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Abstract: We evaluate the cosmological constant from the point of view of the de Broglie-Bohm pilot-
wave theory. In Schrodinger picture we study the effects of trans-Planckian physics on the de Broglie-Bohm
guantum trajectory of massless minimally coupled scalar field in de Sitter space. For the Corley-Jacobson
type dispersion relations with quartic or sextic correction, it is shown that through de Broglie’s first-order
dynamics, there exists a transition in the evolution of the quantum trajectory from well before horizon exit
to horizon exit, providing a possible mechanism for generating a small cosmological constant. Moreover,
comparing the trans-Planckian effects of both quartic and sextic corrections on the quantum trajectory, we
find that the latter is much smaller than the former. We also show how the cosmological constant reduces
during the slow-roll inflation at the grand unification phase transition through calculating explicitly the
finite vacuum energy density due to fluctuations of the inflaton field. Finally, we suggest the possibility that
a small current value of the cosmological constant could be obtained through cascade transition in the
evolution of the Universe.
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1. INTRODUCTION

The cosmological constant problem [1] is one of the outstanding theoretical challenges in modern
physics. While cosmic acceleration [2, 3] suggests that the Universe has a small positive

cosmological constant (A =1.18x10?*M,," in Planck units, M, =G™'? =1.22x10" GeV

is the Planck mass), we expect a cosmological constant of order MP,4 from an effective quantum

field theory up to the Planck scale. Therefore the discrepancy between the observational and
theoretical values is of 123 orders of magnitude.

Actually before the Big Bang the Universe was also in an era of inflation with an exponentially
increasing scale factor. In the standard inflationary scenario, usual realization of inflation is
associated with a slow rolling inflaton minimally coupled to gravity [4]. However, standard
inflationary predictions can have two extensions. The first extension is associated with the
ambiguity of initial quantum vacuum state, and the choice of initial vacuum state affects the
predictions of inflation [5, 6]. For example, a deterministic hidden-variables theory such as the de
Broglie-Bohm pilot-wave theory [7, 8] allows the existence of vacuum states with non-standard or
non equilibrium field fluctuations [9, 10], which result in statistical predictions that deviate from
those of quantum theory in the context of inflationary cosmology [11, 12]. Recent study also
shows that the quantum-to-classical transition of primordial cosmological perturbations can be
obtained in the context of the de Broglie-Bohm theory [13].

The second extension concerns the so-called trans-Planckian problem [14, 15] of whether the
predictions of standard cosmology are insensitive to the effects of trans-Planckian physics. In fact,
nonlinear dispersion relations such as the Corley-Jacobson (CJ) type were used to mimic the
trans-Planckian effects on cosmological perturbations [14-16]. These CJ type dispersion relations
can be obtained naturally from quantum gravity models such as Horava gravity [17, 18].
Moreover, in several approaches to quantum gravity, the phenomenon of running spectral
dimension of spacetime from the standard value of 4 in the infrared to a smaller value in the
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ultraviolet is associated with modified dispersion relations, which also include the CJ type
dispersion relations [19, 20].

In the previous work [21-25] we used the lattice Schrddinger picture to study the free scalar field
theory in de Sitter space, derived the wave functionals for the Bunch-Davies (BD) vacuum state
and its excited states, and found the trans-Planckian effects on the de Broglie-Bohm quantum
trajectory of massless minimally coupled scalar field for the CJ type dispersion relations with
sextic correction through Bohm’s second-order dynamics. In this paper we try to study the trans-
Planckian effects on the quantum trajectories of scalar field for the CJ type dispersion relations
with guartic or sextic correction through de Broglie’s first-order dynamics.

