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Abstract: We focus on classical mechanical systems with a finite number of degrees of freedom and make
no apriori assumption about the existence of Lagrangian, Hamiltonian or canonical momenta. Our work
sheds new light on inverse problem of physics, Noether theorem inversion and symplectic canonical nature
of classical phase space. The main results of this work are derived by the use of the Poisson Bracket, whose
expression in local variables is given. Following our new approach, conserved quantities are related to
Noether symmetries and Lie symmetries.

1 INTRODUCTION

In this work we focus on classical mechanical systems with finite number of degrees of freedom.
Conventionally a dynamical system is represented in terms of a Lagrangian function and
constants of the motion may be associated with symmetries of the Lagrangian [1] by application
of Noether’s theorem. While all this is well known , what is not well studied is a new approach in
which the existence of Lagrangian is not assumed apriori. Our work, which makes no apriori
assumption about the existence of Lagrangian, Hamiltonian or canonical momentum , will bring
out new interconnections between inverse problem in classical mechanics, symplectic canonical
nature of classical phase space, and Noether theorem inversion.

The inverse problem of classical mechanics conventionally involves a study of the constraints
known as Helmholtz conditions [2] that generalized forces must satisfy in order for them to be
derivable from a nonsingular Lagrangian. The set of Helmholtz conditions (Section 2) is
intimately connected with the symplectic canonical structure of phase space (Section 3) which in
turn has key bearing on the following considerations (Section 5) relating conserved quantities to
Noether symmetries.

In recent years, there has been revival of interest in Lie symmetries which differ entirely from
Noether symmetries. A Noether symmetry in the most general formulation of the Noether
theorem in Lagrangian mechanics [3] is defined by the fact that under it the Lagrangian is
transformed into a total time derivative thereby leaving the action integral invariant. Lie
symmetries which are the continuous symmetries of differential equations have nothing at all to
do with invariance of the action. We discuss the general conditions for the invariance of our
equations of motion and prove conservation of a certain quantity ¢ ( Section 4 ). The latter is
shown to vanish for Noether symmetries ( Section 5 ). That is,

¢ is a conservation law for Lie symmetries ,
¢ vanishes for Noether symmetries .
2 INVERSE PROBLEM OF PHYSICS

The inverse problem of classical mechanics deals with the problem of determining a Lagrangian
formulation that is equivalent to Newtonian formulation of a dynamical system. The Helmholtz
conditions for the existence of a nonsingular Lagrangian for an equation of motion of the form

A=l — £oox )=0(1)
Are
Wij:Wji (2)
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where the elements of the nonsingular matrix wij(xk,‘xk,t) are the integrating factors in the

equation
wiN= d(@) ﬁ@
x'
and the vector field
r= 22 +f' i(7)
Ot o'y

represents the total time derivative along the trajectory of eq.(1). Two identities which may be
further derived from the system of egs.(2)-(5) are

L — g
< ox' o
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If the Helmholtz conditions are satisfied, the Lagrangian must exist ; this means that an N-
dimensional dynamical system can be described by the Lagrangian L(x1 2 xN x1 x2 'xN,t) and

that the Eular Lagrange equations may be put in the form A'=0. If the integrating factors are taken
to be elements of the unity matrix, the Lagrangian is restricted to have the form

Lii
2xx -V(xx,t)
While this is well known, a new perspective on the inverse problem of classical mechanics is
provided in the following section where we discuss the Poisson Bracket axioms. We show that,
locally at least, a configuration space with commuting coordinates leads to a symplectic canonical
structure if Helmholtz conditions are satisfied.

3 POISSON BRACKETS

For a complete axiomatic characterization of the Poisson Brackets , the manifolds in which we are
interested are called canonical manifolds. These manifolds are generalizations of the phase space
of analytical dynamics with coordinates and canonically conjugate momenta. A canonical
manifold is a pair (V,g) of a connected Hausdroff space with points p,q,..., which has a countable
basis of open sets, a family & of continuous real-valued functions f,g,... over vV and a Poisson
Bracket with the following properties:

@) Antisymmetry : {f,g}=—{g,f}
(b) Bilinearity : {Af+ug,h}=r{f,h}+u{g,h}
{fAg+tuh}=r{f,g}+n{f.n}
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(© Leibnitz Rule I : {f,gh}=g{f,n}+h{f,g}

(d) {fc}=0

(e) Jacobi identity : J(f,g,h)={f{g,h}}+{g{h,f}}+{h{f,g}}=0
()] The tensor field define by A(df,dg)={f,g} is nondegenarate .

