties and examples when compared with
groups and groupoids in additive notation.

In this document we furnish definitions, examples and some properties of Quasigroups and Loops
when compared with groups, in additive notation. In this manuscript mainly there are two topics,
one is about quasigroups and the other is about loops, and the definitions, examples and properties
are in additive notation. Here we provide some of the following foremost properties:

1. Every group is a quasigroup but not conversely.
2. Inany quasigroup left and right cancellations laws hold.
3. Every quasigroup is an equasigroup and every equasigroup is a quasigroup.

4. A non void sub set of a quasigroup Q is itself a quasigroup (sub quasigroup) if and only if
it is sub algebra of the equasigroup (Q, +.\, /).

5. Q/f is an equasigroup. A loop is equation ally definable.
6. Any associative quasigroup is a group.

7. The class of loops is closed under direct product but not under sub algebra or epimorphic
image.

8. The class of quasigroups is closed under direct product.

2. QUASIGROUPS AND LOOPS

2.1 Definition A quasigroup (S, +) is an algebra, where S is a hon empty set, with a binary
addition +, in which any two of the three terms of the equation a + b = ¢ uniquely determine the
third.

2.1.1 Example Let Z be the set of integers together with the operation usual substraction ‘—’
Clearly a — c and a + b are unique solutions of a — x = c and y — b = a respectively. So (Z,—) is a
quasigroup.

2.1.2 Note The quasigroup in the above example is not a group because it does not satisfy the
associative property. Infact2-(3-1)=2-2=0and(2-3)-1=—1-1=— 2.

So every quasigroup is not a group.

2.2 Theorem Every group (G, +) is a quasigroup.

Proof: Let (G, +) be a group.
Since —a + c and a — b are the unique solutions of the equations a+x=candy+b=a
respectively.

Therefore (G, +) is a quasigroup.

Hence every group is a quasi group.

2.2.1 Note By example (2.1.1), (Z,—) is a quasigroup.
Write N = {1, 2...}.

Then N = Z. But N is not sub algebra of (Z,—).
Since2e N,3e Nand2-3=—"1€¢ N.
Therefore every quasigroup need not be a group.

2.3 Note Inany quasigroup left and right cancellation laws hold.

i.e.a+x=a+y = x=y (left cancellation law)
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X + b =y +b = x=y (right cancellation law)

Proof: It is clear by definition of a quasigroup.
2.4 Definition A system (S, +, \, /), where S is a nonempty set and +, \, / are binary operations on
S satisfying the following identities:

(i) a+(a\c)=cand(c/b) +b=c,
(if) a\ (at+b) =band (a+h)/b =4,
(iii)  c/(a\c)=asand (c/b)\c=b, forall a, b, cin S,

is called an equasigroup.

2.4.1 Note Let (S, +) be a quasigroup. If we definea\b =—a+b,a/b=a—bthen (S, +,\ /)isan
equasigroup.

Proof: Let (S, +) be a quasigroup.
(i) a+(@c)=a+(—a+c)=a-a+c=c
and (c/b)+b=c-b+b=c.
(ila\@+b)=—a+a+b=>b
and(a+b)/b=a+b-b=a
@iii) c/(@c)=c-(ac)=c—-(—a+c)=c+a-c=a
and (c/b)\c=(c-b)\c=—(c-b)+c=—c+b+c=h
Therefore (S, +,\, /) is an equasigroup.

2.4.2 Note Every equasigroup is a quasigroup.

Proof: Let (S, +, \, /) is an equasigroup.

Therefore S satisfies the following identities.
(i) a+(@a\c)=cand(c/b) +b=c.

(ii) a\ (a+b) =b and (a+b) /b = a.
(iii)  c/(@\c)=aand (c/b)\c=b
The first identity state that the equations a + X = ¢, y + b =c have solutions and the second shows
the uniqueness. Hence (S, +) is a quasigroup.
2.4.3 Note From Note (2.4.1) and Note (2.4.2), every quasigroup is equationally definable.
2.4.4 Note Equasigroup is equationally definable quasigroup.

2.4.5 Note Obviously these two definitions quasigroups and equasigroups are equivalent because
x\y=zifandonlyifx+z=yandx/ly=zifandonlyif z+y=x

2.5 Definition A non empty sub set H of a quasigroup S = (S, +, \, /) is called a sub quasigroup if
it is closed with respect to these three operations.

That is if x «y€ H for all x, y¢ Hand € {+,\, /}.

2.6 Lemma A non void sub set of a quasigroup Q is itself a quasigroup ( sub quasigroup ) if and
only if it is sub algebra of the equasigroup (Q, +,\, /).

Proof: Let S be a non empty sub set of a quasigroup (Q, +).
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Assume that (S, +) is a quasigroup.