The paper is organized as follows. In section 2, the de Broglie-Bohm pilot-wave theory of
massless minimally coupled scalar field in de Sitter space is briefly reviewed in the Schroédinger
picture, and the de Broglie-Bohm quantum trajectories for scalar field with linear dispersion
relation are given. In section 3, we study the effects of trans-Planckian physics on the massless
minimally coupled scalar field during the slow-roll inflation, and use the CJ type dispersion
relations with quartic or sextic correction to obtain the time evolution of the vacuum state wave
functional and the corresponding quantum trajectories through de Broglie’s first-order dynamics.
In section 4, using the results of section 3, we calculate the finite cacuum energy density due to
fluctuations of the inflaton field and use the back reaction to address the cosmological constant
problem. Finally, conclusion and discussion are presented in section 5. In this paper we will set
h=c=1.

2. DE-BROGLIE-BOHM PILOT-WAVE THEORY OF SCALAR FIELD

In this section, we begin by briefly reviewing how to define the de Broglie-Bohm pilot-wave
theory of massless minimally coupled scalar field in de Sitter space in the Schrodinger picture (for
the details see [25]). We consider the Lagrangian density for the scalar field

1
L=[g|2 {%[gﬂ”(x)co(x),yco(x),v}}, 1)

where ¢ is a real scalar field, g =detg ,,, 4 v=0, 1, 2, 3. For a spatially flat (1+3)-dimensional
Robertson-Walker spacetime with scale factor a(t) , we have
ds? = dt® —a®(t)d*x', i=12,3,

L -a* {2 @0 -a o . @

In the (1+3)-dimensional de Sitter space we have a(t) = exp(ht) , where h=a/a is the Hubble
parameter which is a constant.

In the Schrddinger picture, from (2) we can obtain the time-dependent functional Schrédinger
equation in momentum space [25]

8(// 1 82 1 212 9 2:| 2
|— = - +=|la k- —-=h , 3
P %{ 2 20 2{ 20 oW 3)

w[owot]= [Tvw(@nt) - 4)
rk

Here, r =1, 2, k = (k;,k,,k;) denotes momentum, ¢, and ¢,, are the real and imaginary parts of
@, respectively, i.e. @, =@, +id,, . For each real mode ¢, , we have

Oy 10%,, 1[ a2 9 2} 2
= —_ZZ 7% 71 gk =Zh . 5
ot 2 5 5rk2 2 1 ¢rk Vi ( )

Thus (5) governs the time evolution of the state wave functional [y, ) in the {|d,) 3}
representation. In terms of the conformal time 7 defined by
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dr=dt/a,r=-h"'exp -ht =-h'a™?, —o0 <7 <0, (6)
the normalized vacuum and its excited states are
Yik(ng) @ T) = Ry (@, D) exp 1O o7, Ny = 0,1,2,.. (7)

with the amplitude R, (¢, ,7) and phase ©, (4. 7)

1/2

\/2h/7z
Rin) ($:7) = Jz2'n, 3/2(1)‘ H o, (7)) €X0(— 77rk %), (8)
‘ (1)‘, i
hk|z| [Haz , 1 77|
Oy (@ T)=——— o (S +Ny) |——dr. ©
(1)t 2 ‘Hs/z(l)‘ ) 2 " I‘H?’/zﬂ)‘z !

Here, n, is defined by 7, = \/2h/71'/‘H3/2(1)‘ on » He, () is the nth-order Hermite

polynomial, H,,,”’ (k|z]) is the Hankel function of the first kind of order3/2, and the prime in
(9) denotes the derivative with respect to k|r| . The complete wave functionals
are | ouot )= Hl//(nrk)(qﬂrk,t) where [n]=(n;,n;,---) means that mode i is in the n; excited

state, mode j is in the n; excited state, etc. Forn, =0, the ground state wave functional
corresponds to the BD vacuum.