The dimension n of Vv is even :n=2f. To every point peV there exists a neighbourhood N(p) and n
elements -, f'ec  such that x'=f(q) is a homomorphic mapping of N(p) on an open set in
RN, Xl,xz,...,xrl are local coordinates of the point p. € forms a ring with respect to addition and
multiplication of functions. € contains the constants {c} as a subring. It is worth remarking that
according to (a)-(d),(f) a canonical manifold has a symplectic structure. This symplectic structure

is further restricted by the condition J(f,g,h)=0; This restriction is the Jacobi identity.

Most importantly it can also be shown that the symplectic structure is also subject to the following
restriction I'{f,g}={T"(f),g}+{f,['(9)}.
This restriction is the Leibnitz rule I1.

In local coordinates we obtain the expression

foHa= 2 i % 2
ij o9 ag

With ¢ functions nji:—njiz{qi,qj}. Here f and g are the ¢ functions of variables ql,qz,q3

, etc.
We will now give a brief proof of the following :
Let the generalized forces obey the constraints in order that may be derivable from a nonsingular

Lagrangian. Locally, there exist coordinates xl,xz,...,xN,Dxl,xz,...,xN to every point g such
that

of of i of dg ;;
()@= =gl -fogr = sl
oxt ax/ ox* 0w
for geN(p), a suitable neighbourhood of p, where the matrix gij is the inverse of the integrating

factors matrix w:. defined in eq.(6) and siJ—g'kgkltkl , where el is defined in eq.(5).

1)

By using the above expression of Poisson Bracket, it is very easy to prove egs.(a)-(d). To prove
the Jacobi identity, we consider all possiblities for f, g, h. Here we discuss the two cases out of the
four possibilities [6] :

Case (1): f:xi g:xj h:’xk

Then we have

ik
tm_i g/ma l

J(f.g.h)=g

This proves the Jacobi identity J(x,x,x)=0 if we use eq.(3).
Case (2): f:xi g:')J h=x

This gives

|b_9_ |b_9_ k|05J gJa_g_ SJa_9_

J(f.a.h)=g
axb dxb 6x ax? @
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It can be easily shown that this equation is equivalent to eq.(8), which proves that Jocabi identity
J(x,x,x)=0

The proof of J(x,x,x)=0 is trivial.
The last case is proved by use of eq.(9) through a tedious but straightforward calculation.
Since

Difiar =100 gt + {0 T}

3 85, 4 O 8 B & O Ly
T imer o gt AT Frgg (- gme” ~ Tl

afﬁ(afz i f 31.;;:+ f g-ﬂu_ J.rhsﬂu-l-r{sé‘ﬁ}),

Fet 0ed \ Bkt ek Tk e

The Leibnitz rule 11 is proved if we invoke the egs.(2)-(5).

We have elucidated the connection between the symplectic canonical structure of phase space (see
axions (a) - (f)) and the Helmholtz conditions (see egs.(2)-(5), (8) and (9)).

4 LiIE SYMMETRIES AND CONSTANTS OF MOTION

In this section we discuss the Lie symmetries for the equations of motion (1) by utilizing Poisson
Bracket properties.

Suppose that a differentiable one-parameter group is generated by
i 0 0
G=n'(xt) &) 5
oxl ot

which leaves the equations of motion (1) invariant. The general conditions for the invariance of
eq.(1) under the resulting infinitesimal transformations are

u"Al=0

where the second extended operator U" is given by
u"=¢ %H’]i i.+n'i 1.+r]"[i.
o' ot ok
with
i=r-

n”I:r(n.I)—XI a
It may be recalled that for the total time derivative of a function ¢(q.(]q,t) we may write

r(p)= Jed 2.5 22
ox' ox
The first integrals for the eq.(1) may be constructed from the analysis of symmetry transformation

vectors obtained by the application of the condition U"A'=0 to the eq.(1). This approach relies on
knowledge of a previously found constant of the motion.