Soforanya, b,c € S,a+x=c,y+b=chave unique solutions in S.
Thatis—a+c=a\c,c—b=c/be S.
Clearly S is closed under +.
So Sisasub algebra of (Q, +,\, /).
Conversely assume that S is a sub algebra of the equasigroup (Q, +, \, /)
= Sis closed with respect to these three operations +, \, /.
That is (S, +, \, /) is an equasigroup.
Therefore S satisfies the following identities.
{iYa+(@\c)=cand(c/h)+b=c
(itya\(@a+b)=band (a+b)/b=a.
(iii) ¢/ (a\c)=aand(c/b)\c=b

The first identity state that the equations a + x = ¢, y + b = ¢ have solutions and the second shows
the uniqueness.

Hence (S, +) is a quasigroup.

2.7 Definition By a congruence relation on a quasigroup (Q, +) we mean an equivalence relation
& on Q which has substitution property with respect to +, \, /.

That is a;¢ by, a,f b, this implies thata; +a, & by.b,
3.1\ do g bl\ bz and di / do g bl / bg.

2.8 Lemma Let € be congruence relation on a quasigroup (Q, +).

Foranya € Q, let & denote the equivalence class containing ‘a’ with respect to g.

Define the binary operations +,\,/on Q/& by&+ b =a+ b, @\ =a b, amb =a /b

Then Q /& is an equasigroup.
Proof:

Part (I): First we have to prove that +, \, / are well defined.

For this, Let @ = @,and b=bh,

el

So a= a;(mod&) and b= b,(mod&), since & is a congruence relation, we have
(a+b)=(a;+b;)(mod&),

(a\b)=(a;\b;)(mod?),

(a/b)=(ay/b;)(mod#).

Soa+b =gl +bl a\b=al\b1l a/b=0al/b1 Hence+,\ /are well defined in Q/8
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Part (I11): Now to prove that @/&is an equasigroup

(i) a +( E\E): a+(a\cd za + @\c) =¢ and

(E/E) +b = (c/b)+b=(c/b) +b=c
(“) lE\(E 1)=E\{H+1}=ﬂ"\t[:ﬂ+ﬁ:}:band
(':-T ""1':'-")/'1':'-II =|Q+EJ:',I /-1'::' :.ﬂ-l—:;l}l_."'b}:a.

(i) /(@\E)=E[@\D = (c/(a\e)) =7,
(E/B)\E =(c/B)\E =((c/B)\c) = b

Hence Q/F is an equasigroup.

2.9 Note From lemma (2.6) and lemma (2.8) equasigroup is more natural than that of quasigroup.
2.10 Definition A loop is a quasigroup (S, +) with a two sided identity 0.

That is 0+x=x+0=x for all x in S.

2.10.1Note It follows that the identity element O is unique and that every element of S has unique
left and right inverse.

2.10.2Example 2.2 Every group is a loop, becausea + x =b ifand only if x = (—a) + band y +
a=b if and only if y=b+ (—a).

2.10.3Note In a loop x/x = x—x =0 and x\x = —x + x = 0 for any x.

2.11 Theorem A loop is equationally definable.

Proof: By, Note (2.4.3) and the fact that x + 0 = 0 + x = x for any x.

Hence we have that any loop is equationally definable.

2.12 Lemma Any associative quasigroup is a group.

Proof: Let (Q, +) be an associative quasigroup.

Existence of Identity: Let ae Q.

So there exists X Q such that a + x = a. Now we prove that X is the identity.
Let ¢ € Q So there existsy € Q suchthatc =y + a.

Nowc+x=(y+a)+x=y+(a+Xx) (since+ is associative)
:y+a:c

Alsoc+(x+c)=(c+x)+c=c+c.
By left cancellation law, x + ¢ =c.

Thusx+c=c+x=cforanyce Q.
so x is additive identity. We denote this by ‘0.

Existence of Inverse: Letae Q.

Since Q is a quasi group there exists ye@ such thata +y = 0.
(yta)ty=y+(@+y)=y+0=y=0+y.

By right cancellation law,y +a=0

Soy is the inverse of a.

Therefore (Q, +) is a group.
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Hence any associative quasigroup is a group.
2.13 Definition Let ¢ be the class of loops. Thatis ¢ = {L/L is a loop}.

Let {L,}®=4 be a family of loops from £ .

PutL=JJL,

aeA

={x:A—> U L, /Ix(ax)eL, forall aeA}.

aeA

Then L is called direct product of all family of loops from £ .

2.14 Theorem The class of loops is closed under direct product but not under sub algebra or
epimorphic image.

Proof: Let { be the class of loops. Thatis{ ={L/L isaloop}

First we prove that ¢ is closed under direct product.

Let {L.} & £ Ais a family of loops from!.

PutL=] JL,

aeA

={x:A-> UL, /x(x)elL, forall acA}

aeh
Define + in L by (x +y) (&)= x (a) +y(a).
Now we show that L is a loop.