Note that (3) implies the continuity equation

alwl Z{am{' ; a®}} -

a¢rk
and the de Broglie-Bohm velocity field
Ay _ 00 (11)
dt  0g,
wherey =y|exp i® . For a single mode @, , we have y,, =y, |exp[i® | with® = Z@rk
rk
the continuity equation
ow.” o 200,
al | [|er| kao, (12)
at a¢rk a¢rk
and the de Broglie-Bohm velocity field
d¢rk — a®rk ] (13)
dt a¢rk

Here, y is interpreted as a physical field in field configuration space, guiding the evolution of
¢, through (3) and (13). Substituting (9) into (13) and using 7 gives

H (1)(kz')’
ooy | — i, (14)
dz ‘Ha/z()(k|f|)‘
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which yields the quantum trajectory
#.(2)=ClH,,," (@), (15)

where z=k|z|= k/a /h is the ratio of physical wave number k ,  =k/a to the inverse of

phys
Hubble radius, and C is an integration constant.

3. TRANS-PLANCKIAN EFFECTS

In this section we study the effects of trans-Planckian physics on the massless minimally coupled
scalar field in the slow-roll inflation. Particularly, we use the CJ type dispersion relations

02 (k/a) = k2[1+ b (ﬁ)%}, (16)

where M is a cutoff scale, S is an integer, and b, is an arbitrary coefficient [13-15].
3.1. CJ Type Dispersion Relations with Quartic Correction

We first focus on the CJ type dispersion relations (16) with s =1 andb, > 0. Notice that these CJ
type dispersion relations can be obtained from theories based on quantum gravity models [17-20].

3.1.1. Evolution of Vacuum Wave Functional

Using z = k|z| = k/ah, (3) then becomes

a 1 0 !
l// Z{_

2 2.2 2 9 2} 2
z° 1+0°z° h*==h" |, W, @an
rk 2 éa?’rk 2 [ 4 '

where o> =b,(h/M)?, and the corresponding ground state wave functional of (17) is

Yoy = H Ao (7) eXp(_% B, (T)ail¢rk2) , (18)
rk
where A, (7) and B, (7) satisfy respectively
Ao (7) =X [— i % [B.(z)dz + const} , (19)
B (7) - [dB (), Bk(r)}—[k2(1+o-zzz)—i2}=0. (20)
dr T 4t

In region | wherek , . =k/a>M ,i.e.,z>M/h, the dispersion relation can be approximated

phys
by w?(k/a) ~ k?c°z*, and the corresponding wave functional for the initial BD vacuum state is
[25, 26]

W(O)I = H Ak(o)I (7) EXp(_% BkI (T)ail¢rk|2) ,

Ao (T) =exp [— i% j B,'(r)dz + const} , (21)
e

B'(z) = el B ot (22)
H O 2 1,0
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where the prime in (22) denotes the derivative with respect to oz*/2.

On the other hand, in region Il wherek , .=k/a<M ,ie., z<M/h, linear relation recovers

phys
o = k?, and the corresponding wave functional for the non-BD vacuum state is [25, 26]

W(O)” = HAk(o)“(T) exp(—% Bk“(T)ail¢rk“2) :

A (7) =exp [—i% j Bk"(r)dr+const}, (23)

2
Ny _ ”|T|

B (7) = 2 2 2 2
Ucl“‘ +[cy"| j‘HS,Z(l)‘ +2Re[C1”Cz”* Hap,® }

’

K {Ucl”‘z +‘C2"‘2J‘H3’2(1)‘2 +2RE{C1"C2"* Hy Y 2}}

2 (‘Cl”‘z+‘Cz”‘2j‘H3,2(l)‘2+2Re[C1”C2”* Hay,® 2}

: (24)

where the prime in (24) denotes the derivative with respect to z , and the constants ClII and C2II
2 2
satisfy ‘Cl”‘ —‘Cz”‘ =1. Let 7, be the time when the modified dispersion relations take the

standard linear form. Then we have ¢°z,” =1 where z, = klz,|=M /b""?h>>1 forb, ~ 1. Note

that ClII and C2II can be obtained by the following matching conditions at 7, for the two wave
functionals (21) and (23)

I 1
Yo l|z.=%wo |z (25)
(j | (j |
o, z, ~ oy z, (26)
dz ' dz '™
which can also be rewritten respectively as
Re B' |, =Re B |, (27)
dRe B, dRe B," 28
dz % dz 1% (28)

by requiringB,' =B,", ¢, =¢," and A<(0)I = A<(0)” whenz =z, .