Recently Hojman has presented a new conservation theorem constructed in terms of a symmetry
transformation vector of the eqg.(1) only; no previous knowledge of a constant of motion is
needed. It can be shown that any Lie symmetry of eq.(1) determines a constant given by
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ED) on' on
=" 4+ .+ .
D ox' oy

where D is determinant of the nonsingular matrix of integrating factors in defined in eq.(6), and

(10)

i 0 i 0 . . .
E=n'(x.0x.t) —i+Dn'(x,Dxt) S is the symmetry transformation vector of eq.(1). This
OX o0x
may also be established by applying a conservation theorem given by Hojman [4] and
subsequently generalized by Gonzalez-Gascon (using geometric techniques)[5] to Lagrangian
systems.

Note that in arriving at the conserved quantity given by eg.(10) , while it is necessary to postulate
the Poisson Bracket axioms we do not assume any apriori existance of Lagrangian. We show in
the next section that for actual invariance of the action, ¢ vanishes. That is, if the symmetry group
does preserve the action, the quantity ¢ vanishes.

5 NOETHER THEOREM INVERSION

The inverse Noether theorem deals with the conditions under which the inversion of the Noether
theorem is possible. Namely, the conditions under which to a given constant of the motion, it is
possible to relate as an infinitesimal Noether symmetry under which the action integral is
invariant. To any constant of motion C there corresponds an infinitesimal Noether transformation:

Sxi=eg¥ %€ cniaay
1%

Which transforms the Lagrangian of the system into a total derivative. eg.(11) and the condition
that T'(C)=0 are the necessary and sufficient conditions on the constants of motion for their being
related to a symmetry group that leaves the action integral invariant. These conditions were first
demonstrated by trying to invert the Noether theorem in the Lagrangian formulation and by
studying which are the transformation properties of the Lagrangian under the infinitesimal
transformations generated by the constants of motion. It is shown in ref.[3] that eq.(11)
determines a Noether symmetry ,that is , there exists a function K(x,Jx,t) such that under this
transformation the Lagrangian is transformed into dK/dt.

The constant of motion defined by eq.(10) when restricted to Noether symmetries yields the
expression

[ [
¢@=E(ln D)+ _6{)(’,?}+ i, '.C}
ot o'

Here we have used
n'={x'.C}
which gives
[Sorry. Ignored \begin{aligned} ... \end{aligned}]
Further differentiation yields
n'={f.0
This result shows that E is a symmetry transformation vector of the equations of motion (1) in this
case. We can go one step further and find the numerical value of ¢ in this case.

To evaluate ¢, we use the expression for the Poisson Bracket in local coordinates which gives

o= 2C gy, 2 hm,, O 0™ 0g™  oC km, s’ 04"
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The coefficient of the a_cl vanishes if make use of the Jacobi identity J()«j,)('ﬂ,>([):0. Similarly the
OX

. oC . - im.
coefficient of _x’ can be shown to vanish if we make use of Jacobi identity J(¢,x'"",x))=0. Hence ¢
o)
vanishes for Noother symmetries.In brief , without assuming apriori the existence of Lagrangian
we have shown that the conserved quantity ¢ vanishes identically in the case of Noether
symmetries .

6 CONCLUSIONS

We have developed a new approach for the construction of constants of motion for the eq.(1).
Neither a Lagrangian nor a Hamiltonian structure of the second order differential system is
assumed to exist apriori for getting the conservation laws. What we assume are the various

properties for the Poisson bracket defined between any two ¢™ functions of x,x, and t.While it is
not necessary to assume that

the given equations of motion can be derived from a variational principle , there is no need to
overemphasize that the basis for Poisson Bracket axiomatics relied upon so heavily in this work is
in fact the Halmholtz conditions whose validity guarantees the existence of a Lagrangian.
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