Let x, yE L. Let a=4 Now x(a), y(a)E L.
Since L, is a loop, z,= L, and s, €L, such that
x(a) + 2o = y(0) and s, + x(a) = y(a).

Define z: A — [ JL, and s: A — [ JL, by

aeA aeA
z(a) = Z4, S(0) = Sg.
Clearly zand s are in L.
Furtherx +z=yands+x=y.
So let z*, s'€ L be such that x + z'=y and s + x = y.

So x (o) + z* (a) =y (o) and s* () + x (o)) = y () for any o€ A

Since each L, is a loop, z* (o) = z, and s* (a) =, ¥x € A
~ z=7"ands =s' (Hence L is a loop)

Define 0: A —> U L, by o(a) =0, (identity element of L)

aeA
Let x € L. Forany o€ A

(' = 03 (o) =x (0)) + 0(cr) = x (@) + 0= x (@) = 0o+ x (@) =0(x) + x () = (0+x) (1)
S0 x+0=x=0+x¥x € L .

Hence O is the identity.

Hence L is a loop.

Thus £ is closed under direct product.

Now we prove that the class of loops is not closed under Sub algebra or epimorphic image.
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It is enough if we prove that the class of loops ¢ is not closed under sub algebra.
Clearly (Z,—) is a loop.

(Z,—) is a quasi group.

Write N = {1, 2, 3...}

Then N = Z. But N is not sub algebra of (Z,—).

Since2 € N,3€ Nand2-3=—1%€ N.

2.15 Theorem The class of quasigroups is closed under direct product.

Proof: Same as theorem (2.14), because it is a consequence of theorem (2.14)

3. CONCLUSION

This research work make possible that every group is a quasigroup and every quasigroup need not
be a group. A quasigroup is a generalization of a group without the associative law or identity
element. It is noticed that groups can be reached in another way from groupoids, namely through
quasigroups. Quasigroups are simple algebraic structures whose operation has to satisfy only a
single axiom, the Latin square property. Therefore a quasigroup is a groupoid satisfying the law a
+ b = ¢, for any two of a, b, ¢ uniquely determines the third. In any quasigroup left and right
cancellation laws hold. Every equasigroup is a quasigroup. A non void sub set of a quasigroup is
itself a quasigroup (sub quasigroup) if and only if it is sub algebra of the equasigroup. Further a
quotient equasigroup has been derived.

REFERENCES

[1] Garrett Birkhoff, Lattice ordered groups, Amer. of Math, 43, pp. 298-331, 1942,

[2] Bruck.R.H, Some results in the theory of Quasigroups, Transactions of the American
Mathematical Society, 55, pp.1952, 1944,

[3] Zelinski.D, On ordered loops, Amer. J. Math. Volume LXX, pp.681-697, 1948.

[4] Evans.T., Non-associative number theory, Amer. Math.Monthly 64, pp. 299-309,1957.

[5] Bruck.R.H. “What is a loop?” in Studies in Modern Algebra, ed.A.A. Albert,Mathematical
Association of America, volume 2, 1963.

[6] Garrett.Birkhoff, Lattice Theory, 3rd edition, American Mathematical society, colloquium
Publications,pp.160-163, 1967.

[7] Evans. T, Lattice ordered loops and quasigroups, Journal of Algebra, 16, pp.218-226, 1970.

[8] Richard Hubert Bruck, A Survey of binary systems, Springer, 3rd edition, reprint,
Ergebnisseder Mathematik and ihrer Grenz gebiete, 20, pp.23-167, 1971.

[9] Hala O.Pflugfelder, Quasigroups and loops, Heldermann Verlag, Sigma series in Pure
Mathematics, 7, pp.28-59, 1990.

International Journal of Scientific and Innovative Mathematical Research (1JSIMR) Page | 101



AUTHOR’S BIOGRAPHY

V.B.V.N.PRASAD: He is working as Associate Professor of
Mathematics, Vignan Degree & P.G. College, Guntur, Andhra
Pradesh, India since 2003. His total teaching experience is 21 years
and worked in various positions like, Head of the Department,
Associate professor and Lecturer.

Prof. J. Venkateswara Rao: He has been working as a Professor of
Mathematics at Mekelle University, Mekelle, Ethiopia since 2009. His
total teaching experience is 21 years. He rendered his services in
various positions like Professor & Principal, Reader & Head, Lecturer
and Teaching Assistant. His articles more than 80 were published in

International Journals of repute. He produced 8 Ph.Ds’ and 19
\ M.Phils’. He was appointed as editorial board member and reviewer
for a good number ofinternational Journals. He evaluated Ph.D. theses
from various Indian Universities as an external examiner.

International Journal of Scientific and Innovative Mathematical Research (1JSIMR) Page | 102