2
Using ‘H3,4(1) 0'22/2‘ = 4/707® 1+5/80%z* +... ~4/720z* with O'ZZC_l , ., >>1
2
and‘HS,z(l)(z)‘ = 7°(1+z%), we obtain from (22), (24), and (27)
12 1|2 "~ 1
1=[c)"| +[c,"| +2c."|c,"|cos(2z, - 6). (29)

Here we choose ClII = ‘Cl”‘ and Cz" = ‘Cz”‘exp(i 0), and @ is a relative phase parameter. Then

2 2
from (29) and ‘Cl”‘ —‘Cz”‘ =1 we have
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‘Cl"‘ =csc 2z, -0 ‘Cz"‘ = —cot(2z, - 6), (30)

where sin(2z, —8) >0, cos(2z, — &) <0 . Substituting (22) and (24) into (28) and keeping
terms up to order 1/z_ on the right-hand side of (28), we find

=‘Cl”“cz“‘cos(226—49)§+ 4c)"||c,"[sin 22,0 . (31)
ZC
Using (30) in (31) yields
1 z 1
cot(2z, —-0) =——— or cot(2z, - 0) =——=+—. 32
(22.=6) 4z, (22.=0) 2 4z, (32)

Here we choose cot(2z, —0)=-1/4z., so that ‘Cz"‘ is small for z, >>1 to avoid an

unacceptably large back reaction on the background geometry. Therefore we have

c,"|= 4%,\01”\ = ,/1+\c;'\2 =1+ 321202 =1, (33)

or sin(2z,-6)=1, cos(2z, —9)~—4i. (34)
z

3.1.2. De Broglie-Bohm Quantum Trajectory

In section 2, we defined the pilot-wave scalar field theory through de Broglie’s first-order
dynamics (3) and (13). Using the result about the evolution of vacuum state in subsection 3.1.1,
we can further define it through Bohm’s second-order dynamics (17) and (35)

d’¢y
il o SRS 35
it~ og, (V Q). (35)
Here the classical potential V and the so-called ‘quantum potential” Q are given by
Vo2 1h0222 12042 ]p2
= Pric (36)
rk 2 4
1 o’ ¥ (0)
Q=-Y ‘ 0 ‘ , 37)

rk 2“//(0) ‘ a¢rk2

where y/,, is given by (18)-(20) and ‘gy(o)‘ is given by (8) withn, =0 . Note that Bohm’s

dynamics in general yields more possible quantum trajectories than de Broglie’s dynamics does
[24], and this distinction between Bohm’s and de Broglie’s dynamics was also emphasized by
Valentini. This is what we expect, because Bohm regarded (35) as the law of motion, with the de
Broglie guidance equation (13) added as a constraint on the initial momenta.

However, recently it was pointed out that Bohm’s second-order dynamics is unstable. Small
deviations from initial quantum equilibrium do not relax and instead grow with time [27]. On the
other hand, de Broglie’s first-order dynamics is a tenable physical theory. Therefore, we will
investigate the quantum trajectories of scalar field through de Broglie’s dynamics hereafter.

In region I, from (21) and (22) we have

() “
O 1) = oty [T ”'T(L , 38)
* | ?
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2
where‘H3,4(1) oz’ 12| = 4lzcz® 1+5/86%2* +... ~4/7c7%, and the prime in (38) denotes the

derivative with respect to oz?/2 . Substituting (38) into (13) and using dz =dt/a and
z =kl|z| =k/ah gives

dg, Kk

Ak g b 39
dr  z'™ (39)

The general solution of (39) is

¢rk' =C'z?. (40)

On the other hand, in region Il, from (23) and (24) we have

4

ol 2 2
k(‘HM ‘mdj 1oz 1 dd

———>a 9 ——I—d
4 (‘Hs/z(l)‘mdzj i 2 (‘Hyz(l)‘mdzj

where ‘HS,Z(D‘ , means ‘Hs,z(l)‘ modified according to
m

O o) (¢ 7) = - T (41)

, ) , V2
‘Hs/z(l)‘md {'Cl|2+|c2|2 ‘H3/2(l)‘ +2Re[ClCz H3/z(l) }} ) (42)

oA~ 2(1, 1
Hy" (2) —ﬂz(u 22), (43)
and the prime in (41) denotes the derivative with respect to z . Note that in region I,

1
‘HS,Z()‘ ; Becomes
m

ol _ @ éll2 12
Ha®], = Ha”| 8] +[e."] +

M|~ 1 z22-1 . 22
2\(:1 “cz ‘{COS(ZZ—G)ZZ—”—sm(Zz—H)lJF22} »

Which can be approximated by ‘H3 ,» | @s Z decreases from z — z, >>1 (well before horizon

exit) to z=1 (horizon exit) by using (29), (33), and (34). Therefore, substituting (41) into (13)
and using dz =dt/a and z=k|z| =k/ah yields the general solution

(6] ‘

— — 12
o =C"|Hy,® (2)| =C"2T 7z ¥ 1422 . (45)

Then, substituting (40) and (45) into the matching condition at z, for ¢rk' and ¢rk”

| I
¢rk Z, :¢rk

and using z, >>1, we obtain
C"=Vzi2C'2, "

Since in the 3-dimensional space ¢,, contains a factor a*'? which is proportional to %% wecan
use a field redefinitionu, =a*'?¢, , a=(k/h)z™, and (47) to rewrite (40) and (45) as

z (46)

C

(47)
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k —3/2_ k —3/2_
Uy :(Hj C'2"%, u,” :(E) C'z M1+ 7). 8)
From (48) we see that for fixed k andz, >>1, as z decreases from z=z,>>1toz=1, the

scalar field value reduces zC/\/E times, i.e., there exists a transition in the time evolution of the
guantum trajectory of scalar field.

3.2. CJ Type Dispersion Relations with Sextic Correction

In this subsection, we consider the CJ type dispersion relations (16) with s =2 andb, >0, and
repeat the preceding calculations for these type dispersion relations.
3.2.1. Evolution of Vacuum Wave Functional

For this case, only (17), (20), and (22) are changed into

0 1 0% 1 9
‘/’ %{_Mm ZI:ZZ 1+027* hz—zhz}prk?}w, (49)
Bkz(r)—i[dBJf) + kaf)}—[kz(lm - }: (50)

6 :
| m Kk O 1/2(1)‘ ) ,
B (7)= <1)‘ '3 ‘ (1)‘ N

(51)

‘ 1/2 1/2

where 6° =b,(h/M)*, and the prime in (51) denotes the derivative with respect to oz’/3.
Using ‘Hl,z‘l) cz®13 ‘2 =6/m02° , =2, , Z,=K[,|=M /b*h >>1 for b,~1 , and
2 2
‘Hg,z(l)(z)‘2 = 2/z 773(@1+1z°), we obtain from (51), (24), (27), and ‘Cl”‘ —‘Cz”‘ =1
n? nj@ I~ 1 _

= e[ +[c,"[ +2c."|c,"|cos(2z, - 0), (52)
‘Cl"‘ =csc 27, -6 ‘CZH‘ =—cot(2z, - 0), (53)
wheresin(2z, — 8) > 0,cos(2z, — &) <0 . Substituting (51) and (24) into (28) and keeping terms
up to order 1/Z, on the right-hand side of (28), we find
_— ‘C”HC “‘cos(Zz —9)—+ 4‘C1"HC2”‘sm 27.-0 . (54)
Z,

Using (53) in (54) yields
zZ 1

1
cot(2z, -0) =——— Orcot(2Z, -0)=——=+—. 55
( ) T ( ) 2 "o (55)

c

1 . - .
Here we choose cot(2z, — ) = TR so that ‘Cz”‘ is small for Z,>>1 to avoid an unacceptably
ZC

large back reaction on the background geometry. Therefore we have
‘Czll‘zi’ ‘Cl”‘= ’1+‘C2”‘2 ~ 12 El, (56)
27, 8z,

or sin(2z,-6)=1,cos(2z, -0) = —%. (57)

C
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3.2.2. De Broglie-Bohm Quantum Trajectory
In region I, from (21) and (51) we have

' 6
W[ 2
k UHI/Z ‘ j 21,02 1 7

®(0)(¢rklir)=_z ‘H (1)‘2 oz"a ¢, EJ.‘H (1)‘2 [ (58)
1/2

1/2

2
where‘Hl,z‘l) 0'23/3‘ =6/707%, and the prime in (58) denotes the derivative with respect

to oz® /3. Substituting (58) into (13) and using dz =dt/a and z =k|z| =k/ah gives

dg,' 3k, |

okl S 59
dr 2z P 9)

The general solution of (59) is

¢, =C'z°2, (60)

On the other hand, in region I, from (23), (24), and (41)-(45) we again have

~ ~ 1/2
o = C"|Hy W () =C"N2T 72 1427 7. (61)

Then, substituting (60) and (61) into the matching condition at Z, for ¢rk' and ¢rk”
| 11
¢I’k Z; = ¢I’k Z; (62)

And using Z, >>1, we obtain

C"=z/2C'z*. (63)
Therefore, using (63) in (61) yields

~ 1/2
o =C'7, 17 1422 (64)

Since for 3-dimensional ¢, contains a factor a*? which is proportional to 2>, we use a field
redefinition u, =a*'’¢, and a = (k/h)z™ to rewrite (60) and (64) as

k -3/2 . k -3/2 .
u,' :(E) c' u," :(ﬁ) C'z. '+ 2%)2. (65)

From (65) we see that for fixed k andZ, >>1, as z decreases from z=7, >>1to z=1, the

scalar field value decreases Z, /\/E times, i.e., there exists a transition in the time evolution of the
guantum trajectory of scalar field.

To compare (48) with (65) for scalar field values, we set c'=C 'chlz so that in region Il the

scalar field has almost the same evolution for the s =1 and s =2 cases. Then (65) becomes

K -3/2 K -3/2
urkI :(Hj C Izcll2’ urkII :(E) C_:IZC_1/2(1+ 22)1/2. (66)

From (48) and (66) we then find that for b ~b, ~1, z, ~ Z, >>1 the former is larger than the

latter by a factor 1/z/zC in the early evolution as z > z, ~ Z_, while the former is approximately
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equal to the latter as z decreases from z =2z, ~ Z,  >>1to z=1. Therefore, if we compare the
trans-Planckian effects of both quartic and sextic corrections on the quantum trajectory of scalar
field, the latter is smaller than the former.

4. VACUUM ENERGY AND COSMOLOGICAL CONSTANT

Using the results of section 3, we proceed in this section to calculate the finite vacuum energy
density, and use the back reaction constraint to address the cosmological constant problem. Notice

that in the slow-roll approximation, the energy density of the scalar field is o, =V (¢), where
V (¢) = m*¢* /2 Thus, the mean value of the vacuum energy density p, can be computed from
the de Broglie-Bohm pilot-wave theory by defining a field configuration spatial average of a local

magnitude weighted by R,”: [28]

© ) m2¢2 m2 k3 © ) ,
<p¢> :l R(O) 2 :|¢: 7?!]‘//«(0) (urkir)‘ U durk’
w11

2 27° 2Re(B (r)a™)

(67)

Where the scalar field is redefined byu,, =a™>'?¢, , and

A Re(B (D)2 (— Re(B, (r)al)‘;f—f:] . (68)

2
¥k (0) (Urva)‘ =a’ N

Here Re(B,(r)a™) denotes the real part of B,(r)a™, and the factor a*? in (68) appears
through the normalization condition

O].Ch'lrk

2 _
For the case s=1andb, >0, in region I, we have [Hy,® o72/2| ~4/m07° withc=2_".

2
W oy (Unic T)‘ =1. (69)

Then, using a=1/hz|=k/hz and (22) in (67), we find

| m? 1
<p¢>s:l = (WJ 4—77:2 ZZChA, (70)
wherez, =M /bl“zh . On the other hand, in region I, (24) can be expressed as
2 ( 2 '
Tl Ha® j
Bk“(r)— 7r|r| —iE ‘ ‘md (71)

- 2 2
1 2 1
L T

with ‘Hg,zm‘ ; defined as
m

1/2

‘Ha/z(l) md = {Oclu‘z +‘C2”‘2)‘H3/2(1) ‘2 +2Re[01"02“* H3/2(l) ZJ} ' (72)

2 2 1
where‘Hg,zm(z)‘ :E(“?j From (29), (33), and (34), we see that ‘HS,Z(D‘M can be

approximated by ‘Hm
k /hz and (24) in (67), we find

(l)‘ as z decreases from z =2z, >>1to z=1. Then, using a=1/hjz|=
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I m? 1 1

From (70) and (73) we see that as z decreases from z =z, >>1toz=1, the vacuum energy

density reduces 202/ 2 times. Notice that this result can also be obtained from considering (48)

about the time evolution of the quantum trajectory of scalar field at the end of subsection 3.1.2.
We also notice that there is no back reaction problem if the energy density due to the quantum
fluctuations of the inflaton field is smaller than that due to the inflaton potential, i.e.,

(p)i4(2>2)<V(p) (74)

Near the beginning of inflation atz >> z_, the vacuum energy density due to the fluctuations of
the inflaton field with k <k, .. is expected to be [29]

M*, (75)

Kk 4
1 m“(kj dk 1 4 1
Pvac = o=

27? a) k 8g% Pwm g2

0

where M is the cutoff in (16). Therefore, we evaluate < ,o>'S in(70)at z= zc3 >> 7. so that

=1

2
I 3 1 4
(P),(2=1 ):[%]WM <« M*. (76)

In the slow-roll approximation, using V (¢) = 3M P,2h2/87r and (76) in (74) gives the constraint

1 (m \(M? 6 . L
on b, ash, > . For M ~10™ GeV, which is the energy scale during inflation
bt ‘V3”[MP|]( hZJ

as implied by the recent BICEP2 experiment [30, 31], we haveb, >3.2x107°.

2
For the case s=2 andb, >0, in region I, we have ‘Hl,z(l) 023/3‘ =6/m7° withc =2,

Then, using a=1/hjz|=k/hz and (51) in (67), we find

! m ) 1 _
<p¢>S:2 = (erﬂ-z Zczh4’ (77)

wherez, =M/ b2“4h. On the other hand, in region Il, (24) can be again expressed as (71) with
‘Hma)‘ ; defined by (72). From (52), (56), and (57), we see that ‘Hg,za)‘ ; can be approximated

by ‘Hmm‘ as z decreases from z=Z7, >>1to z=1. Then, using a=1/hjz|= k/hz and (24)
in (67), we find

" m? 1 1
(P = (ﬁ} o Zzh“(“;) - (78)

From (77) and (78) we see that as z decreases from z =27, >>1toz=1, the vacuum energy

density also reduces zczl 2 times. Notice that this result can also be obtained from considering

(65) about the time evolution of the quantum trajectory of scalar field in subsection 3.2.2. As
before, there is no back reaction problem if
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()., <V (). (79)

1 , Mm

Using V (¢) E’B»MP,Zh2 /87 and (77) in (79) gives the constraint on b, as b, > 9_2(M h)4.
4 PI

For M ~10% GeV, we haveb, >1.4x107*,

Furthermore, we find that the vacuum energy density reduces significantly in the evolution from
well before horizon to horizon exit, providing a possible mechanism for generating a small

cosmological constant. Specifically, from (70) and (73) we can see that < p¢> changes as

s=1

m2 1 4 m2 1 212 m2 1 4

oz | zM 2| o5 [z M o | o |—h (80)

2h” J4rn"b, 2h® J4rxb, 2h® )2z
when z changes as zc3 —> 2z, —>1. From (77) and (78) we also see that < p¢>S:2 changes as

m? 1 - m> ) 1 .,

— |————-M°h" 5| — h 81
(2h2j47z_2b21/2 [2h2j27z2 ( )

when z changes as ZCS —Z, —1. Because M >>h and z, ~Z  (for the usual parameters

b, ~b, ~1), <p¢>s_2 is always smaller than <p¢> in the early evolution when z > z_, while

s=1
<p¢>572 and <p¢>sfl are approximately equal as z decreases from z=2z_>>1to z=1. Notice
that this result can also be obtained from comparing (48) and (66) about the time evolution of the

quantum trajectory of scalar field at the end of subsection 3.2.2. Thus, if we consider quartic
correction and neglect sextic correction in nonlinear dispersion relations, we find that when z

decreases asz,° — z, —1, the cosmological constant A =87p,../ M, decreases as
1/7b2 M*m?/IMp?h? = U/ 7by) M2m?/Mp? = 217 m?h?/Mp? (82)

Such a reduction of the cosmological constant happens during the inflationary era associated with
the grand unification phase transition, at which the Hubble parameter is about 10" GeV, and the
energy scale during inflation is about 10" GeV.

Since recent astronomical observations [32] indicate that the current vacuum energy density and
cosmological constant are p,.., ~ 25%10% GeV"' and A, ~4.2x107% GeVv’ , We suggest

the possibility that a series of reductions similar to (82) could yield a small current value of the
cosmological constant through cascade transition such as the electroweak, quark-hadron and
current accelerating phase transitions in the evolution of the Universe.

5. CONCLUSION AND DISCUSSION

In the Schrddinger picture, we have considered the de Broglie-Bohm pilot-wave theory of a
massless minimally coupled free real scalar field in de Sitter space. To investigate the possible
effects of trans-Planckian physics on the quantum trajectory of the vacuum state of scalar field,
we considered the CJ type dispersion relations with quartic or sextic correction. Through de
Broglie’s first-order dynamics, we find that there exists a transition in the evolution of the
guantum trajectory from well before horizon exit to horizon exit, providing a possible mechanism
for generating a small cosmological constant. Moreover, we find that if we compare the trans-
Planckian effects of both quartic and sextic corrections on the guantum trajectory, the latter is
much smaller than the former.

We also calculate explicitly the finite vacuum energy density due to fluctuations of the inflaton
field, and show how the cosmological constant reduces during the slow-roll inflation at the grand
unification phase transition. Then we suggest the possibility that a series of similar reductions
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such as electroweak, quark-hadron and current accelerating phase transitions could yield a small
current value of the cosmological constant in the evolution of the Universe.

Finally we note that (75) is calculated in the usual quantum theory, in which the standard quantum
equilibrium state in the context of de Broglie’s dynamics is such that an ensemble of inflaton
fields with the initial wave functional (¢, ,7,) has initial field configurations ¢, (z,) that are

distributed according to the Born rule, with a density of probability P(g,,7,) =|://(¢rk,ro)|2 in
configuration space at 7, . The effects of possible non equilibrium ensemble distributions

P(d,.7,) ¢|(//(¢rk,ro)|2 at the Planck scale or during the inflation may be shown through the

inclusion of nonequilibrium factor £'(k) for each mode [12]. This correctional factor appears in

the power spectrum for the inflaton fluctuations or the curvature perturbations, and in principle
can be constrained by current observational cosmic microwave background data. As to the
cosmological constant, the presence of similar correctional factors in (75) may change its value
during inflation, but does not change essentially its reductive mechanism in (82). Therefore, it is
expected that the prediction (82) applies not only for quantum nonequilibrium state with (k) =1,

but also for quantum equilibrium state with (k) =1.
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